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Abstract— Among various methods to solve linear boundary
value problems defined on finite domain, method of Eigen
function expansion is most popular method. In this method,
the solution of given boundary value problem is obtained as
a series of Eigen functions, that is, as an expansion of Eigen
functions. The general theory of Eigen values, Eigen
functions and convergence of Eigen function expansions is
most important and deepest part of modern mathematics. For
this type of expansion, most probably the method of
separation of variables is used. To use the method of
separation of variables, the partial differential equation must
be linear and homogeneous. Nonhomogeneous boundary
value problem means, either the problem is nonhomogeneous
or the boundary conditions are nonhomogeneous or both. As
for example, a nonhomogeneous heat flow problem means
either the problem has source term or it has nonzero boundary
conditions or it has a source term and nonzero boundary
conditions both. For nonhomogeneous partial differential
equations, to get Eigen function expansion, using the method
of separation of variables, it is required to convert the given
nonhomogeneous conditions into homogeneous boundary
conditions. For this purpose, it is required to assume an
equilibrium function which is a function of variables x or an
appropriate reference function, which is a function of
variables x and t for one-dimensional problems [1], (for
multidimensional problems, a reference function contains
spatial variables and time variable t) in such a way that the
nonhomogeneous boundary conditions can be converted into
homogeneous boundary conditions. So there arises a
question: Do we have any method to solve nonhomogeneous
problems without converting nonhomogeneous boundary
conditions into homogeneous ones? The answer is yes. Eigen
function expansion can be done using Green’s formula also
and in this method, there is no need to convert
nonhomogeneous boundary conditions into homogeneous
ones. The only drawback is that the solution obtained by this
method will not be valid at boundary points and hence
convergence of Eigen function expansion, using Green’s
formula will be slower compared to that of expansion
obtained using method of separation of variables[1].In this
paper authors want to discuss theory for both the methods:
(1) Eigen function expansion using method of separation of
variables and (2) Eigen function expansion using Green’s
formula. To illustrate the methods, one boundary value
problem is also solved using both the methods.

Keywords: Method of separation of variables, Eigen Values,
Eigen functions, Eigen function expansion, Equilibrium
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. INTRODUCTION

It is well-known that a homogeneous, linear boundary value
problem can be solved using method of separation of
variables.

a 9?2
As for example, the problem, “To solve a—: =k ﬁ

with v(0,t) =0 , v(L,t) =0 and initial condition
v(x,0) = g(x)", is a linear homogeneous boundary value
problem and it can be solved using method of separation of
variables. In this method, it is assumed that v(x,t) can be
expressed as product of two functions, out of which one is
solely of x and another is solely of t.
Thatis, v(x,t) = @(x)G(t).

Then

ov 0%v

at  ox?

= p()G'() =k " (x)G(6)

" _ 6w _

px)  KGE) 4 2l
(Equality between these two expressions implies that both of
them must be a constant.)

Then one gets two ordinary differential equations:

227‘5+ Ap =0 with ¢(0) =0 and ¢@(L) =0 as well as
S+ MG =0

Solving upon,

ZZT(;’ + 1@ = 0, 0ne gets p(x) = ¢; cosVA x + c,sinVa x.
Applying boundary conditions, one gets:

@(x) = sinVA x = sin (#)

The separation constant A is known as an Eigen value. Here

2
A= (nL—n) ,NEN

A nontrivial solution ¢(x), existing only for certain
Eigen value, is known as an Eigen function, corresponding to

that particular Eigen value A.
Here ¢(x) = sin (?) is Eigen function corresponding to

nm

. 2
the Eigen value A = (T) .
Solving % + AkG = 0, one gets

_(nn)zkt
G(t) = cze ™™ = e 12

o _(nm)>2kt
So the solution is:  v(x, t) = c,c5 sin (n"x) e~ 12

L
Applying principle of superposition, the solution is:

_(nm>2kt

v(x,t) = Y=y by sin (?) e 1z
where b,,’s are Fourier coefficients, defined as

2
L

b, = fOL v(x,0) sin (nnx) dx = %fOLg(x) sin (nLLx) dx.

L
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Thus solution is obtained as an expansion of Eigen functions.

Suppose, the given problem has nonhomogeneous
boundary conditions. If boundary conditions are
nonhomogeneous, but time-independent, then an equilibrium
function ug(x) is to be assumed. If boundary conditions, are
nonhomogeneous, but time dependent, a reference
temperature distribution r(x, t) is to be assumed. Whether it
is an equilibrium function ugz(x) or a reference function
r(x,t), both should satisfy the same boundary conditions as
given for the unknown solution u(x, t) in the problem.

As for example, if problem is like:

du 0%u .
Solve e kﬁ + k, with u(0,t) = A, u(L,t) =B

where A and B are constants, then boundary conditions are
time-independent, so an equilibrium function ug(x) is to be

assumed and it should satisfy uz;(0) =u(0,t) =A and
ug(L) = u(L,t) =B
The substitution v(x t) = ulx,t) — ug(x), implies,
ov _ ou _ , 0%u _ & dZuE
Frialien k +k k( o) Tk
So uE(x) must satlsfy =0.
This i =—1=>uE(x)= %+(u+ ) +A
2
Hence v(x,t) satisfies ‘;—: = kZTZ with v(0,t) =

0 and v(L,t) =0
Then one can apply the method above discussed to obtain
v(x,t), and hence can find u(x, t).

To solve a problem with time-dependent boundary
conditions, say u(0,t) = A(t), u(L,t) = B(t),

where A(t) and B(t) are functions of t, a reference
function is to be assumed.

Here relative reference function r(x,t) will be

r(xnt) = @) + (B9 x
The function v(x,t) =u(x,t) —r(x,t),
homogeneous boundary conditions, but now as

w _ou_ or _ B'()-A'(t)
=t T ot - A'(t) - ( - )x, there would

be some contribution in source term. Hence given problem
would be a nonhomogeneous problem with homogeneous
boundary conditions.

So, in all, the main concern is to be able to solve a
nonhomogeneous problem with homogeneous boundary
conditions, like:

then satisfies

ou

Problem-1: Solve P k— +Q(x,t) Q)
with u(0,t) = 0 u(L,t) =0 (1-a,b)
and u(x,0) = f(x) (1-c)

In this paper authors intend to discuss two methods
to solve such problem, the method of Eigen function
expansion using separation of variables and the method of
Eigen function expansion using Green’s formula.

Il. METHODS
A. The method of Eigen function expansion using separation
of variables:

Suppose v(x, t) satisfies the related homogeneous problem to
problem-1. That is:

av .
% ka_z with v(0,£) =0, v(L,t) =0 )

The Eigen functions @,
problem will satisfy:

dz(/’n

T2 + 1,0, =0
with boundary conditions, ¢, (0) =0, ¢,(L) =0.
Here Eigen functions will be

on(x) = sm— corresponding to Eigen values 4,
(nt/L)> n€N and the solution of (2), is

v(x, t) = Z?:l an(pn(x)
where a,,’s are Fourier coefficients.

To develop method of Eigen function expansion for
unknown function u(x, t), in (1), itis assumed that u(x,t)
can be expanded as a series of the related homogenous Eigen
functions, but the coefficients now, will be functions of
variable t instead of being merely constants.

2
Lén 4 g =0, this

of this related homogeneous

(as Eigen functions satisfy
assumption is quite valid.)

That is, u(x,t) can be expressed as generalized Fourier

series, as:

ux, t) = Xpzq an(t)en(x) ®)

where the generalized Fourier coefficients a,(t)'s are

functions of t.

As

o Iy F0)9n(0)d
u(x,0) = Tig an(0)pn () = f(x), an(0) = —"——
Jy pn?(x)dx

(4)

(using orthogonality of the Eigen functions)

Hence &=y 1da”(t) o, (x) and

at

= 50 ap (DS = — $5 4y (OAen

(Continuity of u(x,t) and Z—Z

<Pn + A0, =0)

axz
allow the term by term
differentiation and as

ou

So $=k6—2+Q(x,t)
da”(t) — =) = Z kap(© 20 + Q6,0
> Y, (““"“) + kan ()1, )<pn(x>= et ()

As (5) represents the generalized Fourier series of Q(x,t),
it is clear that

dan(t) fo Q(x,t)ppn(x)dx
(57 + kan(®0a) =2 7500 = 00 (s2)
dan(t)
Thus + kay () Ay = qu(t) (6)

Equation (6) is a first order linear differential equation in
a, (t).
One can solve as:

et (210 1 g, (6)2,) = e¥4nt gy (1)

a t
= E(eklntan(t)) =efnlq, (1) = [eklntan(f)]o =
[y e¥*nTq, (o) d
= eftntq, (t) — a,(0) = fot ektntq (1) dt

= a,(t) = e *ntq, (0) + e *int fot ektntq (1) dt
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Substituting a,,(t) in (3), the solution will be
u(x,t) =
Ty (e7¥nta, (0) e7nt [T ekintq, (r) dr ) u(x)  (7)

fo f(xX)pn(x)dx
fo Pn?(x)dx

Iy Q) Pn(x)dx
fo Pn?(x)dx

®)

If Q(x,t) = 0, thatis, if the problem is homogeneous, then

in that case, g,(t) = 0 and the solution will be u(x,t) =

Yn=1 ( e nta, (0)) P, (x), as expected.

As for this problem, ¢, (x) = sin"Lﬂ , corresponding to
Eigen values 4, = (nt/L)?, using (8),

a,(0) = %fOLf(x) sinnLﬂdx and

Where a,(0) = qn(t) =

4n(0) =7 J; QCx, 0)sin " dx.
Substituting these values in (7) the solution will be:
u(x,t)

o L
N, 2 nmx
= E —kCp)*t —f in—d
e I f(x)sin I x
0

n=1

nmx

t L
ni. nr. 2
+e-k(T)2ffek(T)2T ZfQ(x,r)(pn(x)dx dr | sin——
0

0
9)

B. Method of Eigen function expansion using Green’s
Formula:

Eigen function expansion can be done using Green’s formula
also. For that purpose, firstly Green’s formula is introduced:
1) Green’s formula:

Let L denote linear differential operator L = — [p(x) %] +

q(x), where p(x) and q(x) are continuous functions with
p(x) > 0 everywhere in the entire domain. This operator is
known as Sturm-Liouville operator. Using it, a regular Sturm-
Liouville Eigen value problem,

LIp0%] +q0)¢ + 10009 =0, asx<b s
represented as L(¢) + Adg(x)p = 0.

Letu and v be any two functions (not necessarily Eigen
functions), then

uL(v) — vL(u) = u (;—x PG 2] + q(x)) v—

v(Elreo ]+ aw)u=Zlp (w5
> fab(uL(v) —vL(u))dx = [p (uZ—Z - vd—u)]z

dx
(10)
Result (10) is known as Green’s formula for one-dimensional
Eigen value problems. It is a powerful analytic tool to study
second order linear partial differential equations[3].

To illustrate the method, considering the same Problem-1:

Solve 2= k2% 4 Q(x,0) (11)
u(0,t) = A(t) and u(L,t) = B(t) (11-a,b)
u(x,0) = f(x) (11-c)

The Eigen functions
problem satisfy

2
“28 4 dun = 0 With ,(0) = 0 and @, (L) =0,
Here ¢, (x) = sin("™X/,) are Eigen functions,

@, (x) of the related homogeneous

corresponding to the Eigen value A, = (n”x/L)zHere u

satisfies nonhomogeneous boundary conditions, u(0,t) =
A(t) and u(L,t) = B(t), even then also, as u is piecewise
smooth function, it can be expressed as expansion of Eigen
functions [1] .
Thatis:  u(x,t) = Yoy by ()@ (x) 12)
The expression (12) cannot be valid at x = 0 and at
x = L because u(x,t) satisfies non-homogeneous boundary
conditions, whereas ¢,,(x) satisfies homogeneous boundary
conditions. So term by term differentiation with respect to x
isnot at all justified but the term by term differentiation with
respect to t is justified.

Hence,
oo 0 o dbp
u(t) = 5 by (D (0) > =30, P00, (x)
(13)
2
Using (11) in (13) one gets: ka—u +Q(x,t) =
h 1'"’”(0 @, (x) Using the orthogonallty of Eigen
functions
aba(®) _Jo | Kot ron]onax 14)
at Jy on2(x)dx
Let generalized Fourier series of Q(x,t) be Q(x,t) =
Yn=1n(O)¢Pn (x)
fo Q(x,)pn(x)dx
then ¢, (t) = e (15)
Substituting (15) in (14), one gets:
dbn(t) _ Jy 5% on(ax 16
IV qn(t) + W (16)

2
To evaluate the integral fOLkZTZ<pn(x)dx in (14),

Green’s formula can be utilized.
According to Green’s formula,

fab(uL(v) —vL(u))dx = [ (uZ—Z— Z—Z)]Z

2
Here, for this problem, L = :7 and the interval is 0 < x <
L.
Comparing with  Sturm-Liouville
da a
a[p(x) E] +q(x), here p=1, ¢ =0.
Also taking v = (pn , Green’s formula implies that,

0% pn ]d d‘Pn du, ¥
- v = (u2fn au
f [ dx2 ”axz ( Max’ly

operator L

(17)

d%n,
Also, ¢,(0) =0, g, (L) =0and =5t = ~2,¢,.
Substituting these results in (17) one gets

fo (u( An®n) — (p"a ) dx = u(L,t) (d‘”")x:L _
o)
=ﬁ%$d
A0 () |

- A, f u@, (x)dx — [B(t) (d%)x:L

(18)
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As b, (t)'s are generalized Fourier coefficients of u(x,t),
_ Jy ugpn(dx
ba(t) = Jy on2(x)dx (19)
Using (19) and (18) in (16), one gets a first order
linear differential equation:
LX) a0, BOED)

Iy pn?(x)dx

et}

+ kA,b,

= qu(t) +

(20)
Also,

@, (x) = sm(n”x/ )

= f(pnz(x)dx = J-(sm(n”x/ )) dx = =

d nm nmwx
and ﬂ = —cos—
dx L L

() =T

Hence now, (20) becomes:

d
> (ﬂ) =" aswell as
dx x=0 L

n_n A( —_ (= TLB )
dl;n(f) FkAb, = q.(6) + k() t)L/( D" B(L)]
2

dbn 2 2knm[A(t)— (-1)™ B(
= 20 4k (2) b, = g (r) + ZHAO-CUTAO)
C7n(t) ,

dbp -
= k() b= @ (21)

By solving this first order differential equation (21),
one can find out b,(t) and hence can find wu(x,t) using
(12).Thus using Green’s formula, the problem can be solved
without changing nonhomogeneous boundary conditions into
homogeneous ones.

I1l. SOLUTIONS

One such problem is solved here using both the methods to
illustrate.
Problem-2

ou 2t

Solve Pl 0—2+sm5xe s

u(0,t) =1land u(m,t) =0
A. Solution using the method of Eigen function expansion
using separation of variables:
Here the given equation is
u_ o%u — +sin5xe™? (22)

ot
With u(x 0) =0, u0,t)=1, u(wr,t) =0

subject to  u(x,0) =0,

(22-a,b,c)
Here u(0,t) =1, u(m,t) =0, so, here equilibrium
function will be, T(x) =1 —i
Let v(x,t) =ulx,t) —Tx) = ulx,t) = v(x,t) +T(x)
So (22) implies

w_ % -2t

r = ezt sin Sxe (23)
With v(x,0) =u(x,0)—-T(x)==—1 and v(0,t) =
0,v(mt)=0 (23-a,b,c)

Thus v satisfies non-homogeneous equation with
homogeneous boundary conditions.
Using Eigen function expansion method, by separation of
variables, the Eigen functions will be

?,(x) = sinnx corresponding to Eigen values 4, =
n%, n € N.
So let
v(x, 1) = Yoy @ (0)0n (x) = Xizq an(t) sinnx (24)
be the solution of (22).

Then B

v(x,0) = Z a,,(0) sin nx

x " _
= e 1= Z a,(0) sinnx
n=1

So,
a,(0) = —f (—— 1) sinnx dx = %[G_ 1) (_C‘:”x) +
l.smnx] _ 2 (25)
n n? lg nr

Equatlon (22) implies

aat ( z a,(t) sinnx >
2

n=1
4 N ; ; -2t
=5 Z a,(t)sinnx | + sin 5x e

n=1
— da, (t) =
= Z ;t sinnx = — Z a,(t)n?sinnx + sin 5x e2¢

n=1 n=1

:Z(
0, n#5

()
2 ta, (Dn? = { e2t n=>5

Multiplying by mtegrating factor e™’t both sides we have
2, [ da,(t) 0, n+5
t< AT +an(t)n2 = {e(nz_z)t, =5

" +a,(t)n?) sinnx = sin5x e~

This |mpI|es

d , 2t _ (0, n+5
= 2@ @)= { e
, . 0, n#5
= [en tan(t)] = {e("z‘z)t—l
0 [———, n=5
(n2-2)
0, n*5
= e"’tq, (t) — a,(0) = {e® Dt _1
_, n=>5
(n?-12)
= a,(t) = e (2, (0))
0, n*5
2-2)t _
+ _n2t e(n 1
ME—F =5
(e™%) ( T n
0, n#5
S a,(t) = ——e Mt 4 {e M — gt _c
mz-2) ' "7
Hence solution of (22) is,
et
v(x, t) = Yne1, a, () sinnx = —= Zn ,—sinnx +
n#5
Zt_ 25t
{——e‘ZSt + 7} sin5x
51 23 2
t
So u(x, t) = ——Zn 1S —sinnx + {—Sine_z“ +

n#+5

76_2t;:_25t} sin5x + (1 - ;)
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Hence

-n2t

—2t_ ,—25t
u(x,t) = —%Z;’{Ll £ " sinnx + {%} sin5x +
(1-%) (26)
Result (26) represents solution of problem-2.

B. Solution by Method of Eigen function expansion using
Green’s Formula:

Solving the same problem,

{:: z “— + sin 5x e, 27
subject to  u(0,t)=1 and u(mw,t)=0 and
u(x,0) =0 (27-a,b,c)
without reducing to homogeneous boundary
conditions.

The problem is to be solved without reducing
nonhomogeneous boundary conditions to homogeneous
boundary conditions. So the method of Eigen function
expansion by Green’s formula, will be used.

Comparing expressions in (27) and (27-a,b,c) with (11) and

(11-a,b,c) respectively,

one gets: Q(x,t) =sin5xe 2, k=1and L= m as well

as u(0,t) = A(t) =1, u(m,t) =B(@) =0, u(x,0) =

fx)=0

Here Eigen function will be

corresponding to Eigen value A,, = n?,
Let u(x,t) = Xazq ba(D)@n(x)

given-problem:.

Hence u(x,t) = Yooy by (t) sinnx (28)

According to result (26),

@ (x) = sin(nx)
nenN
be the solution of

db,, N2 5
e ) s 0 [4® = 1" BO)
2knm|A(t) — (—1)" B(t
=qn(t) + 12
So here
D b nlh, = qu() + 2D =g, (1) + 2 (29)
where
© fOLQ(x, )@, (x)dx fon(sin 5x e 2%)(sinnx )dx
qn(t) = = 5
" fOL 02 (x)dx Jy sin?(nx)dx
= q,(t) = e‘”-%f:(cos(n—séx—cos(n+5)x)dx
2
-2t (T _
e 2t (1 :os(IOX)dx ifn=5
= qn(t) = —2t (T _ _
e fo (cos(n 5); cos(n+5)x) dx if n+5
_ (e7* ifn=5
= (0 = {0 ifn#5
Substituting this value in (29), one gets:
db,  , 2n | (e ifn=>5
g Tz FJ’{O ifn+s
Solving  this  differential  equation one  gets:
P ent (T4 e72) ifn=5
2 (b)) =1 oo
at entl ifn+5

U

= [e"*t by ()],

¢ 2n
jf (e"zt <?> + e(”z_z)t)dt ifn=5
_JJo

Ut(enzt(%"»dt ifn#5

= e™ b, (t) — by (0)

_ jfot(eZSt<1n—0>+eZ3t)dt ifn=5
Utenzf(%">dt ifn#5
"gtb 2 (8) — by, (0)
4[ZSt( ) w] ifn=5
e (), ifnes

= et b, (t) — by(0) =
@ -n(5)+ 52 ifn=5
et -1 (=) ifn#5
(30)
Now (28) and (27-c) imply that u(x,0) =

Yo 1 b, (0)sinnx =0
This implies b,,(0) = 0. Substituting this value in (30), one
gets

e b, (t)

2 23t 1
. (G = G = ) ifn=>5
\ 2
(en’t 1)(nﬂ = 5
= by,(t)
23t
_ e )<527r) + 23 —) yn=s
ke‘"t{(e”t 1<n2>} ifn+5
= b, (t) =
Ao s
(1—6"”)(5) ifn#5
(31)

Using (31) in (28), one gets
u(x,t) = Zn 1( 1—e™ t)( )smnx + ((1 -
o759 (2) + ) iy

Hence
ulx, ) =Yr(1—e™ t)( )smnx+
( =2t e—ZSt)
—— sin5x (32)

23
It can be observed that u(x,t) in (32) does not
satisfy boundary conditions, but otherwise it represents the
solution of the problem.
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IV. CONCLUSIONS

For any function &(x, t), if it is expressed as series of Eigen
functions ¢, (x), as &(x, t) = Xpq Bu(t)Pn (),

1) the series will converge comparatively fast, if £(x, t) and
¢ (x) satisfy same homogeneous boundary conditions.

2) If &(x,t) does not satisfy homogeneous boundary
conditions as those are satisfied by Eigen functions
@, (x), then convergence of the series will be slower
everywhere. Also, in this case Yn—; B, (t) @, (x) will not
satisfy nonhomogeneous boundary conditions, which are
demanded for &(x,t) in the problem.

3) One should prefer to convert nonhomogeneous boundary
conditions into homogeneous boundary conditions to
establish ~ faster convergence. If it becomes
comparatively difficult or tedious, to determine a
reference function, then method of Eigen function
expansion using Green’s formula can be used.
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