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Abstract— The sequence spsce introduced by Atlay and have
studied its various properties. The aim of the present paper is
to introduce the new generalized difference sequence space.
We have shown new generalized difference sequence space
to be complete and also have shown that it to be linearly

isomorphic to the space |(p) . Also, investigations have been

made for computing its « -, B - and ¥ -duals and

constructed its basis.
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I. INTRODUCTION

We denote the set of all sequences(real or complex) by @ .
Any subspace of o is called the sequence space. So the
sequence space is the set of scalar sequences(real of complex)
which is closed under co-ordinate wise addition and scalar

multiplication. Let N, R and C denotes the set of non-
negative integers, the set of real numbers and the set of

complex numbers, respectively. Let | , ¢ and c,,

respectively, denotes the space of all bounded sequences , the
space of convergent sequences and the sequences converging

to zero. Also, by ¢s, I, and I(p) we denote the spaces of
all convergent, absolutely and p -absolutely convergent

series, respectively. Throughout the text, for terms with suffix
negative will be taken as zero.

Let X be a real or complex linear space, h be a
function from X to the set R of real numbers. Then, the
pair (X ,h) is called a paranormed space and h is a
paranorm for X , if the following axioms are satisfied:

1) h() = 0,

2 h(=x)=h(x)

3) h(x+y)<h(x)+h(y),and

4) scalar multiplication s
laa,—a|> 0 and

continuous, that s,
h(x,-x)—>0 imply
h(a,x, —ax) — 0 forall @ sin R and X ’sin X ,
where @ is a zero vector in the linear space X . Assume
here and after that (p,) be a bounded sequence of

strictly positive real numbers with sup, p, = H and

M =max {1, H}. Then, the linear space I(p) was
defined by Maddox [10] as follows :

1(p) ={x = (x): > % "< o}

which is complete space paranormed by

h,(x) = {z | X, M

We shall assume throughout the text that p,* +{p,} " =1
provided 1 < infp, < H < 0.
Let X,Y be two sequence spaces and let
A = (a, ) be an infinite matrix of real or complex numbers
a, ,where n,k e N . Then, the matrix A defines the A -
transformation from X into Y , if for every sequence
X =(x,)e X the sequence Ax ={(Ax),}, the A-
transform of x existsandisin Y ;where (Ax), = > a, x,
k

. For simplicity in notation, here and in what follows, the
summation without limits runs from 0 to o« . By

A e (X,Y ), we mean the characterizations of matrices from
X toY ie., A: X — Y .Asequence X issaidtobe A
-summable to | if Ax convergesto | which is called as the
A -limit of x . For a sequence space X , the matrix domain
X , ofaninfinite matrix A is defined as

X,={x=(x,)ew:Ax e X}. (@)

Let (g, ) be asequence of positive numbers and let us write,

A

Q, = Z::qu for n e N . Then the matrix R® = (r) of

the Riesz mean (R, q,) is given by

, if0<k<n,

RIS
Q.

rni:JO, if k> n.
|

[

The Riesz mean (R, q,) isregular if and only if Q, — «
as h —> o [16].
Kizmaz [8] defined the difference sequence spaces Z (A) as
follows

Z(A)={x=(x)ew:(AXx,)e Z}
where Z e{l_,c,c,} and Ax, = X, — X, ;.
Altay and Bas ar defined the sequence space of p -bounded
variation bv ~ which is defined as :

bv | :{X:(Xk)ea’:Z X, =%, |"< oo},ls p <o,
k

With the notation of (1), the space bv = can be redefined as
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bv, =(l,),,1<p<wx
where, A denotes the matrix A = (A, ) and is defined as :
((_1) n-k ,
A, = 0,

|

Ganie el al [18] introduced the space r(A”) as:

if n-1<k <n,

if k<n-1or k >n.

Zqux

k kJO

Pk
rq(Au"):jx:(xk)ea):z <00L
where (0 < p, < H < ).

In [3] the generalized difference matrix B = (b,, ) is defined
as:
(r, if k=n,
b = s, if k=n-1
" 10, ifO<k<n-lor k>n,
for all n,k e N,r,se R—-{0} . The matrix B can be

reduced to difference matrix A incase r =1, s = -1.

The approach of constructing a new sequence space by means
of matrix domain of a particular limitation method has been
studied by several authors viz., [1]-[18].

2. The Riesz sequence space qu (u, p) of non-absolute type
In this section, we define the Riesz sequence space qu (u, p)

, and prove that the space ry (u,p) is a complete
paranormed linear space and show it is linearly isomorphic to
the space 1(p).

Define the sequence y = (y,), which will be
frequently used, by the R'B -transform of a sequence

X=(x,),ie
k-1

1 ]
Y (@)= —{> (u,q;,r+u,,q,,8)x;+ uqu.r.xkj}, (k e N).

k (=0
@
Following Bas ar and Altay [2], Bas arir and Oztlirk
[4], Mursaleen et al [14], Neyaz and Ganie [17], we define

the sequence space r; (u, p) asthe set of all sequences such
that R'B transform of it is in the space I( p) , that is,

ry (U, p) = {x = (x,) e @:y,(q) e I(p)}.
Note that if we take r =1 and s = —1, the sequence spaces
ry (u, p) reduces to r?(A”),
[18]. Also, if (u,)=e=(11,..) andr=1and s=-1,

introduced by Ganie et al

the sequence spaces r, (u, p) reduces to r'(A,p)

introduced by Bas arir and Oztiirk [3].
With the notation of (1) that

s (U, ) =P},

Now, we prove the following theorem which is essential in
the text.

Theorem 2.1 :
paranormed by h, , defined as

r; (u, p) is a complete linear metric space

L
Pk Tm

|

3l
hy (x) =
|5

where sup, p, = H and M =max{l, H}.

k-1
Z(ulql'r U 0),,-8) X + G U, .IX,
Qy

i=0

Proof: The linearity of qu (u, p) with respect to the co-
ordinatewise addition and scalar multiplication follows from
the inequalities which are satisfied for z, x € rg (u, p) [11]

1
Py "H

[ k-1

1
|Z(Z(ujqu+uj+lqj+1s)(xj+zj)+uk.qkr(xk+zk)J
Lk Q, j=0

L
Pk—||v|

J1

k-1 pk—|M
{Z(ujqu+uj+1qj+ls)zj +uqursz |

|

!
|

r
+ {Z
and forany a € R (see, [?])

Lo [ < max (L, e ™). )
It is clear that, h;(¢) =0 and h,(x) = h,(-x) forall

1 k-1
{Z(u QF+U;,,0,,,8)X, +U,q,rX,

®)

X e qu(u, p) . Again the inequality (3) and (4), yield the
subadditivity of h, and

h, (ax) < max (1, | a [)hg (X).
Let {x"} be any sequence of points of the space qu (u, p)

such that h,(x" —=x) > 0 and («,) is a sequence of

scalars such that o, — « . Then, since the inequality,
hg (x") < hg (X) + hg (X" = x)

holds by subadditivity of h,, {h, (x")} is bounded and we

thus have
hg (@, X" —ax) =

vk}‘mi
Z
[ J

<la, —a|ﬁh8(x”)+|a|ﬁh5(x” - x)

k-1
(Z(u (AT +U 0,8 (e, X —ax;) +u,dq,r(a,X, —axk)]
k

j=0
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which tends to zero as n — o . That is to say, that the scalar
multiplication is continuous. Hence, h; is paranorm on the
space r,' (u, p).

It remains to prove the completeness of the space
ry (u, p) . Let {x '} be any Cauchy sequence in the space
ry (u,p), where x'={x;,x,.}. Then, for a given
& > 0 there exists a positive integer n, (&) such that

hy(x' =x') <& (5)
for all i, j > n,(e). Using definition of h, and for each
fixed k e N that

1

pk]"' <

for i, j=n,(¢g), which leads us to the fact that

(RYBX '), - (RIBx),| < {Z(Rj'ax‘)k ~(RBx "),

{(R!BX"),,(RIBx"),,...} is a Cauchy sequence of real
numbers for every fixed k e N. Since R is complete, it
converges, say, (R!Bx'), = ((R/Bx), asi — o .Using
these infinitely many limits (R)Bx),,(R;BX),,..., we
define the sequence {(RBx),, (R, Bx),,...} . From (5) for
eachme N and i, j=n (¢),

k M

m
Z‘(Rfo')k—(Rfo‘)k o (- x )M < e
k=0

(6)
Take any i=ng(e). First, let j — o in (6) and then
m — oo , we obtain
hy (x' =x) < &.
Finally, taking ¢ =1 in (6) and letting i > n, (1) . we have
by Minkowski’s inequality for each m e N that

1

{Z‘(R:‘Bx)k‘pk]\/‘

<hg(x' =x)+hy(x') <1+h,(x')
k=0

which implies that xerj(u, p). Since

hy (x - x')< e forall i n, (&), it follows that x' > X

as i — oo, hence we have shown that r.' (u, p) iscomplete,

hence the proof .
Note that one can easily see the absolute property does not

hold on the spaces r, (u, p) , thatis h, (x) = h, (| x|) for
atleast one sequence in the space rEf (u, p) and this says that
qu (u, p) isasequence space of non-absolute type.

Theorem 2.3: The sequence space r; (u, p) ofnon-
absolute type is linearly isomorphic to the space 1( p) , where

0<p,<H <.

Proof : To prove the theorem, we should show the
existence of a linear bijection between the spaces qu (u, p)

and 1(p), where 0 < p, < H < . With the notation of

(2), define the transformation T from r,'(u, p) to I(p) by
X — Yy =Tx . The linearity of T is trivial. Further, it is

obvious that x = & whenever Tx = 8 and hence T is
injective.
Let y € I(p) and define the sequence x = (x,) by

k-1 ) S
X = Z(_l) n{ k—-n
n=0 r

k-n-1 k—n

Qk yk

ru,.q,

+
un+1qn+1 r unqn
Then,

o

L
pk—|M
|

|

i u,q,rx,

k-1
> (U r+u;,q,,8)X; +
j=0

k k

B
hg (x) =
K

x
Pk—|M

1, if k=],
if k= j.

Thus, we have X e rB“(u, p) . Consequently, T is
surjective and is paranorm preserving. Hence, T is a linear

bijection and this says us that the spaces r, (u, p) and I(p)
are linearly isomorphic, hence the proof.

3. Duals and basis of r; (u, p)

In this section, we compute « -, f - and y -duals of
r; (u, p) and construct its basis.

Theorem 3.1 (i) : Let 1< p, < H < oo forevery ke N .
Define the sets D, (u, p) and D, (u, p) as follows

D,(u,p)=J{a=(a)ecw:

B>1

r 1
supzzLVu(k,n)aanJrua” QHJB_ < o}

KeF Kk [nek nn

and

D,(u,p)=J{a=(a)cw:

B>1
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Py

+V , (k,n) Zn: aiJQk}B‘1 < o}
]

z{[ 2

k |_ I‘-uqu i=k+1
where,
. Sn—k—l Sn—k
Vu(k!n): (_1) n—k + n-k+1 '
r uk+1qk+1 r uqu
Then,

i@, p] =0, p) [riE@, p] =D, p)Acs = [riq, p].
(ii): Let 0 < p, <1 for every k € N. Define the sets

D,(u, p) and D,(u, p) as follows
D,(up)={fa=(a,)em:

2

neK

Pk

sup sup
KeF k

< o}

[ a, 1,
LVU(k’n)aan+ Q"JB
and

D,(u,p)={a=(a,)ecw:

Pk

F( a " J ]
sup || V(N k)Y & [Q || <}
o [ Lru,a, |

i=k+1

Then,

« 8
[, o) = Py, p). [r (w, m] = D(u, p)es =]
For the proof of the Theorem 3.1, we need following lemmas

Lemma 3.1 (see, [7]): (i) Let 1< p, < H <oo. Then

A e (I(p):1) ifand only if there exists an integer B > 1

such that

P
< o,

>a, B

nekK

(if)Let 0 < p, <1.Then Ae (I(p):1) ifandonly if

Py
Zank

nekK

Lemma 3.2 (see, [9]): (i) Let 1< p, < H < oo .Then

sup .

KeF keN

sup sup < .

KeF keN

A e (I(p):1,) ifand only if there exists an integer B > 1
such that

supZ|ankB’1|pk<oo. 7)
Nk
(i) Let O<p, <1 for every keN Then
Ae(I(p):1,) ifandonly if
sup |a,, | < oo. 8)

n,keN

Lemma 3.3 (see, [9]): Let 0< p, <H <o for every
ke N.Then Ae (I(p):c) ifand only if (7) and (8) hold
along with

lima, = g, for ke N. 9)
Proof of Theorem 3.1 We consider the case
1< p,<H <o for every ke N. Let us take any

a = (a,) € @ . From (2) we can easily see that

n-1

ax, = Z:Vu(k,n)aanyk +anQ—nynu—1
k=0 q,
= 2. Ye = (O, (10)
k=0

where C = (c,, ) isdefined by
|(Vu(k,n)aan,
|

if 0<k<n-1,

a
29 if k=n,
an = r‘unqn
|
| 0, if k>n,

wherek,n € N. Thus, we deduce from (10) with Lemma

ry (U, p)

3.1 that ax = (a_x_ ) eI, whenever x = (x ) e r’(u, p)
if and only if Cy e I, whenever y € I(p). This shows that

. p] =D, p).
Further, consider the equation

k=0

il uk’1+Vu(k,n)Zn: aiJQkyk = (Dy),,

'qk i=k+1
(11)
where ne N and D = (d , ) isdefined by

( n
|[ a, +vu(k,n)zai]Qk, if 0<k<n,
ru,.q,

i=k+1
dnk =

| 0, if k>n,

forall k,n e N. Thus we deduce from (11) with Lemma 3.3
that ax = (a,x,) € cs whenever x = (x,) e ry (u, p) if

and only if Dy € ¢ whenever y e l(p). Therefore, we
derive from (11) that
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;
[ a, " N 1 i “
> +V,(n,k)> a |u Q. |B < o,
k |_ ru, g, i=k+1 J
(12)
and lim d, exists and hence shows that

n

&

[rB“(u, p)] = D,(u, p)ncs.

As proved above, from Lemma 3.4 together with (12) that
ax = (a,x,) € bs whenever x = (x,) e rg (u, p) if and

onlyif Dy eI whenever y = (y,) e I(p). Therefore, we
again obtain the condition (13) which means that

[qu (u, p)]y = D, (u, p) n cs and this completes the proof.
Theorem 3.5 : Define the sequence b’ (q) = {b!’(q)} of

the elements of the space r, (u, p) for every fixed k e N
by

Q,

ru, q,

+V,(n,K)Q,, if 0<n<k,

(
|
b (q) = l'

|

Then, the sequence {b™’(q)} is a basis for the

0, if n>Kk.

space ry (u, p) and for any x e rj(u, p) has a unique
representation of the form

x=Y 4, (q)b" (q) (13)

where, 2,(q)=(R)Bx), for all keN and

0<p,£H <o,
Proof : It is clear that {b(k)(q)} c r; (u, p), since

RIBb“(q)=e" el(p) for ke N  (14)

(k)

and 0 < p, < H < oo, where e is the sequence whose

only non-zero termis 1 in k" place foreach k e N .

Let x € qu(u, p) be given. For every non-negative integer
m , we put

X" = Zm:ik(Q)b(k)(OI)- (15)

k=0

Then, by applying R/B to (15) and using (14), we obtain

RIBx!™ =32, (q)R/Bb “(q) = > (R/Bx),e"
k=0 k=0
and

[0, if 0<i<m

g _yImI)) —
(RUB(X X ))I |(RL?BX)I, if i>m

t

where i,m € N . Given ¢ > 0, there exists an integer m,

such that
1

® M
(s 1Ramo, 1 1" < 2.
Uiz ) 2
forall m > m, . Hence,

1

h (x = x'™)= (i | (RBx). | }M

i=m

(o o)
<| 3 [(RIBX), |
= )

&
< —< g
2

for all m>m,, which proves that X e r;(u,p) is

represented as (14).
Let us show the uniqueness of the representation for

X € qu (u, p) given by (13). Suppose, on the contrary; that
there exists a representation x = Zkﬂk(Q)bk (q) . Since

the linear transformation T from r (u, p) to I(p) used in
the Theorem 3 is continuous we have

(R9BX), = 3 4, (a)(RBb " (),

=> u (e = pu,(q)

for ne N, which contradicts the fact that

(R/B), = 4,(q) forall n e N . Hence, the representation
(14) is unique. This completes the proof.

Corollary : For taking u, = u, forall n € N, we obtain the
results in [13].
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