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Abstract— In this paper we are going to talk in reference to, 

the rotation of Io the gravitational pull applied by Jupiter on 

it’s satellite that disfigures the appearance and the surface of 

it and annually which interchanges its rotation. The planetary 

connection between Jupiter and it’s satellite Io in its 

precessing orbit, which leads the satellite Io having a small 

but limited obliquity and the tides and the rotation 

characteristics confide in the internal structure of Io. We 

understood and also discovered a mean of 7.619 × 10−4 rad 

(157 arc-second) and the period of the three free liberations 

to be 13.25 days (free liberation in longitude), 159.39 days 

(free liberation in latitude), and 229.85 days (free wobble). 

Here we even evaluate the rotation for various models of the 

interior of Io, which take into account observational 

constraints from magnetic induction observations and 

astrometry. 
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I. INTRODUCTION 

Like the Moon, the Galilean satellites present always the 

same face to their planet. There is a resurgence of interest in 

the rotation of the Galilean satellites, as more data are being 

acquired from which constraints on the internal structure of 

these bodies can be derived. Galileo magnetometer data show 

that the volcanically active satellite Io has a global, partially 

molten asthenosphere or a fully molten magma ocean. To 

provide an analysis of the rotation of a rigid body model of 

Io, as precise as possible given the uncertainties on several 

physical parameters. Io’s whether liberation and obliquity can 

be used as an additional tool to determine the status of Io’s 

melt region. Both liberation and obliquity can be measured 

by future spacecraft during multiple flybys of Io as has been 

done for Enceladus (liberation) and Titan (obliquity). As for 

all large satellites in the solar system, Io’s rotation is 

synchronous with the orbital motion. Due to the gravitational 

torque of Jupiter, the orientation of the long axis of Io 

liberates around the synchronous orientation at the orbital 

period of almost 1.77 days, as in fig. 1. The longitude, latitude 

and distance of Io, as seen in the equatorial frame of Jupiter, 

are given as quasi-periodic functions in 14 frequencies. The 

series for the longitude contains 13 terms, for the latitude 4 

terms and for the distance 2 terms. The series are truncated at 

an amplitude of 10 km. it is rather straightforward to develop 

the disturbing potential on the rotation of Io caused by Jupiter, 

considering Jupiter as an oblate body and truncating the 

expansion of the figure of Io to the second order. The direct 

effects of the other Galilean satellites are found to be 

negligible but the indirect effects are important and are 

included in the motion of Io through Lainey’s theory. [1,2] 

 
Fig. 1: The rotation of Io 

II. PRINCIPLE 

To describe the dynamics of a rigid body around its center of 

mass. They consist in two linked sets of Euler’s angles the 

first set, (ℎ, 𝐾), locates the position of the angular momentum 

in an inertial frame of reference; the second, (g, 𝐽, 𝑙), locates 

the body frame in the previous frame tied to the angular 

momentum. The canonical set of Andoyer’s variables 

consists in the three angular variables 𝑙, g, ℎ and their 

conjugate momenta defined by the norm G of the angular 

momentum and two of its projections [1]. A magma ocean 

strongly increases the liberation amplitude compared to an 

asthenosphere. If Io has a magma ocean, its liberation 

amplitude depends sensitively on the thickness of the crust 

for crust rigidities larger than 1010 Pa. This behavior is 

similar to that of Enceladus, although tidal deformation is 

larger and decreases the liberation amplitude much more than 

for Enceladus. For crust rigidities of about 1010 Pa or smaller, 

the liberation amplitude becomes almost independent of the 

crust thickness, similar to the liberation behavior of large icy 

satellites, which have a soft shell [2]. With these variables the 

vectors 
𝜔
→ (the instantaneous rotation vector) and 

𝐺
→(the 

angular momentum vector with respect to the center of mass) 

can be easily computed. Their components in the frame of the 

principal axes of the body are: 

 
Fig. 2: perpendicular motion 

Andoyer’s variables (ℎ,𝐾 ) locate the plane perpendicular to 

the angular momentum with respect to the inertial frame (
𝑒1
→ 

,
𝑒2
→, 

𝑒3
→). The vector 

𝑛1
→  points along the ascending node of this 
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plane on the equatorial plane of Jupiter. The angles (g, 𝐽, ℓ) 

locate the first vector of the body frame (
𝑓1
→, 

𝑓2
→, 

𝑓3
→). The vector 

𝑛2
→  points along the ascending node of the equatorial plane of 

Io on the plane perpendicular to the angular momentum. [1] 

III. THE MOTION OF IO 

The time dependence of the Hamiltonian can be modeled by 

introducing new angular variables corresponding to the 

frequencies of Lainey’s Fourier series. These frequencies, 

and thus the corresponding angular variables, are clearly 

connected with the classical angular variables: mean 

longitudes of the Galilean satellites, mean longitudes of their 

pericenters and nodes, the Laplacian liberation, and the mean 

longitude of the Sun. The quasi-periodic functions we use are 

thus exactly the same as Lainey’s ones, but the computations 

are somewhat simplified as many harmonics come as pure 

sine or pure cosine, and the results are made more readable. 

We give to this association of a frequency and a phase the 

name of the classical angular variables (see Table 1), 

although it should be made clear that they are theory-

dependent. We should stress here that, in this way, we do not 

describe the orbit of Io as a precessing Keplerian orbit but as 

a fully perturbed orbit. Several long period terms in the 

longitude have an amplitude of the order of 10−4 rad (20 

arcseconds), and yield by integration important contributions 

to the forced liberations of Io.[1] 

 
Table 1: The angular variables in the description of Io’s 

orbit. The frequencies are given in radians per day and the 

phases in radians 

IV. INTIRIOR 

 

Table 2: Gravity and shape parameters of Io. I has not been 

measured independently of the others, it is deduced from the 

measured values of 𝐽2 and 𝐶22 combined with the 

hydrostatic equilibrium condition. 

 We here consider Io to be an ellipsoidal body, its 

moments of inertia being 0< A≤B≤C. A is the moment of 

inertia with respect to Io’s long equatorial axis, while C is 

related to the polar axis. The core is ellipsoidal as well, its 

principal axes of inertia being collinear to the ones of the 

whole body, the moments associated being written A_c, B_c 

and C_c. The known gravity and shape parameters of Io are 

gath- ered in Table 1. The three parameters related to the size 

and shape of the core depend on its composition. We consider 

two end-members: either the core is made of pure iron, its 

density ρ_c being 8000 kg/m3, or it is a eutectic mixture of 

FeS, yielding ρ_c = 5150 kg/m3. Another uncertainty is in the 

composition of the crust. Considered two possibilities: either 

a thin (≤50 km) crust with a low density (≤2600 kg/m3), or a 

small amount of low density crust (that we propose to 

neglect) overlying a thicker (100–200 km) melt-rich 

asthenosphere (density between 3000 and 3200 kg/m3). The 

reader can find additional information on Io’s internal 

structure in Moore et al. With these assumptions, we get six 

interior models of Io. [3] 

V. ROTATIONAL DYNAMICS 

We here use the Poincaré–Hough model to represent the 

rotational dynamics of Io. This model considers a rigid outer 

layer, composed of the mantle and eventually the crust, and a 

cavity filled by an inviscid fluid, constituting the fluid core. 

This cavity is triaxial, which allows pressure coupling at the 

core–mantle boundary. The pseudo-core is very close to the 

core, it lacks of physical relevance but is convenient to write 

a Hamiltonian formulation of the equations. These canonical 

variables do not directly represent observables of the rotation 

(in fact only the surface can be observed), but exact 

observable quantities can be extracted from them. The 

coordinates of Jupiter come from real ephemerides of Io, here 

L1.2. This way, we consider the orbital dynamics of Io with 

the most possible accuracy. The orbital period of Io is ≈1.769 

day and its eccentricity 4 x 10-3.It experiences a 462-d 

periodic perturbation due to the proximity of the 2:1 orbital 

resonance with Europa, and is locked into a laplacian orbital 

resonance involving also Europa and Ganymede. The 

numerical integrations are performed with the 10th order 

Adams– Bashforth-Moulton predictor–corrector integrator. 

Once the solutions of the system have been obtained, we use 

Laskar’s NAFF algorithm to represent them as sums of 

quasiperiodic series. Io is assumed to be in a dynamical 

equilibrium known as Cassini State 1 (Cassini, 1693; 

Colombo, 1966), as a consequence the initial conditions of 

the numerical integrations should be appropriately chosen. 

Deriving the equilibrium related to a simplified system (e.g. 

one-dimensional rigid rotation and circular orbit of the 

perturber) is usually possible, but in a sophisticate system as 

we used, with complete ephemerides, it cannot be done 

accurately enough without using a per- turbation theory. It is 

possible to derive an approximate equilibrium, but the 

numerical solutions will exhibit some free liberations around 

the equilibrium, that are supposed to have been damped in the 
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real system. For this reason, we chose to improve iteratively 

the initial conditions in using the algorithm by Noyelles et al. 

consisting in :  

1) starting from ‘‘pretty acceptable’’ initial conditions,  

2) running a numerical integration,  

3) identifying the free liberations around the equilibrium,  

4) removing them from the initial conditions, and reiterate 

the process. [3] 

VI. MOTION OF THE POLE 

 
Fig. 3: Motion of the angular momentum on the surface of 

Io in the body frame of Io. The scales are in meters. The 

motion is shown for a period of 15 months starting in July 

2005. 

 
Table 3: Expressions (truncated at 10-7) of the two first 

components (in the body frame of Io) of the unit vector in 

the direction of the angular momentum 

 Bouquillon et al. (2003) pointed out that the forced 

liberations around the Cassini state include a motion of the 

angular momentum (or of the instantaneous axis of rotation) 

around the physical pole of the body (the axis of largest 

inertia). This is to be expected (why should this degree of 

freedom be preserved from perturbations?) but not very often 

mentioned or evaluated. We present this motion in Table 3 

and Fig. 3. We express the two first components 𝑄1 = −sin 𝐽 
sin 𝑞 and 𝑄2 = sin 𝐽 cos 𝑞 (in the body frame of Io) of the unit 

vector along the angular momentum. The first two 

components 𝑄1
,
 and 𝑄2

,
 of the unit vector in the direction of 

the instantaneous axis of rotation can be deduced by the 

approximate formulae 𝑄1
,
  ≈ 𝑄1 [1+(C −A)/C] and 𝑄2

,
 ≈ 𝑄2 

[1+ (C − B)/C].  According to our calculations, the motion of 

the pole of Io (or rather the motion of the angular momentum 

around the body axis of largest inertia) is rather small and, as 

it was the case for Europa, dominated by terms in (λ1 − 2λ2 

− Ω2) describing the 2:1 resonance between Io and Europa. 

The period of this term is 506 days. [1] 

VII. ELLIPTICAL INSTABILITY 

 
Table 4: Variations of the outputs in the different models. 

∅𝑚 is the amplitude of the longitudinal liberations, 𝐽𝑚 the 

polar motion of the mantle, 𝐽𝑐 the tilt of the fluid, and ∈𝑚 is 

the obliquity of the mantle. 

 In all the calculations, we have assumed that the 

flow of the fluid is laminar. In fact, as initially seen 

experimentally by Pierrehumbert (1986) and theoretically ex- 

plained by Bayly (1986) in the context of an un-bounced 

strained uniform vortex, the periodic forcing of the elliptical 

cavity on the underlying rotation state produces a pairwise 

resonance of inertial waves which can grow exponentially. 

These studies follow independent predictions in the 1970s, a 

recent review of the topic is given in Kerswell (2002). To 

check the stability of the flow we need to consider the growth 

rate 𝜎 for an arbitrary perturbation 
𝑣
→.  

 
Table 5: Grow rate 𝜎, and the time associated compared 

with the spin-up time tspin-up. 

 The mean growth rate 𝜎 is positive in every model. 

Anyway, it is smaller in the ‘‘even’’ models, i.e. with a FeS 

core, with a growth time of the order of 3000 years, while it 

is always smaller than 1000 years in the ‘‘odd’’ models (Fe 

core). For comparison we give in the last column the spin-up 

time tspin-up = = 1/(n√E) (Greenspan and Howard, 1963). This 

is the typical spin-up/spin-down time necessary for the fluid 

to recover the mantle velocity. tspin-up is usually assumed to 

be long enough so that the velocity of the fluid can be 

considered as constant. We can notice that it is of the same 

order of magnitude as the growth time 1/σ. In all these models 

we find that the inertial waves of the core of Io should be 

unstable. The work of Kerswell and Malkus (1998) showed 

that the waves are unstable, and Herreman et al. (2009) 

confirmed the result even when the effect of the magnetic 

field is included. This last reference suggests a growth time 

of ≈63 years. However, Cebron et al. (2012) argue that this 

growth rate has been cal- culated in an extreme optimal case, 

in particular in considering an extremum of the instantaneous 

departure from the synchronous rotation. They conclude that 

the inertial waves in Io’s fluid core should be stable. Our 

result lies between these two opposite conclusions, i.e. a 

positive but quite small growth rate. The main rea- son why 

our result is different from Cebron’s with the same formula is 

that our β(equatorial ellipticity of the core) is bigger. They 

also assumed a smaller amplitude of liberation, derived by 

Comstock and Bills (2003) for a rigid Io. [3] 
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VIII. CASSINI’S STATES 

 
Table 6: Dimensionless constants. 

As for most regular satellites in the Solar System, the spin 

period of Io is equal to its orbital period. In such a case, as 

Cassini pointed out, the node of the orbit and the node of the 

equator have, in the mean, the same period. There is thus a 

resonance between the angles λ1 and 𝑝 on one hand, and the 

angles Ω1 and r. To take this into account, we define the two 

resonance angular variables σ and ρ. The resonant angle σ is 

defined as the difference between the angle 𝑝 and the mean 

longitude of Jupiter as seen from Io. Similarly ρ is defined as 

the difference between the angle ℎ = −𝑟 and the ascending 

node of the orbit of Jupiter. The variable λ1 in Lainey’s theory 

is the mean longitude of Io as seen from Jupiter. The mean 

longitude of Jupiter as seen from Io is thus λ1 + π. As n1𝐶𝑃 

is the norm of the angular momentum of Io and √2𝑅/𝑃  is 

approximately equal to the “obliquity” 𝐾 (here we call 

“obliquity”  the angle between the inertial plane chosen and 

the plane perpendicular to the angular momentum). The 

transformation being time dependent, we ought to add its 

remainder function −n1 𝑃 +Ω̇1𝑅 to the Hamiltonian. In order 

to define a simplified model, let us consider the terms of the 

Hamiltonian which do not depend on the perturbing angular 

variables λ𝑖 , 𝜛𝑖 , Ω𝑖 , ℓ, λS (except of course through the 

resonant angles, σ , ρ). This corresponds to the perturbation 

of a Jupiter on a circular Keplerian orbit around Io.  

 
Fig. 3: The second law of Cassini; the nodes of the orbit and 

of the equator are aligned. 

 Geometrically σ = 0 means that the axis of smallest 

inertia points toward Jupiter, ρ = 0 means that the node of the 

orbit and the node of the equator are locked. The value 𝐾∗ is 

an equilibrium value of the “obliquity” and 𝑃∗−1 is a small 

correction to the unperturbed spin frequency (n1 𝑃∗) to take 

into account the “obliquity” and the motion of the node.[1] 

IX. ACTION-ANGLE VARIABLES FOR 𝜅0 

As the simplified Hamiltonian 𝜅0 will be used as a first 

approximation of the rotation of Io in the vicinity of the 

Cassini state, we ought to introduce action-angle variables for 

it. Due to the smallness of the mean “obliquity” 𝐾∗ and the 

fact that the strong perturbations could lead the osculating 

“obliquity” to approach zero, we ought to take into account 

the virtual singularity of the (ρ , 𝑅) degree of freedom. We 

choose the following variables, in order to describe the 

motion around the Cassini state. Expanding 𝜅0 in powers of 

these quantities, we call 𝒩 the sum of the quadratic terms and 

takes 𝒩 as an approximation of 𝜅0 (the linear terms disappear 

as the origin is an equilibrium). [1] 

X. FIFTH-ORDER PERTURBATION THEORY 

We impose on the function 𝒫 = 𝒦−𝒩 the same 

transformations described in the previous section and expand 

it up to the fifth degree in the small displacements (𝒳𝑖and 𝑦𝑖) 
from the Cassini state. We choose to implement the 

perturbation to one order higher than in the case of Europa 

considering the fact that Io is closer to Jupiter and thus that 

we can expect the perturbation to be larger. We set the 

truncation level at 10−10 (and 10−11 for intermediate results) 

in order to assure an accuracy of better than 10−6 considering 

that the smallest frequencies to be considered. The 

computations have been performed with our own algebraic 

manipulator MSNam, the first version of which minims has 

been developed by the late Michèle Moons. [1] 

XI. COMPUTATION OF THE LIBERATIONS 

The generator contains the information about the solution but 

is not the solution. To complete the theory we ought to apply 

it to some relevant functions of the osculating elements. We 

choose the first two components (along the axes of smallest 

and middle inertia) of the unit vector in the direction of the 

polar axis of Jupiter in the body frame, and the last two 

components (along the axes of middle and largest inertia) of 

the unit vector pointing to Jupiter in the same body frame. 

They indicate the sub-Jupiter point on the surface of the 

satellite. In order to compute them, we have to submit them 

to the same transformations that we imposed on the 

Hamiltonian: first to express them in the action-angle 

variables of the Hamiltonian 𝒩 then to transform them by the 

averaging transformation based on the generating function 𝒲 

This last transformation is performed through the same 

algorithm proposed for transforming the Hamiltonian itself, 

except that now we know the generating function 𝒲 in 

advance and we do not need to compute a preliminary 

expression of the elements of the Lie triangle and then correct 

them. Actually, the physical liberations are the components 

of degree zero in the transformed functions. Indeed, by 

definition they do not depend on the amplitude (𝑈 , �̅�, �̅� ) of 

the free liberations. Summing up the contributions, and 

truncating the results at 10−6. The trace of the vector 

perpendicular to Jupiter’s equator is dominated by two 

circular motions. The first one, of amplitude 7.619 × 10−4 rad 

(or 1.38 km) is imposed by the Cassini’s equilibrium 

“obliquity” 𝐾∗ (directly related to the inclination of the orbit). 

The second one, of amplitude 1.836 × 10−4 rad (or 0.33 km) 

is due to the perturbative term in the latitude of Io. The 

frequencies of these terms are very close resulting in a beat of 

period 9.8 years. The amplitude of the resulting motion goes 

from a maximum value (reached in February 2001) to a 

minimum (which will be reached in March 2006). The motion 

of the unit vector in the direction of Jupiter is dominated by 
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the term 8.39 × 10−3 sin(2λ1 − 2λ2). This inequality in the 

East–West component of the motion Jupiter (as seen from Io) 

is related to the forced eccentricity, as could have been 

expected. Indeed, according to Yoder and Peale (1981) the 

forced pericenter of Io moves with the frequency of (λ1 − 

2λ2) and λ1 − 2λ2 + λ1 = 2λ1 − 2λ2. The amplitude of the 

largest inequality in the North–South component, 

0.4227×10−4 sin(λ1 −Ω1), is approximately the difference 

between the mean “obliquity” (𝐾∗ = 7.6198 × 10−4) and the 

mean inclination of the orbit (7.1971 × 10−4 according to 

Lainey, 2002). This difference of 2.422 × 10−3degree is the 

obliquity as usually defined (the angle between the orbital 

plane and the equatorial plane of the satellite). This should be 

compared to the value, 4.05 × 10−3 degree, computed by Bills 

(2005). The discrepancy is rather large but we should keep in 

mind that the inclination is strongly perturbed by terms in 

sin(λ1 − Ω3) and sin(λ1 − Ω4) Hence the definition of a 

“mean orbital plane” is theory dependent and the two 

numbers refer probably to different “mean orbital planes.”[1] 

XII. FREE LIBERATIONS 

 
Table 7: Free liberations of the two first components (in the 

body frame of Io) of the unit vector perpendicular to Jupiter’ 

equator (truncated at 10−2) 
On top of the forced liberations described in the previous 

sections, the rotation of the satellite may be subject to free 

liberations of arbitrary amplitudes. They show up in our 

computations as the terms depending upon the arbitrary 

parameters √2𝑈 ,√2𝑉 ,√2𝑊. Of course, due to internal 

dissipation of energy inside the satellite, the amplitudes of the 

free liberations are assumed to be zero or at least very small. 

Nevertheless it is useful to develop their analytical 

expressions as they may be excited by some nonmodeled 

perturbations (internal rearrangement of mass or collision 

with another body) or they may unexpectedly show up in 

numerical simulations of the rotation. We present the main 

terms (the largest terms of degree one) in Tables 10 and 11. 

The three arbitrary amplitudes are √2𝑈 for the liberation in 

longitude, √2𝑉 for the liberation in obliquity and √2𝑊 for 

the polar motion.[1] 

 
Table 8: Free liberations of the unit vector pointing to 

Jupiter with respect to the axis of least inertia of Io 

XIII. CONCLUSIONS 

After the proper study of IO, we understood and also 

discovered a mean of 7.619 x 10-4 rad and the period of three 

free liberations to be 13.25 days, 159.39 days and 229.85 days. 

We even evaluated the rotation for various models of the 

interior of IO. 
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