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Abstract— The Wittrick–Williams algorithm is used as the 

solution technique when applying the dynamic stiffness 

matrix to compute the natural frequencies and mode shapes. 

This paper aims at the study of free vibration analysis 

investigated with the help of dynamic stiffness method. 

Research Papers having algorithm for computing natural 

frequencies of Elastic Structures and Dynamic Stiffness 

formulation are reviewed for free vibration analysis. 

Different paper discusses algorithm for determining the 

natural undamped frequencies of vibration of any linearly 

elastic structure. Finite Element Method is an approximate 

method, results of which cannot be guaranteed but it 

generally converges to the exact solution with increasing 

number of elements. Dynamic stiffness method retains all 

features of FEM but it is more accurate solution compared 

to FEM. Both techniques have different techniques where 

FEM uses linear Eigen Value problems and DSM uses non-

linear Eigen Value problems which are solved by Wittrick–

Williams algorithm. 
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I. INTRODUCTION 

Aircraft structures are generally modeled as assemblies of 

thin-walled structural elements. In particular, the top and 

bottom skins, torsion box, ribs and webs of the wing are 

idealized as plates. Thus the free vibration analysis of such 

structures plays an important role in aircraft design. The 

analysis facilitates aero elastic and response analyses. The 

purpose of this paper is to develop the dynamic stiffness 

method for an accurate and efficient free vibration analysis 

of an orthotropic plates and plate assemblies. 

FEM is an approximate method, but it generally 

converges to the exact solution with increasing number of 

elements. However, the accuracy of results cannot be always 

guaranteed. This is particularly true in dynamic analysis at 

high frequencies when the FEM may become unreliable. 

Thus, there is, and there will always be a need to use 

analytical methods based on classical theories, wherever 

possible, to validate the FEM which provide further insights 

and importantly, restore confidence in design. One such 

method is that of the dynamic stiffness method and (DSM) 

which gives exact results that are independent of the number 

of elements used in the analysis. For instance, one single 

structural element can be used in the DSM to compute any 

number of natural frequencies to any desired accuracy, 

which of course, is impossible in the FEM. In DSM, once 

initial assumptions about the displacement field have been 

made, no inaccuracy occurs in the analysis.  

A strong point about DSM is that it has all the 

essential features of FEM such as coordinate transformation, 

offset connections, assembly procedure, etc., and yet it 

retains the exactness of results through the use of exact 

solution of the governing differential equation. However, the 

solution techniques for FEM and DSM are different. Unlike 

the conventional FEM which leads to a linear Eigen value 

problem, the DSM leads to a non-linear Eigen value 

problem which is generally solved by applying the Wittrick–

Williams algorithm. 

Different research papers having computation of 

natural frequencies of Elastic Structures are studied such as 

an algorithm for determining the natural undamped 

frequencies of vibration of any linearly elastic structure if its 

dynamic stiffness matrix K(w) corresponding to any finite 

set of displacements D is known. Also, Dynamic stiffness 

elements for plates are developed using first order shear 

deformation theory to carry out exact free vibration analysis 

of plate assemblies. The analysis has been facilitated by the 

application of Hamiltonian mechanics and symbolic 

computation. The Wittrick–Williams algorithm has been 

used as the solution technique. 

The dynamic modeling of flexible delaminated 

multilayer beams has been a topic of interest for many 

researchers. With the increase in use of laminated composite 

structures, the requirement for accurate delamination models 

has also grown. The earliest delamination models, 

formulated in the 1980s, dealt with the vibration of two-

layer sandwich beams, where layers were governed by the 

Euler-Bernoulli bending beam theory. The upper and lower 

intact portions of the delaminated segment were assumed to 

vibrate freely-independent of each other; as a result, this 

model is known as “free mode” delamination. 

Finally the paper closes with some concluding remarks.  

II. LITERATURE REVIEW 

A. Review of Research Papers 

1) W. H. Wittrick and F. W. Williams (1970) [1] 

This study of this paper is necessary to understand the 

formulation of the Wittrick–Williams algorithm which is 

used as the solution technique when applying the dynamic 

stiffness matrix to compute the natural frequencies and 

mode shapes. This paper presents and proves an algorithm 

for determining the natural undamped frequencies of 

vibration of any linearly elastic structure if its dynamic 

stiffness matrix K(w) corresponding to any finite set of 

displacements D is known. In general K(w) is not a linear 

function of w2, and methods which are available for solving 

linear eigen value problems are inapplicable. The algorithm 

is valid for systems with either a finite or infinite number of 

degrees of freedom. It enables one to calculate how many 

natural frequencies he below any chosen frequency, without 

determining them, and hence to converge on any required 

natural frequency to any specified accuracy. Coincident 

natural frequencies, and exceptional ones which correspond 
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to D = 0 and not to det K(w) = 0, are automatically 

accounted for. 

The algorithm is likely to be applied mainly to 

systems with an infinite number of degrees of freedom, for 

which there is no comparable approach, and numerical 

results to illustrate such an application are presented. It is 

possible however, that there may be cases of large finite 

systems for which it would be advantageous to use the 

algorithm, rather than Householder's method for example, 

since it enables the structure to be broken down into sub-

structures and full advantage to be taken of any that are 

identical. 

2) N. Kolarevic al (2015) [2] 

The dynamic stiffness matrix for a completely free 

rectangular plate element based on Mindlin theory has been 

developed in the paper. The general solution of the 

governing equations of motion, presented in the Fourier 

series form, has been obtained using the boundary layer 

function and the superposition method. General boundary 

conditions have been discretized using the projection 

method. The dynamic stiffness matrix has been derived by 

eliminating the integration constants from the projections of 

the general boundary conditions. The global dynamic 

stiffness matrix of the plate assembly has been obtained 

using an assembly procedure that is similar to the one used 

in the FEM. The Wittrick–Williams algorithm has been 

implemented to compute the natural frequencies. The 

accuracy of the proposed method is independent of the 

number of dynamic stiffness elements used in the analysis. 

It is influenced only by the number of terms in the general 

solution.  

3) Subodh Kumar, Prasun Jana (2019) [3] 

A MATLAB code is implemented to execute the above 

described procedure for computing the DSM natural 

frequencies. These frequencies are compared with the 

literature whenever available. It is found that these DSM 

results are highly accurate and are in excellent agreement 

with the published results. Moreover, some inaccurate 

published results are reported and the reasons for this 

inaccuracy are highlighted. It is also demonstrated, by 

comparisons with published results, that the DSM has 

advantages over some other methods. As the Writtrick-

Williams algorithm is utilized in the frequency computation, 

this DSM approach does not miss any frequency within a 

given frequency range. Furthermore, this paper provides 

new sets of DSM frequency results, with and without 

incorporating the rotary inertia, for the uniform thickness S-

FGM and E-FGM square/rectangular plates. To highlight 

the effect of various material parameters on the natural 

frequencies, several tables and graphs are shown. Effect of 

boundary conditions on the frequency results is also 

discussed in details.  

4) Li Jun al (2016) [4] 

This paper enables the exact free vibration and buckling 

analyses to be developed for axially loaded composite 

beams with general lay-ups. A unified shear deformation 

beam theory is introduced and the Poisson effect, axial 

force, extensional deformation, bending deformation, shear 

deformation, and rotary inertia are included in the 

formulation. The dynamic stiffness method is adopted to 

compute the natural frequencies, mode shapes and buckling 

loads of the composite beams with various end conditions. 

By using the well-established Wittrick-Williams algorithm, 

the required natural frequencies and buckling loads are 

determined. The proposed shear deformation beam models 

and the dynamic stiffness formulation are validated by 

comparison of the present results with those available in the 

literature.  

5) M. Boscolo, J.R. Banerjee (2010) [5] 

An exact dynamic stiffness method for plate elements with 

two opposite sides simply supported has been developed 

using classical plate theory with and without the inclusion of 

rotatory inertia effect. The theory has then been significantly 

enhanced by applying the first order shear deformation 

theory. Explicit expressions for the terms of the dynamic 

stiffness matrix for all cases have been derived by extensive 

use of symbolic computation. The dynamic stiffness 

elements are sufficiently general to be assembled to 

investigate the free vibration behaviour of complex 

structures following a procedure similar to that used in the 

finite element method. Once the dynamic stiffness matrix 

for the overall structure is formulated the eigen value 

problem is solved by using a modified version of the 

Wittrick and Williams algorithm. The complete procedure 

starting from the development of the dynamic stiffness 

matrix and finishing with the calculation of natural 

frequencies and mode shapes has been implemented in a 

computer program using MATLAB. This enables 

computation of any number of exact natural frequencies and 

mode shapes of plates or plates assemblies to any desired 

accuracy. 

6) J.B. Casimir al (2016) [6] 

The dynamic stiffness method formulated previously for 

computing the harmonic response of cross-ply laminated 

composite cylindrical shells subjected to loads acting on 

their edges was extended to the case of the distributed loads 

acting between them. The advantages of the dynamic 

stiffness formulation in terms of accuracy, storage 

requirements and time consumption were preserved. Very 

good convergence of the FE results with the computed 

solution were observed for various loadings and boundary 

conditions. These comparisons allowed validating the 

procedure described. Therefore the DSM offers a 

benchmark solution for FEM, particularly in the medium 

and high frequency ranges. Fluid/composite interaction 

problems that involve distributed loads will be another field 

of investigation for the dynamic stiffness method. 

7) Sundaramoorthy Rajasekaran al (2017) [7] 

This article deals with mechanical behavior of non-uniform 

nano-beams. Small scale effects are modeled after nonlocal 

strain gradient theory, beam is modeled using Euler-

Bernoulli beam theory and non-uniformity is assumed with 

general variation of cross section. Equations of motion are 

solved using finite element technique and the process is 

explained step by step. Formulation is verified by 

convergence in the results by increasing the number of 

elements and the accuracy of the model is shown by 

comparing the results to those achieved for uniform small 

scale beams and simplified models. After verifying the 

methodology, influence of each parameter on mechanical 

behavior of non-uniform nano-beams is discussed. It is 

shown that increasing the strain gradient term increases the 
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rigidity of the non-uniform nano-beams which causes higher 

frequency term, buckling load and lower bending 

deformation. On the other hand, increasing the nonlocal 

term causes lower rigidity by decreasing the natural 

frequencies, buckling load and increasing the static 

deflection. Moreover, it is seen that having cross section 

variation has a remarkable influence on changing the 

required axial loading to reach buckling and natural 

frequency terms and changing the position of maximum 

deflection in static bending behavior.  

8) Amirhadi Alesadi  al (2017) [8] 

In this paper the CUF is considered in Isogeometric 

approach to buckling and free vibration analysis of cross-ply 

laminated plates. It is shown that employing NURBS basis 

functions together with higher order theories leads to an 

interesting combination based on the facts that the higher 

order of NURBS functions reduce the effect of shear locking 

phenomenon properly and the higher order theories 

eliminate Poisson locking without using shear correction 

factor. Indeed, in this study only in the case of N = 1 the 

modified stiffness coefficients are used to avoid Poisson 

locking, thus in higher order cases, N > 1, no material 

matrix modification is needed. The presented numerical 

results show that cubic and quartic NURBS functions, 

satisfactorily attenuate the efficacy of shear locking in thin 

and thick plates, respectively. Considering the results related 

to various order of Taylor expansion, it is deduced that in 

thin and thick plates third order and fourth order model 

suffice respectively, for reaching the convergence solution.  

9) Emilija Damnjanovic al (2017) [9] 

In the paper, the dynamic stiffness matrix of a completely 

free laminated composite plate undergoing in-plane 

vibration has been formulated using the superposition and 

projection methods. The dynamic stiffness matrices of 

laminated composite plate undergoing both in-plane and 

transverse vibration according to the HSDT and FSDT plate 

bending theories, have been formulated by extending the 

authors’ previous work. The effects of the transverse shear 

deformation and the rotatory inertia are accounted, as well. 

The rotation matrices to transfer the dynamic stiffness 

matrices into the global coordinate system of the stiffened 

plate have been derived. The proposed formulation provides 

highly accurate, reliable and robust computational model for 

the free vibration analysis of composite plate assemblies, 

having arbitrary combinations of boundary conditions. The 

corresponding HSDT- and FSDT-based dynamic stiffness 

matrices of a laminated composite plate assembly are 

implemented into the original MATLAB code. The 

applicability of the model has been illustrated through the 

variety of examples: stiffened composite plates, plates 

having straight through cracks, as well as GFRP or C-GFRP 

beams. The validation is provided against the available 

analytical results, as well as the FEM-based numerical data. 

The effects of transverse shear deformation, boundary 

conditions, side-to-thickness ratios, crack length or 

reinforcement amount on the free vibration characteristics 

have been discussed, and the variety of new results has been 

provided as a benchmark for future investigations.  

10) Emilija Damnjanovica al (2017) [10] 

In this paper, the formulation of the dynamic stiffness 

matrix of a laminated composite stiffened plate assembly is 

presented as a superposition of the solution for the in-plane 

vibration and previously derived solution for the transverse 

vibration based on the HSDT (21). The general solution of 

the governing equations is derived based on the 

superposition and projection methods. The proposed 

formulation provides highly accurate, reliable and robust 

computational model for the free vibration analysis of cross-

ply composite stiffened plate assemblies, having arbitrary 

combinations of boundary conditions. The corresponding 

dynamic stiffness matrices (both for in-plane and transverse 

vibration) and a new module for the assembly procedure of 

the dynamic stiffness matrices, have been implemented into 

the original MATLAB code. The natural frequencies of 

stiffened composite plate are computed and validated 

against the existing analytical data and results from the 

commercial software Abaqus. 

11) Mingxiang Ling al (2018) [11] 

A new approach based on the dynamic stiffness matrix 

method has been proposed to analyze the free vibration of 

flexure hinges with complex varying cross-section. Different 

from the well-known method of Frobenious that solves the 

governing differential equation with the recursive power 

series of spatial coordinate, the solutions of vibration for 

non-uniform Timoshenko beam in this paper are expressed 

with an analytical recursive integral in power series of 

circular frequency. As a consequence, the proposed method 

is not constrained to polynomial varying coefficients as the 

case in the Frobenious method. Then, the dynamic stiffness 

matrix of flexure hinge with varying cross-section is derived 

by using the variational principle. After verifying the 

proposed method for tapered beams with the results in 

previous literature, it is applied for the first time to analyze 

the natural frequencies of the flexure hinges and their 

composed compliant mechanisms. All the results are seen to 

be in well agreement with those from ANSYS. The obtained 

results are general and the proposed method can also be 

used for dealing with the free vibration problems of other 

non-uniform beams with complex cross-section or 

functionally graded beams.  

12) I. Harbaoui al (2018) [12] 

The new developments of the DS method presented herein 

were applied successfully to a prestressed cylindrical shell. 

A continuous prestressed shell element was formulated by 

taking into account the effect of static pressure in vibration 

problems. The effects of the internal pres- sure and the 

change of membrane curvatures were incorporated fully in 

the equations of equilibrium according to the Timoshenko 

theory. The formulation was validated for two types of load, 

namely axisymmetric and concentrated. The results obtained 

from the present study were compared with those obtained 

by an FE approach, and very good agreement was found. 

Classical results regarding the relationship between 

circumferential mode number and the influence of internal 

pressure on eigen frequencies were observed. The next step 

of this research involves introducing stiffeners in a shell 

under combined uniform axial and circumferential 

prestresses.  

13) R. Vescovinia al (2018) [13] 

This work has discussed aspects related to the application of 

the Ritz method to buckling and free vibration analysis of 

highly anisotropic thin and thick plates. An implementation 
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of the method is specifically developed with the aim of 

obtaining high computational efficiency. In so doing, 

problems with high degree of anisotropy, for which the 

convergence of the solution is particularly hard to achieve, 

can be analyzed using a large number of trial functions, 

leading to an unprecedented level of accuracy. The 

advantages of adopting orthogonal polynomials are more 

relevant for thin plates, especially in the presence of strong 

flexural anisotropy. However, their use is suggested also for 

thick plates if accurate solutions are sought. Among the 

class of orthogonal polynomials, it was shown that identical 

results are obtained if Legendre and Chebyshev polynomials 

are adopted. In spite of that, a drastic difference exists in 

terms of computational efficiency as far as Legendre 

polynomials are responsible for a higher degree of sparsity. 

This feature is properly exploited only if in-plane integration 

is carried out analytically. 

14) Stefano Francesco Pittona al (2019) [14] 

The metamodel, based on the use of ANNs appeared as 

reliable despite the reasonably limited number of analysis 

cases used during the training phase. The use of metamodels 

during the optimization framework produced an impressive 

impact from the computational costs of the entire process. 

On the other hand, the PSO technique appears as reliable 

and easy to implement. The first medium-term development 

is represented by the application of the proposed 

methodology to the same problem removing the constraint 

on the lay-up and to extend the procedure in order to allow 

also the optimization of a cylinder with cutouts. The second, 

more complex development, aims at the extension of the 

proposed approach to more complex structures including 

holes and other local geometry variation coupled to a more 

detailed manufacturing constraints.  

15) Miroslav Marjanovi al (2019) [15] 

The combination of simple assembly procedure as in the 

FEM with the advantages of the analytical methods, makes 

the FREEVIB an efficient numerical tool for free vibration 

analysis of a wide range of structural problems including 

individual plates, plate assemblies of arbitrary shape, and 

stepped and stiffened plates connected at arbitrary angles, 

with or without cracks. In addition, different material 

properties of single- and multilayer plates can be 

considered: single-layer isotropic or orthotropic plates, 

sandwich panels, or laminated composite plates, without any 

restrictions regarding the boundary conditions or the 

frequency limitations. In most applications, only 3-5 terms 

in the series expansions were sufficient to achieve high 

accuracy and reliability of the computed natural frequencies 

and mode shapes in comparison with the conventional FEM 

solutions. Moreover, the structural discretization is 

influenced only by the change in geometrical/material 

properties of plate assemblies. Owing to its design and 

structure, FREEVIB could be easily extended to include 

new dynamic stiffness element formulations and analysis 

types allowing dynamic response and buckling analysis of 

plate assemblies. 

III. CONCLUSION 

Many researchers have contributed for development of an 

exact dynamic stiffness method for an orthotropic plate with 

two opposite sides simply supported using classical plate 

theory. The dynamic stiffness elements are assembled to 

investigate the free vibration behavior of complex structures 

following a procedure similar to that used in the finite 

element method. Once the dynamic stiffness matrix for the 

overall structure is formulated the eigen value problem is 

solved by using a modified version of the Wittrick and 

Williams algorithm. 
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