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Abstract— Response Surface Methodology (RSM) is a
collection of mathematical and statistical techniques useful
for analyzing experiments where the yield is believed to be
influenced by one or more controllable factors. Box and
Hunter (1957) introduced rotatable designs in order to
explore the response surfaces. The analogue of Box-Hunter
rotatability criterion is a requirement that the variance of

0y(x)/0x; be constant on circles (v=2), spheres (v=3) or

hyperspheres (v > 4) at the design origin. These estimates of
the derivatives would then be equally reliable for all points

(X1,X5 ..y X,) equidistant from the design origin. This

property is called as slope rotatability (Hader and Park
(1978)). Anjaneyulu et al (1995-2000) introduced Third
Order Slope Rotatable Designs. Anjaneyulu et al(2004)
introduced and established that TOSRD(OAD) has the
additional interesting property that the sum of the variance
of estimates of slopes in all axial directions at any point is a
function of the distance of the point from the design origin.
In this paper we made an attempt to construct Variance-Sum
Third Order Slope Rotatable in four levels.
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. INTRODUCTION

Box and Hunter (1957) proved that a necessary and
sufficient condition for a design of order d (d=1, 2...) to be
rotatable. Gardiner, Grandage and Hader (1959) constructed
some third order rotatable designs for two and three factors.
Das and Narasimham (1962) constructed TORDs both
sequential and non-sequential, upto fifteen factors, using
doubly balanced incomplete block designs and
complementary BIB designs.

Hader and Park (1978) introduced slope rotatability
for central composite second order designs analogous to
Box and Hunter (1957) central composite second order
rotatable designs several authors gave various methods to
construct second order slope rotatable designs. Anajaneyulu
et al (1993; 1998) have introduced embedded type SOSRDs,
Group-Divisible SOSRDs respectively. Anjaneyulu (1995,
2000) introduced Third Order Slope Rotatable Designs over
an axial direction analogous to Third Order Rotatable
Designs and constructed TOSRDs using Central Composite
type Design points and Doubly Balanced Incomplete Block
Designs.

Park (1987) studied the necessary and sufficient
conditions for Second Order Slope Rotatability Over All
Directions. Anjaneyulu et al (2004) introduced TOSRD
(OAD). Slope rotatability in axial directions introduced by
Hader and Park (1978) requires that the variance of the
estimated slope in every axial direction be constant at points

equidistant from the design origin. Slope rotatability over all
directions requires that the variance of the estimated slope
averaged over all directions through a uniforms distribution
be constant at points equidistant from the origin.

Anjaneyulu et al (1997) established that SOSRD
(OAD) has the additional interesting property that the sum
of the variances of estimates of slopes in all axial directions
at any point is a function of the distance of the point from
the design origin.

In this paper an attempt is made to introduce
Variance — Sum Third Order Slope Rotatable Designs.

Il. THIRD ORDER SLOPE ROTATABLE DESIGNS

The general Third Order Response surface s

Y(x)=b, zb zzb SboxZ 4 Tbix3
= + 2 Xj + 'JX'XJ+| i Xi +i=l iii Xi

+22b XX +222b”kxixjxk+e (2.0)

Where s are 1ndependent random errors with same mean
zero and Variance .

LetD = ((xi)),1=1,2,,...,N; j=1,23,...v, beaset
of N design points to fit the Third Order Response Surface
in (1.2.1) with v factors.

Let us consider the following N design points in v-factors
for fitting the above surface:

Factors
R 1 Xp Xoperreeniees v X,
U 2 Xy Xy v X,y
N 3 X, Xy e X,y
S 4 Xy Xy e Xy
N X, X X

The object of the slope rotatability is to estimate the first
order partial derivatives of Y(x) with respect to each of the
independent variables with certain desirable criteria.

We define the slope rotatability criterion in general
third order response surface design as follows:

Definition of TOSRD: A general third order response
surface design D is said to be a Third Order Slope Rotatable
Design (TOSRD) if from this design D, the variance of the
estimate of first order partial derivative of Y (x) with respect
to each of independent variable (x;) is only a function of the
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distance [d = z xfj of the point (X1, Xz, . . ., Xv) from

the origin (centre), i.e. A third order response surface design
isa TOSRD if

v(e¥ 1ox;) = f(dz) v oi=12,.

A. Conditions for Third Order Slope Rotatability:

The following are the conditions which the design points in
D should satisfy for third order slope rotatability (cf.
Anjaneyulu et al. (1995)).

Symmetry conditions:

A All sums of products in which at least one of the
x’s is with an odd power are zero.
B: ) X x? = N\, =constant
(i) > x* =aNis = constant
(iii) X x® =b NAs = constant
C: (i) Z xi® % =N, =constant, for i#j
(i) X x?x%  =cNAs=constant, for iz

(III) Z Xi2 ij sz
Slope Rotatability Conditions:
D: (i)c=3
(i) A [Aa[v(5-a)-(a-3)’]+A% [v(a-5)+4]]-
A[2(a-1) A%[Qa(v+1)-9(v-1)+3a-b]]=0
Where,
A=[@a+ V-l)?m-V?\.Zz]
A= s {b(v+1)9(v-1D}-AH {a2(v+1)-
(6a-b) (v-1)}
(iii) [AAefv (b-27)} - he?{a®v -6a (v -2) + b(v -
2)-18(v-1)} =0
(iv) [ 2ahe{v (b -9)} - A?{a?v - 6a (v - 2) + b(v -
2)-6a}]=0
Non - Singularity Conditions:
E. ()[n4n22]>[v (@a+v-1)]
{a?(v+1)-(6a-b)v-1)}
{b(v+1)-9(v-1)}

= NAg = constant, for izjzk

(1) [5,0,102] >

I1l. VARIANCE - SUM THIRD ORDER SLOPE ROTATABLE
DESIGNS

Definition (3.1) : We define a Variance - Sum Third Order
Slope Rotatable Design is one in which the sum of the
variances of estimates of slopes of a third order response
surface in all axial directions at any point is a function of the
distance of the point from the design origin. That is, any
symmetric Third Order Response surface Design is a
Variance Sum TOSRD, if

%V( 2y Lf(dzj ~ Where d2:.§ Xi2
i=

Theorem (3.1) : The conditions for Variance-Sum Slope
Rotatability for the Symmetric Third Order Response
Surface Design are the following :

Symmetry Conditions:

A: All sums of products in which at least one of the x’s
is with an odd power are zero.

B: (i) Xx#= NA, = constant

(i) X xi*=a N, = constant

(iii) X x= b N\ 4 = constant
C: (i) Zx?x?= NA, =constant, fori#j

(i) X xi?x%= cNA, = constant, fori#j

(i) Zx? x4 x> = NAg =constant, for ixj #k
Non - Singularity Conditions:

D. (i) [M4/A22] > [v @@+ v - 1)]
) 10,123 ] » {azivb 22 (o o ;1>}

Proof: LetD = ((xij)),i=1,2,...,N; j=1,2,

be a v factor symmetric third order response surface design
satisfying conditions given in the statement, to fit third order
response surface .

Assume the third order response surface as follows

e Vv

Vv A%
Y9 =bo+ ¥ bix; + zzb., X+ T bixZ+ ¥ byix?
i=1 i<j i=]j i=1

+ ZZb.”X X5 +ZZZbukX XXk +e

i#] i<j<k

Where e’s are independent random errors with same mean
zero and Variance c2.

Thus we have,

%
7—b +2b x +Zb X . +3b|" i+2 me J

a"xi i J=i i j=i

+2Y Y b..X.X.+2XYX>b.., X.X
jrijek WITITH 2 Tk TNk

- 2 2 4~
Ve gox;)=vb, )+ axiv(p ”)+J§xjv( IJ)+9xiv(bm)
Py )e s 2ol ) s 2 afuivley,)
Vib. 4 E Vib..
+J§|XJ ijj * lexl j iij +ZJ<ZkXJXk ijk
j=i j=i

)+22Vj xiZCov(B.B...)

+ 6x Cov (b b
j#i b

i iij

v . v v

+6 X X-ZX?COV(b---b---)+2 > sz iCov( ...b. )
j=1 1 j i}
j=1 j<k
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Therefore, we have,

A% v . v . v v A
i§1V<0’W@(i):iiv(bi)+4i§1xi2v(bii)+i§ jgixlgv(bij)
j=1
vV o4 VIV 4
+ S)Elxi V(bIII )+ El(Z xJV(b ijj)J

V(V 2 n

2 v v
+43%| = xixjv(biij)|+ ZLLZ

i=1 jei i=
=1 J

AY 2 n n v v 2 n N
+6i§1Xi Cov (bi’biii )+ Z_Z(in - Cov (bi’bijj)j

(v .

v T x.x.Cov(Biii,B )

63| j2i 1
A J

v A% 2

+ 2_2{_2 Z_xjxiCov (Bijj’Bikk )}

= vv(ﬁi)+ [4v(6i)+ (v 71)v(6ij)+ 6Cov (Bi,Bm )+ 2(v-1)

=W (Bi )+ [4V(E>ii )+ (v —1)v(6ij)+ 6Cov (Bi,Bm)
+ 2(v 71)Cov (Bi’Bijj )}12 + [QV(Bi“ )+ (v 71)V(6ijj )][dz ]2
+ [V(B“j X4 —2(v-1))+ (v v +1))v(6ijk)

2
+ 6Cov (Bm i )+ 2v(v -1)(v - 2)cov (Bijj LI )
718v(6m )]d2

= f(d?)

Thus, the sum of the variances of the slopes in axial
directions at any point is a function of the distance of the
point from the design origin in any symmetric Third Order
response surface design. Hence we call these designs as
Variance — Sum TOSRD on all axial directions. Thus the
conditions for Variance — Sum TOSRD are

A: All sums of products in which at least one of the x’s is
with an odd power are zero.

B: (i) T x?= N4, =constant foralli=1.2,..v
(i) Xxi*=aNa, = constant forall i=12,.,v

(iii) X xi=b Nz, = constant forall i=12,....v

C: (i) X xi?x?= N2, = constant, for izj foralli=1,..v
j=1,..v
(ii) X xi# x4=c N4, = constant, for iz for all i =

4
1,.v;j=1..Vv

(i) X xi? X% x>= NZg = constant, for i=j = k for
all,i=1,...,v;j=1..v;k=1,..v
Non - Singularity Conditions:
D. (i) A2 > [v (@a+v-1)]
{a®(-+1)-(6a-b)v-1)]
{b(r+1)—9(v -1) )

IV. CONSTRUCTION OF FOUR LEVEL VARIANCE-SUM
THIRD ORDER SLOPE ROTATABLE DESIGNS

()] 2p25 173 ] >

The four level third order slope rotatable design is
constructed by combining a pair of second order rotatable
designs in four levels.

The Considered Design points are

[S (o, 0, 0,0)+S(B,B,0,00+S(Y,000)+S(Yy0,0,
0) +S(Y2,0,0,0)]

a o o o
-0 o0 o o
a -0 o o
o o -a o
a o o -o
-0 -0 o o
-0 o -0 o
-0 o o -o
a -o -0 o
a -o o -o
a o -o -o
-0 -o -0 o
-0 -0 o -0
-0 o -0 -0
o -0 -a -0
-0 -0 -0 -Q
B B 0 O
S p 0 O
B -p 0 O
S B 0 O
p 0 B 0
B 0B 0
p 0 -p 0
B 0B O
p 0 0P
B 0 0P
p 0 0B
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B 0 0P
0O B B O
0O B B O
0O p B O
0O p B O
o g 0 P
o p 0 B
o p 0 B
o p 0 P
0 0 B B
0O 0 B B
0 0 B -P
0O 0 B B
Y 0 0 O
-Y 0 0 O
0O Y 0 O
0O -y 0 O
0 0 Y O
0 0 -¥r O
0 0 0 Y
0 0 0 -v
Y1 O 0 0
-Y1 O 0 O
0 Yy 0 O
0-y» 0 O
00 YO
0 0 -»1v0
00 0 Yy
0 0 0 -1y
Y, O 0 O
-Y> O 0 O
0 Y 0 O
0 -y 0 O
0 0 Y20
0 0 -v2 0
0 0 0 Y
0 0 0 -1»
The considered design points given us

64 64

ZX?—BZX?X?=74+7/14+;/:—16a4=0
(i i+ i=1

64

(i) =

i xfxf—Bi X Xix:=B°-16a =0
(iv) = i-1 (4.2)
Solving (ii) and (iv) of (4.1) which gives,
B* = 3.32150625a* and B2 = 1.8225a2
y* =11.71350625 a* and y? = 3.4225a? (4.2)
Substituting (4.2) in (iii) of (4.1) which gives,
y6+yf—112a6=0,y2=0 (4.3)
Let y ? = xa andy ! = ya (4.4)

Substituting (4.4) to (4.3) and (i) of (4.1) given that,
l. x2+y%2=8

64
> X -153 x XX =y Sy 4y, 4y +68°-112a =0
i=1

I x3+y3 =112 (4.5)
To solve the equations of (4.5) we obtain,

x =3.0625andy =0 (4.6)
These finally gave

B% = 1.8225a>

y? = 3.4225a?

y,2 = 3.0625a2

Y2 =0a%=0 4.7
Where ‘ « ’ is arbitrary and has a positive value

The considered design points forms a Variance-Sum Third
Order Slope Rotatable arrangement of order three for the
values of the constants given in (4.7). Substituting (4.7) in
non-singularity conditions gives the values of A2, A4 and ¢
which finally satisfies the non-singularity conditions. Hence
the considered design points forms a Variance-Sum Third
Order Slope Rotatable Design in four dimensions.
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