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Abstract— this paper describes some important aspects
concerning the role of visualization in mathematics learning.
Visualizations both the product and the process of creation,
interpretation and reflection upon pictures and images, is
gaining increased visibility in mathematics and mathematics
education. This paper is an attempt to define visualization
and to analyze, exemplify and reflect upon the many
different and rich roles it can and should play in the learning
and the doing of mathematics. At the same time, we
consider an example from integral calculus which focuses
on visual interpretation and the example of exponential and
logarithmic function over visualization. Technical Faculty
often use graphs as part of their math curriculum. Graphs
help students organize and analyze information in well-
structured formats, making it easier to interpret data. Visual
learners respond especially well to graphs and often
understand the information better without pages of text. The
empirical study is based on two problems related to the
integral concept that highlights various facts of
visualization. The finding show the importance as well as
the difficulties of visualization for the students.
Keywords:Visualization, —Limitation, Concept Images,
Visual Images, Function, Logarithmic, Exponential Growth
and Decay, Research Question, Empirical Results,
Orientation of the Area

. INTRODUCTION

The parts of the title is borrowed from the different books
and journals which highlights the importance of
visualization in general. Likewise, visualization has a long
tradition in mathematics and the list of famous
mathematicians using or explicitly advocating visualization
is large. One prominent example is certainly the blind Euler
whose destruction did not have an effect on his creative
power. During the years of his blindness he was able to
produce more than 355 papers due to his visual imagination
as well as his phenomenal memory (Draeisma, 2000).

Hadamard (1954) pointed out the importance of
visualization by referring to Einstein and Poincare. They
both emphasized using Visual intuition. In Polya’s (1973)
list of Heuristic Strategies for successful problem solving,
our prominent suggestion is “draw-a-figure" which has
become a class pedagogical advice. However, in this paper
we discuss some findings which focus on the role of
visualization ranging from being useful to being an
impediment.

Visualization in  math  problem  solving.
In as much as the ability to solve problems is at the heart of
mathematics, visualization is at the heart of mathematical
problem solving. Visualization is the ability to see and
understand a problem situation.

Visualizing a situation or an object involves
"mentally manipulating various alternatives for solving a
problem related to a situation or object without benefit of

concrete manipulatives (MOE,2001,P.51) Visualization in
mathematics learning:

The role of visualization in mathematics learning
has been the subject of much research (e.g. Arcavi,2003;
Bishop,1989; Eisenberg & Dray fus,1986; English,1997;
Stylianos and silver,2004). Arcavi (2003, p.217) defines
visualization as follows: visualization is the ability, the
process and the product of creation, interpretation, use of
and reflection over pictures, images,diagrams,in our minds,
on paper or with technological tools, with the purpose of
depicting and communicating information, thinking about
and developing previously-unknown ideas and advancing
understandings.

However, the limitations and difficulties around
visualization and even the reluctance to visualize have also
been largely discussed (Arcavi, 2003; Eisenberg, 1994;
stylianou & silver, 2004). Visual techniques which rely on
"not always procedurally ‘safe’ routines”(Arcavi 2003,
P.235) are considered to be cognitively more demanding
thane analytical techniques. In a different context,
visualization is discussed as an important part of so-called
"Concept images" (Tall & Viner, 1981).The concept image
includes visual images, properties and experience
concerning a particular mathematical concept. To
understand formal mathematical concept requires of the
learner to generate a concept image for it. Nevertheless,
Vinner (1997, P.67) points out that "in some cases the
intuitive mode of thinking just misleads us". In this paper,
we focus only on the virtual aspects of the concept image.

Treatment of integral calculus and continuous
function (e.g. exponential and logarithmic) in school.
Many topic in mathematics have visual interpretations and
the integral calculus and these two functions are certainly
two of those.

This paper is not the place to go into detail on
teaching and learning integral calculus and function; for
general discussion we refer to bloom and Turner (1983) and
Kirsch (976).

For the sake of brevity we limit ourselves in the
following to the presentation of the major aspect relevant to
our study. A classical approach to the integral calculus in
school is the area calculation problem. This problem allows
for using the geometric reference for visualization. Thus, the
most basic way of introducing integrals is using the close
connection between the idea of an integral and the idea of an
area, initially for functions with positive areas in the first
guadrant. Later on, this idea is expanded by identifying the
integral as sum of the oriented areas.

Il. RESEARCH QUESTION.

— Our Research question in this study were:
What visual images do students have concerning the
integral and function?

— To what extent are visual images used by the students?
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— How do students deal with a given visualization?

I1l. METHODOLOGY

The study employed qualitative methods to capture the
importance of visualization in the learning of integral
calculus and functions. The observation of the lesson in
question and the analysis of the teaching material led to
constructing a questionnaire containing several problems
related to the integral and some  functions.
The students work on his questionnaire in the classroom
under supervision and were allowed to use a calculator. For
the purpose of this paper we focused on four problem
revealing at diverse aspects of the integral and functions.

IV. EMPIRICAL RESULTS

This is not the place to give a detailed analysis of the
observed lesson. The main approach to the integral and
function discussed above emerged in both classes. In this
section, we restrict ourselves to the presentation of the
problems, the underlying mathematical aspects the student's
answers.

A. Probleml: Draw a figure to illustrate the geometric
definition of the integral.

The geometric definition refers to the area concept as
already mentioned. We were interested in the visual
representation that students associate with this aspect of the
integral. The following table shows the distribution of the
students ‘solution:

Positive area | Positive and negative area | No answer
75% 15% 10%
Tablel: Students ‘answers to problem 1.

90% of the students were able to illustrate the
geometric definition of the integral. However it is
remarkable that 75% of the students disposed of an image
that is limited to a positive area.

Figure 1 shows an example of such visualization
which represents merely one aspect of the integral concept.
This restricted visualization will turn out to be an obstacle
for working on the other problems.

Figure 2 shows an example for a more adequate
visualization which was only used by 15% of the students.

B. Problem 2: Find a formula for the area by using
integration.
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In contrast to problem 1, the students were given a
concrete visualization and were asked to find the integrand
as well as the limits of integration. In problem 2b, the
students additionally had to consider the orientation of the
area.

Table 2 shows the distribution of the students
‘answers to problem 2a
Correct answer | Incorrect answer | No answer
60% 30% 10%
Table 2: Students ‘answers to problem 2a
It is notable that e given visualization of this
problem differed only slightly from the visualization the
students chose in Problem 1. However, half of the students
were not able to give a correct answer. Among the incorrect
answers, the following terms can be found:
fab kdx fab adx fab a(x)dx fab ada fab f(a)dx
One difficulty for the students was to name the
limits of integration. It is evident that finding the integral for
the given images conflicts with the standard notation:
Furthermore, the students had major problems to
organize the given constant function as a possible integrand.
Obviously, they were missing an x-term. One student gave

the correct answer but stated the following: fobf(x)dx:
Not possible, because this is a constant function and there is
no X in it and that's why it is not possible to put in the
limits. Two students solved this conflict by drawing a
supporting straight line as shown in the figure 3. They
obtained the answer to this problem in a creative though
complicated way.

f(x)

a b ba
m==; 2, FOOdx =2 Sxdx

Y={(a/b)x+b
— b=0

Fig. 3
Table 3 shows the distribution of the student’s
answers to problem 2b:

Correct answer | Incorrect answer | No answer

40% 54% 6%

Table 3: Students’answers to problem 2b
While the difficulties to find the integrand
remained, the problem to name the limits of integration
minimized due to the concrete numbers provided in the
illustration. However, a new obstacle emerged because of
the orientation of the area. Instead of the area, the students
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calculated the integral. This was formed in more than half of
the incorrect answers. Some students solved this conflict by
shifting the square above the x-axis.

C. Problem 3.Describe the properties of graphs of
exponential functions.

Exponential function y = b* where b>0 b is a function that
will remain proportional to its original value when it grows
or decays.

If the base, b, is greater than 1, then the function
increases exponentially at a growth rate of b. This is
known as exponential growth. If the base, is less than 1 (but
greater than zero) i.e., 0.

When 0>b>1 the function decays in a manner that
is proportional to its original value. This is called
exponential decay. As a particular example let us consider
the function y = 2* when b>1.

One way to graph this function is to choose values
for X and substitute these into the equation to generate
values for y. Doing so we may obtain the following points:
(2,2),(-1,5),(0,1),(1,2) and (2,4). As you connect the points,
we will notice a smooth curve that crosses the y- axis at the
point (0, 1) and is increasing as x takes on larger and larger
values. That is, the curve approaches infinity as X
approaches infinity. As x takes on smaller and smaller
values of the curve gets closer and closer to the x-axis. That
is, the curve approaches zero as X approaches negative
Infinity making the x-axis is a horizontal asymptote of the
function. This is shown in the figure. This is true of the
graph of all exponential functions of the formy = b*for
x>1. y=2%
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We have seen that some students assuming the function Of
exponential with negative values for negative values In
domain because it is strictly decreasing according to the
students. On the other hand, the students who Follows the
graph of exponential function to solve it. It represents the
creative thoughts and it has meaningful significance.

In table 4 the data of students displayed with their
answers in percentage.
Correct answer

33%

Incorrect answer | No answer
57% 10%

D. Problem 4: Describe the properties of graphs of
logarithmic function.

Logarithmic functions can be graphed by hand without the
use of a calculator if we use the fact that they are inverse of
exponential functions. Let us consider the graph of the
following function logsx.

This can be written in exponential form as: 3¥ = x.
For inverse of the function. To have this, we interchange x
and y. The exponential function 3* =y is one we can easily
generate points for. If we take some values for X and plug
them into the equation to find corresponding values for y we

can obtain the following
(-2.3).(-13), (0D, (1,3),(29) and (3,27).
These are points of 3* =y.
We can write the points of y = logsx are
5 3G —1),(1,0),(3,1),(29and  (27,3). We plot and
connect these points to obtain the graph of the function y =
logsx below.

points

Graph ofy = log;x:
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The graph of the logarithmic function with base 3
can be

Generated using the function's inverse. Its shape is
same as other Logarithmic functions, just with a different
scale. We found that the some students assuming the same
analytical data as exponential function in table 4.To
summarize, the solutions to this task showed an explicit bias
towards an algorithmic approach even though the visual one
would have been significantly easier.

V. Discuss AND CONCLUSIONS

The selected problems emphasized convincingly some
important aspects inherent to visualization. On the other
hand, visualization proves to be a useful tool for working on
the problems.

For example, some students use visualization in a
creative way by modifying the given task (problem 2; figure
3). This approaches enables them to avoid the difficulties
with the given visualization. The students in this study
largely demonstrated their ability in visualizing the
geometric definition of the integral (problem1l; figure 1).

Nevertheless, their chosen visualization only
reflects one particular aspect of the integral concept. This
Intel’s some important consequences for working on the
other problems. For example, restricted visualization.

The connection of integral with the area misleads
the students not to distinguish clearly between the two
concepts. Basically, both concepts are different from each
other, but at the same time, they have a certain though
marginal intersection which predominates the students
‘thinking.

First, even if students use visualization to solve the
problem 2, 3, this does not mean that they are able to solve
the problem correctly. They do not dispose of the cognitive
flexibility to use both visual and algorithmic techniques
(Arcavi, 2003).

They are cognitively fixed on algorithms and
procedure instead of recognizing the advantages of
visualizing this problem a phenomenon which Eisenberg
(1994) describes as reluctance to visualize.

However, most of the student were not able to deal
with this given visualization and to adequately interpret the
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information given in this problem. These aspects highlight
the ambivalence of visualization as Tall (1994, P. 37) points
out. “It is this quality of using images without being
enslaved by then which gives the professional
mathematician an advantage but can cause so much
difficulty for the learner.

Hence the importance of visualization for
mathematics learning and teaching is constituted in being
aware of the fact that visualization never represents an
isomorphism of mathematical concepts and their
relationships.

Therefore, visualization should be accompanied by
reflective thing to avoid being enslaved by it.
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