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Abstract— The objective of this paper is to estimate the 

parameters and also construct an Optimal Grouped sample 

within the absence of prior knowledge or guess values of 

parameters. In this heuristic algorithm, the Maximum 

Likelihood Estimator Method is used to find out Estimates 

the parameters of PERT Distribution. We also compare 

equispaced and unequispaced Optimally Constructed 

Grouped data by the method of an Asymptotically Relative 

Efficiency. We also computed Average Estimate (AE), 

Variance (VAR), variance (STD), Mean Absolute Deviation 

(MAD), Mean Square Error (MSE), Simulated Error (SE) 

and Relative Absolute Bias (RAB) for both the parameters 

under grouped sample based on 1000 simulations to assess 

the performance of the estimators. 

Keywords: Maximum Likelihood Estimator, PERT 

Distribution, Equispaced and Unequispaced Optimal 
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I. INTRODUCTION 

PERT as a network analysis tool, gives the likelihood to 

research large projects task by task and to estimate the 

number of some time which can be spent on each task. It 

was first discovered in the 1950s by the US Navy, during 

the works on the Polaris missiles project. It was an outsized 

and sophisticated project involving multiple contractors and 

an efficient planning tool was a necessity to end the project 

successfully. The project has been finished long before the 

deadline and most of the people attributed this success to 

PERT. 

 The Program Evaluation and Review Technique 

(PERT) may be a method used in project management for 

planning, scheduling and coordinating the tasks of a project. 

It is supported a network diagram analysis of the various 

tasks that are involved. PERT is specifically fitted to large, 

complex and non repititive projects. The aim of this 

text is to offer an summary of this method with samples 

of applications and a comparison to other existing network 

based project management tools. It will also explore the 

usage of this method in today’s projects, its advantages and 

limitations. 

 In probability and statistics, the PERT distribution 

is a family of continuous probability distributions defined by 

the minimum (a), most likely (b) and maximum (c) values 

that a variable can take. The Probability density function of 

PERT Distribution is  

(1) 
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A. Estimation of Parameters of PERT Distribution 

From theoretical point of view, the most general method of 

estimation known is the method of Maximum Likelihood 

Estimators (MLE) which was initially formulated by C.F. 

Gauss but as a general method of estimation was first 

introduced by Prof. R.A. Fisher an excellent English 

statistician, in 1912. 

 Maximum chances are a comparatively simple 

method of constructing an estimator for unknown parameter 

θ. Maximum likelihood estimation (MLE) are often applied 

in most problems; it's a robust intuitive appeal, and 

sometimes yields an inexpensive estimator of θ. 

Furthermore, if the sample is large, the tactic will yield a 

superb estimator of θ. For these reasons, the tactic of 

maximum chances is probably the foremost widely used 

method of estimation in statistics. 

 We have learned many various distributions for 

random variables, and every one of these distributions had 

parameters: the numbers that you simply provide as 

input once you define a variate. So far when we were 

working with random variables, we either were explicitly 

told the values of the parameters, or we could divine the 

values by understanding the process that was generating the 

random variables. 

II. LIKELIHOOD FUNCTION 

Let x1, x2, ……., xn  be a random sample of size n from a 

population with density function f (x, θ). Then the likelihood 

function of the sample values x1, x2, ……., xn, usually 

denoted by L = L(θ) is their joint density function, given by 

      ,.........,,
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 L gives the relative likelihood that the random 

variables assume a particular set of values x1, x2, ……., xn. 

For a given sample x1, x2, ……., xn, L becomes a function of 

the variable θ, the parameter. The principle of maximum 
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likelihood consists in finding an estimator for the unknown 

parameter θ = (θ1, θ2, …….θk) , say, which maximizes the 

likelihood function L(θ)  for variations in parameter i.e., we 

wish to find   ˆ......,,ˆ,ˆˆ
21

  so that 

      LL ˆ  

      LL supˆ  

 Thus if there exists a function 

 
n

xxx ........,,,ˆˆ
21

   of the sample values which 

maximizes L for variations in θ, then ̂  is to be taken as an 

estimator of θ, ̂  is usually called Maximum Likelihood 

Estimator (MLE). Thus ̂  is the solution, if any, of 
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 Since L > 0, and logL is a non-decreasing function 

of L; L and log L attain their extreme values (maxima or 

minima) at the same value of ̂ . The first of the two 

equations in (2) can be rewritten as  

0
log

0
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 a form which is much more convenient from 

particular point of view.  If θ is vector valued parameter, 

then  ,ˆ.........,,ˆ,ˆˆ
21 k

   is given by the solution of 

simultaneous equations: 

 
(5) 

 Equations (4) and (5) are usually referred to as the 

Likelihood Equations for estimating parameters. Maximum 

Likelihood Our first algorithm for estimating parameters is 

called maximum likelihood estimation (MLE). The central 

idea behind MLE is to select those parameters that make the 

observed data the most likely. For different values of 

parameters, the likelihood of our data will be different. If we 

have correct parameters, our data will be much more 

probable than if we have incorrect parameters. For that 

reason we write likelihood as a function of our parameters 

(θ).   

III. MAXIMUM LIKELIHOOD ESTIMATOR  

Let  x1, x2, x3,…….xn  be a random sample drawn from a 

PERT distribution with parameters (a, c), then the likelihood 

function L of this sample is defined as 
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Taking logarithms on both sides, we get 
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(7) 

Differentiating (7)  Partially w.r.t ‘a’ and equating to ‘0’ we 

get 
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Again differentiating   (7) partially w.r.t.  ‘c’  and equating 

to ‘0’ we get 
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In the above Estimates equations (8), (9)  we can take n=1, 

we get both a and c values as follows 
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A. APPLICATIONS  

Real data set 1 

 QQ-Plot: 

The data set consists of 62 observations of the strengths of 

3.5 cm glass fibres, originally obtained by workers at the 

UK National Physical Laboratory. Unfortunately, the units 

of measurement are not given in the paper. The data are:  

4.99, 3.97, 2.18, 3.14, 2.19, 4.96, 2.66, 4.98, 3.37, 2.85, 

4.88, 3.27, 4.29,3.29, 4.10, 4.76, 4.49, 4.24, 2.85, 3.16, 2.16, 

2.34, 3.84, 4.52, 2.89, 4.87, 2.87, 2.40, 4.30, 3.73, 3.45, 

4.98, 4.43, 2.09, 2.30, 2.89, 2.53, 2.01, 4.94, 2.23, 4.15, 

2.73, 3.59, 3.27, 4.70, 2.14, 4.84, 4.46, 4.42, 2.57, 3.64, 

3.54, 3.70, 3.95, 2.98, 4.23, 3.78, 4.84, 3.54, 3.03, 2.98, 

3.89. These data have also been analyzed by Smith and 

Naylor (1987). QQ-Plot given in graph-3.1. 
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Graph - 3.1: 

B. MLE Estimation for Real Data Set1: 

The data set consists of 62 observations of the strengths of 

3.5 cm glass fibres, originally obtained by workers at the 

UK National Physical Laboratory. Unfortunately, the units 

of measurement are not given in the paper. The data are: 

4.99, 3.97, 2.18, 3.14, 2.19, 4.96, 2.66, 4.98, 3.37, 2.85, 

4.88, 3.27, 4.29,3.29, 4.10, 4.76, 4.49, 4.24, 2.85, 3.16, 2.16, 

2.34, 3.84, 4.52, 2.89, 4.87, 2.87, 2.40, 4.30, 3.73, 3.45, 

4.98, 4.43, 2.09, 2.30, 2.89, 2.53, 2.01, 4.94, 2.23, 4.15, 

2.73, 3.59, 3.27, 4.70, 2.14, 4.84, 4.46, 4.42, 2.57, 3.64, 

3.54, 3.70, 3.95, 2.98, 4.23, 3.78, 4.84, 3.54, 3.03, 2.98, 

3.89. 

We obtained 

𝑎̂𝑀𝐿𝐸    = 2.216  𝑏̂𝑀𝐿𝐸 = 4.5432 and 𝑐̂𝑀𝐿𝐸 = 6.5486 by using 

MLE method 

Generalized data set 2 

The data set consists of 100 observations from the 

generalized data. The data are:  

1.590207, 3.453602, 2.639683, 4.314286, 1.736906, 3.801353, 2.444123, 4.988625, 

3.135345, 3.513842, 4.835063, 1.850554, 3.876850, 4.275311, 1.355567, 4.489725, 

1.891095, 4.344346, 3.620824, 4.490531, 3.018184, 4.810403, 1.856308, 2.137707, 

2.608060, 1.219972, 4.788248, 3.858185, 2.206794, 3.180953, 2.424288, 4.797195, 

2.092996, 3.911932, 4.744874, 2.679947, 1.677493, 2.824798, 1.021153, 2.368581, 

4.685041, 4.919465, 4.929624, 2.390345, 1.553020, 2.560500, 2.784886, 2.826569, 

3.853104, 3.217942, 1.095691, 3.995635, 3.141613, 2.895459, 4.745624, 4.495316, 

4.141889, 1.256580, 1.195974, 3.147275, 1.856513, 4.201841, 1.425041, 3.862838, 

4.558851, 1.615452, 4.302462, 4.906739, 1.664893, 1.041652, 3.507625, 1.970019, 

1.557807, 4.582408, 3.489803, 1.481760, 2.191980, 3.335935, 4.461020, 3.995509, 

1.507663, 1.869488, 3.988402, 4.310966, 1.198871, 2.512960 4.943203, 4.084483, 

4.331192, 2.376588, 4.35175, 4.12862,4 1.287679, 2.847278, 2.011727, 2.402388, 

1.319219, 4.257921, 1.511085, 1.113146. 

Graph - 3.2: 

 

C. MLE Estimation for Generalized Data Set2: 

The data set consists of 100 observations from the generalized data. The data are: 

1.590207, 3.453602, 2.639683, 4.314286, 1.736906, 3.801353, 2.444123, 4.988625, 

 3.135345, 3.513842, 4.835063, 1.850554, 3.876850, 4.275311, 1.355567, 4.489725, 

 1.891095, 4.344346, 3.620824, 4.490531, 3.018184, 4.810403, 1.856308, 2.137707, 

 2.608060, 1.219972, 4.788248, 3.858185, 2.206794, 3.180953, 2.424288, 4.797195, 

 2.092996, 3.911932, 4.744874, 2.679947, 1.677493, 2.824798, 1.021153, 2.368581, 

 4.685041, 4.919465, 4.929624, 2.390345, 1.553020, 2.560500, 2.784886, 2.826569, 

 3.853104, 3.217942, 1.095691, 3.995635, 3.141613, 2.895459, 4.745624, 4.495316, 

 4.141889, 1.256580, 1.195974, 3.147275, 1.856513, 4.201841, 1.425041, 3.862838, 

 4.558851, 1.615452, 4.302462, 4.906739, 1.664893, 1.041652, 3.507625, 1.970019, 

 1.557807, 4.582408, 3.489803, 1.481760, 2.191980, 3.335935, 4.461020, 3.995509, 

 1.507663, 1.869488, 3.988402, 4.310966, 1.198871, 2.512960 4.943203, 4.084483, 

 4.331192, 2.376588, 4.35175, 4.12862,4 1.287679, 2.847278, 2.011727, 2.402388, 

 1.319219, 4.257921, 1.511085, 1.113146. 
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We obtained 

𝑎̂𝑀𝐿𝐸   = 1.0184,  𝑏̂𝑀𝐿𝐸  = 5.154 and 𝑐̂𝑀𝐿𝐸 = 7.0325 by using 

MLE method 

IV. SIMULATION STUDY 

In order to obtain the Maximum Likelihood estimation of 

Location Parameter (a) and Scale Parameter (c) and study 

the properties  of their estimate through the Average 

Estimate (AE), Variance (VAR), Mean Square Error (MSE), 

Relative Absolute Bias (RAB) and Relative Error (RE). If ξ 

lm  is the Maximum Likelihood Method estimation of   ξ m  

m=1,2 where ξ m  is the general notation hat can be replaced 

by ξ 1 = a, and   ξ 2 = 2, based on the sample 1, (l=1,2,3,.....r), 

Then the Average Estimate (AE), Variance (VAR), Standard 

Deviation (SD), Mean Absolute Deviation (MAD), Mean 

Square (MSR), Relative Absolute Basis (RAB) and Relative 

Error (RE) are given respectively by  

Average Estimate (𝜓̂𝑚) =
∑ 𝜓̂𝑚

𝑟
𝑖=1

𝑟
 

Variance (𝜓̂𝑚) =
∑ (𝜓̂𝑙𝑚−𝜓̂𝑙𝑚

̅̅ ̅̅ ̅̅ )
2

𝑟

𝑟
𝑖=1

𝑟
 

Standard Deviation (𝜓̂𝑚) = √∑ (𝜓̂𝑙𝑚−𝜓̂𝑙𝑚
̅̅ ̅̅ ̅̅ )

2
𝑟
𝑖=1

𝑟
 

Mean Absolute Deviation = 
∑ 𝑀𝑒𝑑(|𝜓̂𝑙𝑚−𝜓̂𝑙𝑚

̅̅ ̅̅ ̅̅ |)𝑟
𝑖=1

𝑟
 

Mean Square Error (𝜓̂𝑚) =
∑ (𝜓̂𝑙𝑚−𝜓𝑚)

2𝑟
𝑖=1

𝑟
 

Relative Absolute Bias (𝜓̂𝑚) =
∑ |𝜓̂𝑙𝑚−𝜓𝑚|𝑟

𝑖=1

𝑟.𝜓𝑚
 

Relative Error (𝜓̂𝑚) =
1

𝑟
(

∑ 𝑀𝑆𝐸√𝜓̂𝑙𝑚
𝑟
𝑖=1

𝜓𝑚
)

2

 

 Maximum Likelihood method for estimating the 

PERT (a,b,c) Newton-Raphson   simulation for a three 

parameter combinations and the process is repeated 10,000 

times for different sample sizes n=20(20)200 are considered. 

The MLEs and their Average Estimate (AE), Variance 

(VAR), Standard Deviation (SD), Mean Absolute Deviation 

(MAD), Mean Square Error (MSE) and Relative Absolute 

Bias (RAB), Relative Error (RE) of the parameters are 

unknown population parameters of PERT distribution.  

Population parameters a=5, b=6 and c=7 in Table 3.1.  

Sample size Para meters AE VAR SD MAD MSE RAB RE 

20 

a 3.5487 0.8775 0.9568 0.7051 1.9194 0.9754 0.7338 

b 4.2514 0.8001 0.91245 0.5926 1.9213 0.9457 0.6549 

c 5.6247 0.8834 0.9087 0.0379 1.9417 0.8954 0.6617 

40 

a 3.6598 0.8567 0.9457 0.6177 1.90549 0.9612 0.669 

b 4.3568 0.7587 0.8964 0.5854 1.9172 0.8954 0.6132 

c 5.7754 0.8766 0.8886 0.1199 1.8316 0.8996 0.5960 

60 

a 3.7698 0.866 0.8854 0.6069 1.8244 0.8547 0.6447 

b 4.4698 0.7095 0.8546 0.4683 1.8146 0.8412 0.5677 

c 5.8965 0.8547 0.8569 0.447 1.8099 0.8524 0.5764 

80 

a 3.9658 0.7987 0.8364 0.5739 1.8081 0.8102 0.5657 

b 4.721 0.6187 0.8136 0.3934 1.7646 0.7984 0.558 

c 5.9987 0.8405 0.8069 0.1691 1.8101 0.8146 0.5053 

100 

a 4.2586 0.7695 0.7963 0.4689 1.8038 0.7846 0.5196 

b 5.1047 0.5341 0.7732 0.3117 1.7313 0.7548 0.5354 

c 6.1548 0.7568 0.7568 0.1190 1.7585 0.7956 0.4403 

120 

a 4.4568 0.6755 0.7435 0.4089 1.7039 0.6987 0.4194 

b 5.5876 0.404 0.7398 0.2147 1.7011 0.6625 0.5066 

c 6.6548 0.7199 0.7069 0.0898 1.7033 0.7736 0.3096 

140 

a 4.6356 0.6174 0.6987 0.3313 1.7008 0.6147 0.5335 

b 5.6329 0.3627 0.6788 0.1998 1.6034 0.5983 0.4116 

c 6.7245 0.6552 0.6587 0.3023 1.6034 0.7196 0.2970 

160 

a 4.7546 0.601 0.6447 0.2125 1.6128 0.5987 0.5323 

b 5.7986 0.3285 0.6358 0.1911 1.5035 0.4968 0.3119 

c 6.8321 0.5759 0.6298 0.2832 1.5037 0.6987 0.2101 

180 

a 4.8856 0.53967 0.6087 0.1375 1.6107 0.5214 0.2295 

b 5.8247 0.3173 0.5987 0.1543 1.5003 0.4587 0.2146 

c 6.8769 0.4905 0.5746 0.2900 1.5004 0.6478 0.1230 

200 

a 4.9658 0.50921 0.5687 0.1124 1.5151 0.4982 0.2351 

b 5.9867 0.3013 0.5532 0.0775 1.4053 0.3245 0.1145 

c 6.9245 0.3547 0.4987 0.2567 1.4137 0.5966 0.2122 

Table 3.1: Maximum Likelihood Estimation of PERT Distribution (a=5, b=6, c=7) 
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A. Observations:  

1) Average Estimate of PERT parameters by MLE are 

increased when sample size is increased.  

2) Variance (VAR), Standard Deviation (SD), Mean 

Absolute Deviation (MAD), Mean Square Error (MSE) 

and Relative Absolute Bias (RAB), Relative Error (RE) 

by MLE is decreased when sample size is increased. 

 Maximum Likelihood method for estimating the 

PERT (a, b, c) Newton-Raphson   simulation for a three 

parameter combinations and the process is repeated 10,000 

times for different sample sizes n = 20(20)200 are 

considered. The MLEs and their Average Estimate (AE), 

Variance (VAR), Standard Deviation (SD), Mean Absolute 

Deviation (MAD), Mean Square Error (MSE) and Relative 

Absolute Bias (RAB), Relative Error (RE) of the parameters 

are unknown population parameters of PERT distribution.  

Population parameters a = 2, b = 2.5 and c = 3 in Table 3.2. 

Sample size Para meters AE VAR SD MAD MSE RAB RE 

20 

a 0.9125 0.6970 0.7862 0.5963 1.9444 0.7950 0.7770 

b 0.9948 0.6840 0.7654 0.5435 1.9844 0.7750 0.7376 

c 1.2546 0.5742 0.7568 0.5770 1.9732 0.6558 0.6465 

40 

a 1.0201 0.5678 0.6215 0.5914 1.9222 0.6298 0.6157 

b 1.3232 0.4631 0.6722 0.5365 1.9198 0.6861 0.6706 

c 1.3742 0.3857 0.5956 0.5129 1.9161 0.4168 0.7049 

60 

a 1.2082 0.5607 0.5735 0.4959 1.8801 0.6128 0.6070 

b 1.9899 0.5129 0.5234 0.52697 0.8172 0.5332 0.4647 

c 2.0458 0.3069 0.5072 0.4435 0.8403 0.3108 0.2696 

80 

a 1.3893 0.4546 0.4687 0.4850 1.6670 0.4821 0.4014 

b 1.7462 0.5128 0.5139 0.5089 0.7323 0.5206 0.5091 

c 1.9667 0.2385 0.4465 0.3514 0.8133 0.2755 0.2694 

100 

a 1.4311 0.2538 0.4939 0.4108 1.5428 0.3572 0.3057 

b 2.0524 0.4155 0.4987 0.4799 0.6755 0.5195 0.4923 

c 2.5837 0.2329 0.3985 0.2345 0.8017 0.1388 0.1083 

120 

a 1.5306 0.2452 0.4356 0.3934 0.5049 0.3080 0.2817 

b 2.0309 0.4133 0.4635 0.4255 0.6468 0.5086 0.4915 

c 2.6154 0.1870 0.3836 0.1440 0.7932 0.1262 0.1030 

140 

a 1.7845 0.2349 0.4189 0.3293 0.5003 0.2754 0.2455 

b 2.1456 0.3223 0.4068 0.2905 0.6124 0.3695 0.3063 

c 2.5634 0.1335 0.3587 0.1362 0.7101 0.1657 0.1241 

160 

a 1.8539 0.2309 0.3956 0.3241 0.4962 0.2648 0.2573 

b 2.2457 0.1160 0.3854 0.2795 0.5033 0.2764 0.2678 

c 2.7854 0.1925 0.3247 0.1299 0.7095 0.1922 0.1852 

180 

a 1.8687 0.1269 0.3875 0.3179 0.3854 0.2262 0.2138 

b 2.2001 0.1490 0.3759 0.2565 0.4956 0.2001 0.199 

c 2.8365 0.1561 0.3145 0.1254 0.6061 0.1734 0.1616 

200 

a 1.8921 0.1104 0.2968 0.2106 0.3521 0.2089 0.1994 

b 2.3510 0.138 0.3524 0.1656 0.4548 0.1734 0.1602 

c 3.106 0.1237 0.2954 0.1156 0.5051 0.1313 0.1082 

Table 3.2: Maximum Likelihood Estimation of PERT Distribution (a=2, b=2.5, c=3) 

B. OBSERVATIONS: 

1) Average Estimate of PERT parameters by MLE are 

increased when sample size is increased.  

2) Variance (VAR), Standard Deviation (SD), Mean 

Absolute Deviation (MAD), Mean Square Error (MSE) 

and Relative Absolute Bias (RAB), Relative Error (RE) 

by MLE is decreased when sample size is increased. 

 Maximum Likelihood method for estimating the 

PERT (a, b, c) Newton-Raphson   simulation for a three 

parameter combinations and the process is repeated 10,000 

times for different sample sizes n = 20(20)200 are 

considered. The MLEs and their Average Estimate (AE), 

Variance (VAR), Standard Deviation (SD), Mean Absolute 

Deviation (MAD), Mean Square Error (MSE) and Relative 

Absolute Bias (RAB), Relative Error (RE) of the parameters 

are unknown population parameters of PERT distribution.  

Population parameters a = 3, b= 4 and c= 5 in Table 3.3. 

Sample size Para meters AE VAR SD MAD MSE RAB RE 

20 

a 1.4275 0.5945 0.6854 0.9932 1.0089 0.9872 0.9869 

b 1.5624 0.3634 0.5938 0.9373 1.0355 0.9375 0.9437 

c 3.0029 0.5746 0.6733 0.9258 1.1112 0.9598 0.9487 

40 

a 1.5227 0.4606 0.6527 0.9535 1.0072 0.9377 0.9244 

b 1.7462 0.2232 0.4932 0.9203 1.0259 0.9203 0.9145 

c 3.1279 0.4014 0.6105 0.8972 1.0141 0.9096 0.9038 
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60 

a 2.1883 0.4417 0.6535 0.9245 0.9898 0.9118 0.9037 

b 2.2451 0.2685 0.5064 0.7872 0.9909 0.9186 0.9073 

c 3.4899 0.1937 0.4398 0.7061 0.9742 0.9102 0.9022 

80 

a 2.3655 0.2824 0.5188 0.8476 0.9938 0.9069 0.8935 

b 2.5189 0.1416 0.3822 0.7362 0.9836 0.8685 0.7957 

c 2.7376 0.1367 0.3587 0.5917 0.9677 0.8907 0.8098 

100 

a 2.5432 0.1183 0.3432 0.668 0.9258 0.8892 0.7882 

b 2.6243 0.1083 0.3164 0.4911 0.9677 0.7551 0.6755 

c 3.8038 0.0941 0.3102 0.3551 0.9434 0.6654 0.6065 

120 

a 2.6243 0.1097 0.3296 0.2922 0.7027 0.8727 0.7644 

b 2.7035 0.0536 0.2268 0.3224 0.8549 0.6632 0.5657 

c 3.9419 0.0727 0.2598 0.2052 0.7576 0.6233 0.5018 

140 

a 2.7736 0.1058 0.3157 0.2041 0.895 0.7792 0.6508 

b 2.8692 0.04523 0.2054 0.2943 0.6979 0.6166 0.5614 

c 4.3938 0.052 0.2135 0.1668 0.6981 0.5822 0.5055 

160 

a 2.8356 0.1034 0.3198 0.2015 0.8015 0.6446 0.5448 

b 2.9332 0.041 0.1998 0.235 0.5838 0.6056 0.4564 

c 4.5636 0.0919 0.2969 0.1345 0.5651 0.4546 0.4036 

180 

a 2.843 0.1052 0.3121 0.1925 0.7258 0.6365 0.4402 

b 3.4493 0.0101 0.1051 0.2311 0.4684 0.5304 0.3529 

c 4.6176 0.1013 0.2908 0.1254 0.4265 0.4421 0.3004 

200 

a 2.9576 0.1007 0.3052 0.1667 0.6323 0.6217 0.5361 

b 3.8587 0.001 0.0298 0.0826 0.3987 0.4275 0.3501 

c 4.7283 0.1136 0.3296 0.0433 0.2509 0.4358 0.3064 

Table 3.3: Maximum Likelihood Estimation of PERT Distribution (a=3, b=4, c=5) 

C. Observations:  

1) Average Estimate of PERT parameters by MLE are 

increased when sample size is increased. 

2) Variance (VAR), Standard Deviation (SD), Mean 

Absolute Deviation (MAD), Mean Square Error (MSE) 

and Relative Absolute Bias (RAB), Relative Error (RE) 

by MLE is decreased when sample size is increased. 

 We calculate the Maximum Likelihood method for 

estimating the PERT (α, 𝛽).  Newton-Raphson iterative 

procedure for a two parameter combinations and the process 

is repeated 10,000 times for different sample sizes n = 

20(20)200 are considered. The MLEs and their Average 

Estimate (AE), Variance (VAR), Standard Deviation (SD), 

Mean Absolute Deviation (MAD), Mean Square Error 

(MSE) and Relative Absolute Bias (RAB), Relative Error 

(RE) of the parameters are unknown population parameters 

of PERT distribution.  Population parameters α =3 and 𝛽 = 

2.5 in Table 3.4. 

Sample size Para meters AE VAR SD MAD MSE RAB RE 

20 
α 1.6954 0.9987 0.9954 0.9056 1.9856 0.9987 0.8964 

β 1.6045 0.9965 0.8832 0.8765 1.8956 0.9979 0.8542 

40 
α 2.0056 0.9856 0.8732 0.8569 1.9564 0.9951 0.8215 

β 1.6142 0.9764 0.8524 0.8432 1.8547 0.9923 0.8105 

60 
α 2.1457 0.942 0.8169 0.8009 1.8954 0.9863 0.7953 

β 1.7658 0.9258 0.8004 0.7932 1.7852 0.9854 0.7523 

80 
α 2.2478 0.9181 0.7968 0.7754 1.7954 0.9102 0.7721 

β 1.9854 0.9018 0.7966 0.7698 1.6987 0.9653 0.7432 

100 
α 2.4214 0.8994 0.7564 0.7436 1.6985 0.8932 0.7132 

β 1.9965 0.8965 0.7149 0.6998 1.5987 0.9258 0.7098 

120 
α 2.5147 0.8753 0.6998 0.6532 1.6148 0.8799 0.6958 

β 2.0154 0.8632 0.6913 0.6739 1.5584 0.8963 0.6423 

140 
α 2.6879 0.8269 0.6687 0.6522 1.5964 0.8637 0.6733 

β 2.1149 0.8083 0.6619 0.6403 1.4963 0.8215 0.6098 

160 
α 2.7034 0.7985 0.6302 0.5969 1.5016 0.8168 0.6498 

β 2.1391 0.7752 0.6289 0.6198 1.4198 0.8096 0.5698 

180 
α 2.7378 0.6984 0.6268 0.6009 1.4956 0.7998 0.6266 

β 2.1657 0.7025 0.6198 0.5998 1.3987 0.7932 0.5441 

200 
α 2.8145 0.6589 0.5769 0.5632 1.4098 0.7515 0.6089 

β 2.2987 0.6986 0.5684 0.5503 1.3276 0.7413 0.5229 

TABLE-3.4: Maximum Likelihood Estimation of PERT Distribution (α =3, β =2.5) 
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D. Observations:  

1) Average Estimate (AE) of PERT parameters of 

estimated α, β by MLE are increased when sample size 

is increased. 

2) Variance (VAR), Standard Deviation (SD), Mean 

Absolute Deviation (MAD), Mean Square Error (MSE) 

and Relative Absolute Bias (RAB), Relative Error (RE) 

by MLE is decreased when sample size is increased. 

 We calculate the Maximum likelihood Estimation 

(MLE) method for estimating the PERT (α
 
, 𝛽)  Newton-

Raphson   simulation procedure for a two parameter 

combinations and the process is repeated 10,000 times for 

different sample sizes n = 20(20)200 are taken. The MLEs 

and their Average Estimate (AE), Variance (VAR), Standard 

Deviation (SD), Mean Absolute Deviation (MAD), Mean 

Square Error (MSE) and Relative Absolute Bias (RAB), 

Relative Error (RE) of the parameters are unknown 

population parameters of PERT distribution.  Population 

parameters α = 4.5 and 𝛽 = 4 in Table 3.5. 

Sample size Para meters AE VAR SD MAD MSE RAB RE 

20 
α 2.3856 0.9947 0.9956 0.7854 1.9862 0.9985 0.6958 

β 2.3954 0.9457 0.9658 0.6985 1.8956 0.9758 0.8654 

40 
α 2.4573 0.93254 0.9887 0.7765 1.9521 0.9562 0.6477 

β 2.4956 0.8956 0.9498 0.6721 1.8526 0.8965 0.8431 

60 
α 2.6731 0.8754 0.9754 0.7564 1.8963 0.9142 0.6054 

β 2.7546 0.8569 0.8954 0.6587 1.7956 0.8126 0.8098 

80 
α 2.7452 0.8137 0.9542 0.7299 1.7586 0.8965 0.5932 

β 2.8998 0.7968 0.8187 0.6251 1.7453 0.7984 0.7951 

100 
α 2.8736 0.7764 0.8987 0.709 1.6958 0.8764 0.5542 

β 2.9643 0.7781 0.8047 0.6054 1.6548 0.7098 0.7421 

120 
α 2.9268 0.7589 0.8253 0.6955 1.5962 0.8654 0.5187 

β 2.8931 0.6548 0.6996 0.5547 1.5236 0.6587 0.6465 

140 
α 2.8546 0.7456 0.7798 0.6587 1.4968 0.8059 0.4965 

β 2.8213 0.6183 0.6587 0.5247 1.3968 0.6287 0.5025 

160 
α 3.2951 0.7154 0.7256 0.6198 1.2965 0.7998 0.4563 

β 2.9035 0.5964 0.5987 0.5187 1.2658 0.5987 0.4958 

180 
α 3.9654 0.6988 0.7058 0.6097 1.1597 0.7564 0.3954 

β 3.5089 0.5746 0.5782 0.4987 1.1058 0.5798 0.4251 

200 
α 4.3263 0.6587 0.6987 0.5988 1.0053 0.7249 0.3784 

β 3.8679 0.4987 0.5465 0.4545 0.9867 0.5398 0.4157 

Table 3.5: Maximum Likelihood Estimation of PERT Distribution (α =4.5, β =4) 

E. Observations: 

1) Average Estimate (AE) of PERT parameters of 

estimated α, β by MLE are increased when sample size 

is increased. 

2) Variance (VAR), Standard Deviation (SD), Mean 

Absolute Deviation (MAD), Mean Square Error (MSE) 

and Relative Absolute Bias (RAB), Relative Error (RE) 

by MLE is decreased when sample size is increased. 

V. CONCLUSIONS 

Method of Maximum Likelihood Estimation is the better 

one for estimating the parameters of the PERT distribution; 

Since Sample size increases Variance (VAR), Standard 

deviation (SD), Mean absolute deviation (MAD), Mean 

Square Error (MSE), Relative Absolute Bias (RAB) and 

Relative Error (RE) for both parameters are decreases. 

 The Method of Maximum Likelihood Estimation 

has the smallest Variance (VAR), Standard deviation (SD), 

Mean absolute deviation (MAD), Mean Square Error 

(MSE), Relative Absolute Bias (RAB) and Relative Error 

(RE) for both parameters, proving to be the efficient 

method. 

 

VI. OBSERVATIONS FOR THE SIMULATION RESULT 

1) Method of Maximum Likelihood estimators are less 

biased. 

2) The Average estimate (AE), Variance (VAR), Standard 

deviation (SD), Mean Square Error (MSE), Relative 

Absolute Error (RAB), Relative Error (RE) of the 

estimators are dependent on the sample sizes. 

3) The Average estimate (AE), Variance (VAR), Standard 

deviation (SD), Mean Square  Error (MSE), Relative 

Absolute Error (RAB), Relative Error(RE) of the 

estimators are independent on the population parameter 

values. 

4) The Average estimate (AE) of the Method of Moments 

(α̂) and (𝛽̂) estimators are increased when sample size 

increased. 

5) The Variance (VAR) of Method of Maximum 

likelihood Estimators(α̂) and (𝛽̂) are decreased when 

sample size increased. 

6) The Standard Deviation (SD) of Method of Maximum 

likelihood Estimators(α̂) and (𝛽̂) are decreased when 

sample size increased. 

7) The Mean Square Error (MSE) of Method of Maximum 

likelihood Estimators(α̂) and (𝛽̂) are decreased when 

sample size increased. 
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8) The Relative Absolute Bias (RAB) of Method of 

Maximum likelihood Estimators(α̂) and (𝛽̂) are 

decreased when sample size increased. 

9) The Relative Error (RE) of Method of Maximum 

likelihood Estimators(α̂) and (𝛽̂) are decreased when 

sample size increased. 

REFERENCES 

[1] Azaron, A., Katagiri, H., & Sakawa, M. (2007). Time-

cost trade-off via optimal control theory in Markov 

PERT networks. Annals of Operations Research, 150, 

47–64. 

[2] Blom, G., 1958. Statistical Estimates and Transformed 

Beta Variables, John Wiley & Sons, New York.  

[3] Berkson (1957) developed the tables for the maximum 

likelihood estimate of the logistic distribution. Vol. 13, 

No. 1 (Mar., 1957), pp. 28-34 (7 pages). 

[4] Balakrishnan and Kocherlakota (1985) developed 

estimation of Parameters in the double Weibull 

distribution. Vol. 47, No. 2 (Aug., 1985), pp. 161-178 

(18 pages). 

[5] Balakrishnan. N and Leung (1988) have obtained the 

best linear unbiased estimates for the location and scale 

parameters of type I generalized logistic distribution. 

Volume 17, 1988 - Issue 1, Pages 25-50. 

[6] Beckman, R. J. and Tietjen, G. L. (1978). 'Maximum 

Likelihood Estimation for the Beta Distribution,' J. 

Statist. Cornput.- Sinul., 7, 253-258. 

[7] Clark, C.E. (1962).The PERT Model for the 

Distribution of an Activity. Operations Research, 10, 

405–406. 

[8] Chapman, D. G. and Robbins, H. (1951). 'Minimum 

Variance Estimation without Regularity Assumptions,' 

Ann. Mach. Statist., 22, 581-586.  

[9] Cheng R. C. H. and Amin, N. A. K. (1981). 'Maximum 

Likelihood Estimation of Parameters in the Inverse 

Gaussian Distribution, with Unknown Oripin,' Tech-

rometrics, 23, 257-263.  

[10] Cohen, A. C.and Whitten, B. J., (1982). 'Modified 

Moment and Maximum Likelihood Estimators of the 

Three-Parameter Gamma Distribution,' Comm. Statist.-

Simul., 11, 197-216. 

[11] Farnum, N. R., & Stanton, L. W. (1987). Some results 

concerning the estimation of beta distribution 

parameters in PERT. Journal of the Operational 

Research Society, 38(3), 287–290. 

[12] Fielitz, B. D. and Myers, B. L. (1976). 'Estimation of 

the Parameters in the Beta Distribution - Reply,' 

Decision Sciences, 7, 163-164. 

[13] D. L. Keefer and W. A. Verdini, “Better estimation of 

PERT activity time parameters,” Manage. Sci., vol. 39, 

no. 9, pp. 1086–1091, 1993. 

[14] Dimitri Golenko-Ginzburg. On the Distribution of 

Activity Time in PERT. The Journal of the Operational 

Research Society 39, No. 8, 767-771 (1988) 

[15] J. J. Moder and E. G. Rodgers, “Judgment estimates of 

the moments of PERT type distributions,” Manage. 

Sci., vol. 15, no. 2, pp. B76–B83, 1968. 

[16] Gjeddebaek (1949) considered the estimation of 

parameters of normal distribution by maximum 

likelihood method from grouped data. Volume 1949, 

1949 - Issue 1, Pages 135-159. 

[17] Hill, J., Thomas, L. C., & Allen, D. E. (2000). Experts’ 

estimates of task durations in software development 

projects. International Journal of Project Management, 

18, 13–21.  

[18] Kamburowski, J. (1997). New validations of PERT 

times. Omega, The International Journal of 

Management Science, 25(3), 323–328. 

[19] Lindley D.V, (1950) suggested some grouping 

correction for maximum likelihood estimate of the 

parameter from grouped samples. Vol. 4, No. 2 (May, 

1989), pp. 164-179 (16 pages). 

[20] Li Yang, Yu Haishan, Shen qin and Zhang Shouzhong, 

“An Estimating Method for Aviation Project’s Duration 

Based on Improved-PERT” Industrial Engineering and 

Management, China, vol. 4, pp. 38-42, April 2007. 

[21] Lloyd E.H, (1952) obtained estimators of location and 

scale parameters of order statistics using least squares 

method of estimation. Vol. 39, No. 1/2 (Apr., 1952), pp. 

88-95 (8 pages). 

[22] Mac Grimmon, Kenneth R. and Charles A. Ryavec, 

“An Analytical Study of PERT Assumptions,” 

Operations Research, Jan.-Feb., 1964, pp. 16-36. 

[23] N. R. FARNUM and L. W. STANTON (1987) Some 

results concerning the estimation of beta distribution 

parameters in PERT. J. Opt Res. Soc. 38, 287-290. 

[24] Ramamohan, C. H. and Anjaneyulu, G.V.S.R. (2011). 

How the Least Square Method be good for Estimating 

the parameters of Two-Parameter Weibull Distribution 

from an optimally constructed grouped sample. 

International Journal of Statistics and Systems, Vol. 6, 

No. 4,  PP. 525-535. 

[25] Ranneby, B., (1984). The maximum spacing method: an 

estimation method related to the maximum likelihood 

method. Scandinavian Journal of Statististics 11, pp: 

93–112.  

[26] Smith, R.L., Naylor, J.C. (1987): A comparison of 

maximum likelihood and Bayesian estimators for the 

three-parameter Weibull distributuion. Journal of 

Applied Statistics, 36, pp: 358–369 . 

[27] Vijaya Lakshmi, M. Rajasekhram, O. V. and 

Anjaneyulu, G. V. S. R. (2018).              Estimation of 

Scale (λ) and Location (µ) of Two-Parameter Rayleigh 

Distribution               Using Median Ranks method, 

International Journal of Science and Research              

(IJSR),1(1), PP. 1948-1952. 

[28] Vijaya Lakshmi, M. Rajasekhram, O. V. and 

Anjaneyulu, G. V. S. R. (2019).Estimation of Scale() 

and Shape (α)  Parameters of Power  Function 

Distribution  By Least Squares Method Using 

Optimally  Constructed Grouped Data, Journal of 

Emerging Technologies and Innovative Research 

(JETIR), 6(6), PP. 320-328. 

[29] Vijaya Lakshmi, M. and Anjaneyulu, G. V. S. R. 

(2019), Estimation of Location (μ)  and Scale (λ) for 

Two-Parameter Half Logistic Pareto Distribution 

(HLPD) by Least Square Regression Method, 

International Journal For Research and Applied Science 

and Engineering  Technology (IJRASET), 7(8),  PP. 

2321-9653. 



Estimation of Parameters of Pert Distribution by Using Maximum Likelihood Method of Estimation 

 (IJSRD/Vol. 9/Issue 07/2021/032) 

 

 All rights reserved by www.ijsrd.com 171 

[30] Vijaya Lakshmi, M. and Anjaneyulu, G. V. S. R. 

(2019), Estimation of Location (μ) and Scale (λ) for 

Two-Parameter Half Logistic  Pareto Distribution 

(HLPD) by Median Rank Regression Method, 

International Journal of Research and Analytical 

Reviews, 6, 2, PP. 558-567. 

[31] Woolsey, R.E., 1992. The fifth column: The PERT that 

never was or data collection as an optimizer. Interfaces 

22, 112-114.  

[32] Zhang Yun-ning and Sun Xi-xi, 2010, Research on 

improved PERT model in analysis of schedule risk of 

project, International Conference on E-Business and E-

Government. 

 
 

 

 

 

 

 

 


