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Abstract— We shall study the existence and uniqueness and 

regularity of solutions for Cauchy problems associated with 

the following two equations:𝑣𝑡   = −𝑅𝑘𝑣 ,  𝑣𝑡𝑡  = −𝑅𝑘𝑣; and 

the elliptic type equation−𝑅𝑘𝑣  = 𝑓(𝑘  > 1).We applications 

of the Fourier-Wiener transform defined on a class of 

polynomial cylinder functions on Hilbert space and Wiener 

space. 
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I. INTRODUCTION 

We study the Fourier-Wiener transform was defined on a 

class of mean exponentialtype analytic functionals on the 

classical Wiener space 𝒞and applications of the Fourier-

Wienertransform are concerned we find that it is desirable 

to enlarge the domainof definition of the Fourier-Wiener 

transform as much as possible and define on theclass of 

exponential type analytic functions ℰ𝑎 on [𝐵]-the 

complexification of 𝐵. 

Let 𝜀𝑎 be the class of exponential type analytic 

functions defined on the complexification [𝐵]of 𝐵. For 

each pair of nonzero complex numbers 𝛼, 𝛽and 𝑓 ∈ 𝜀𝑎, 

we define 

𝐹𝛼,𝑓(𝑦) = ∫ 𝑓(𝛼𝑥 + 𝛽𝑦) 𝑝1(𝑑𝑥)(𝑦 ∈ [𝐵]). 

We show that the inverse F  exists and there exist 

two nonzero complex numbers𝛼′, 𝛽′ such that F = F 𝛼′,′ 

where 𝛼′, 𝛽′ is a solution of 𝛽𝛽′ = 1 𝑎𝑛𝑑 (𝛽𝛼′)2 + 𝛼2 = 0. 

II. PRELIMINARIES 

We shall apply the Fourier-Wiener transform [99] and 

integration by parts [100] to examine Cauchy problems 

associatedwith the following types of differential equations: 

1) ( ),𝑣𝑡(𝑥, 𝑡) = −𝑅𝑘𝑣(𝑥, 𝑡) 

2) 𝑣𝑡(𝑥, 𝑡) = −𝑅𝑘𝑣(𝑥, 𝑡), and also the elliptic type 

differential equation (iii) −𝑅𝑘𝑣(𝑥) = g(𝑥)where𝑘 ≥ 1. 

Theorem (1.2):For  ∈ ℰ𝑎, we have 

ℱ−1ℱ (𝑧) = 𝑓(𝑧),   𝑧 ∈ [𝐵]. (1.2) 

                 𝑐    𝑐 

Proof: (i) We claim that (1) holds for (𝑧) = 𝑇𝑧𝑚, 𝑚 = 1,2, … 

, with 𝑇 a symmetric operator in [𝑊𝑚 ]. In fact, 

 

 

 
= 𝑇𝑧𝑚 

3) By Proposition (4.1.8)[93], we have 

 
Consequently, 

 
by Lebesgue's dominated convergence theorem. 

Finally, by Step (i) and the dominated convergence theorem 

again, 

 

 
Theorem (2.2): There is a unique solution 𝑢(𝑦, 𝑡) 

for the Cauchy problem 𝑢𝑡(𝑦, 𝑡) = −�̃� 𝑘𝑢(𝑦, 𝑡);    𝑢(𝑦, 0) 

= ℱ1𝑓(𝑦)(𝑦 ∈ 𝐵, 𝑡 > 0) such that (i) 𝑢(⋅, 𝑡) ∈ ℰ̃𝑎  for each 

𝑡 ≥ 0, (ii) 𝑢(𝑦, 𝑡) is (strongly) differentiable in 𝑡 (i.e. 

(𝜕⁄𝜕𝑡)𝑢(𝑦, 𝑡) exists uniformly on bounded sets). 

Moreover, the solution is given by (𝑦, 𝑡) = 𝑇𝑡(ℱ1𝑓)(𝑦). 

Proof: Let g(𝑦, 𝑠) be any solution for 𝑢𝑡(𝑦, 𝑡) = 

−�̃� 𝑘 𝑢(𝑦, 𝑡);    𝑢(𝑦, 0) = ℱ1𝑓(𝑦)(𝑦 ∈ 𝐵, 𝑡 > 0) such that 

(i) and (ii) hold. 

Fix 𝑡 > 0. Set (𝑦, 𝑠) = 𝑇𝑡−𝑠g(𝑦, 𝑠)for 𝑡 ≥ 𝑠 ≥ 0, 

𝑦 ∈ [𝐵]. Since g(⋅, 𝑠) ∈ ℰ̃𝑎, the domain of –�̃� 𝑘, it follows 

by [112, Chapter 9, Theorem 2] that 𝐹(𝑦, 𝑠) is strongly 

differentiable and (𝜕⁄𝜕𝑠)𝐹(𝑦, 𝑠) = �̃� 𝑘 𝑇𝑡−𝑠g(𝑦, 𝑠) + 

𝑇𝑡−𝑠(𝜕⁄𝜕𝑠)g(𝑦, 𝑠) (since 𝑇𝑡, is an equicontinuous 

semigroup and g satisfies (ii)) 

= 𝑇𝑡−𝑠�̃� 
𝑘 g (𝑦, 𝑠) − 𝑇𝑡−𝑠�̃� 

𝑘g (𝑦, 𝑠) 

= 0, 𝑦 − uniformly on bounded sets. 

This implies that (𝑦, 𝑠) = 𝐶 (a constant) on [𝐵]for 0 ≤ 𝑠 ≤ 𝑡. 
In particular, (𝑦, 𝑡) = 𝐹(𝑦, 0) = 𝑇𝑡 g(𝑦, 0) = 

𝑇(ℱ1𝑓)(𝑦). On the other hand, (𝑦, 𝑡) = 𝑇0g(𝑦, 𝑡) = 

g(𝑦, 𝑡). We conclude that g(𝑦, 𝑡) = 𝑇𝑡(ℱ1𝑓)(𝑦). 

Proposition (2.3):{𝑇𝑡} is an equicontinuous 

semigroup of class (𝐶0) [112, Chapter 9]. 

Proof: Obviously, 

𝑇𝑡+𝑠   =  𝑡𝑇𝑠and 𝑇0 = 𝐼.                           (2.2) 

By the mean value theorem, we have (for 𝑡0 ≥ 0) 
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By (1⁄𝑚!)|𝐷𝑚(0)𝑥𝑚| ≤ 2−𝑚‖𝑓‖2𝑀 (3.2) 

Thus 

  (4.2) 

Finally, suppose 𝑞 is any continuous seminorm on 

ℰ̃𝑎. Then there exist 𝑁 and a constant 𝐶1   such that (𝑓) ≤ 

𝐶1‖𝑓‖𝑁. 

Consequently, (𝑇𝑡𝑓) ≤ 𝐶1‖𝑇𝑡 𝑓‖𝑁 ≤ 2𝐶1‖𝑓‖2𝑁„ i.e. {𝑇𝑡} is 

equicontinuous. 

III. CLAIMS 

A. Theorem (1.3): 

1) In order that equation −𝑅𝑘(𝑥) = 𝑓(𝑥) has a solution in 

ℰ𝑎, it is necessary and sufficient that 𝑓 ∈ ℰ𝑎 and 

ℱ1𝑓(0) = 0. 

2) The solution of −𝑅𝑘(𝑥) = 𝑓(𝑥) is unique in the sense 

that if 𝑊1(𝑥), 𝑊2(𝑥) ∈ ℰ𝑎 and each solves −𝑅𝑘𝑢(𝑥) = 

𝑓(𝑥)then 𝑊1 − 𝑊2 is a constant. 

B. Proof: 

1) Necessity. Since (ℰ𝑎) ⊂ ℰ𝑎 (Lemma (4.1.17))[93], if 

𝑢(𝑥) is a solution inℰ𝑎then 𝑅𝑘𝑢(𝑥) ∈ ℰ𝑎 so does 𝑓. 

Next, applying the Fourier-Wiener transform to 

−𝑅𝑘𝑢(𝑥) = 𝑓(𝑥), we get  (1.3) 

 
2) Sufficiency (existence). Suppose 𝑓 ∈ ℰ𝑎and ℱ1(0) = 0. 

We let g(𝑦) = ℱ1𝑓(𝑦). Since g ∈ ℰ𝑎, g(𝑦) =

(since g(0) = 0). It is easy to see 

that 

 
solves equation (1.3). Consequently, 

(2.3) 

solves −𝑅𝑘𝑢(𝑥) = 𝑓(𝑥). 

3) Uniqueness. Observe that if ℎ ∈ ℰ𝑎, then �̃� ℎ = 0 iff 

ℎ ≡ 𝑎 const. It follows that if 𝑊1, 𝑊2  are two 

solutions for −𝑅𝑘𝑢(𝑥) = 𝑓(𝑥) such that 𝑊1, 𝑊2 ∈ ℰ𝑎 

and we let𝐻 = 𝑊1 − 𝑊2, then we must have 𝔑𝐻 = 0; 

hence �̃� (ℱ1𝐻) ≡ 0. 

According to our observation ℱ1𝐻 ≡ 𝐶1, a constant. 

Therefore𝐻 ≡ ℱ−1(𝐶1) ≡ 𝐶1. 

Theorem (2.3): Let 𝛼, 𝛽, 𝛼′, 𝛽′ be nonzero complex 

numbers. Then in order that F𝛼′,′(F 𝛼,𝛽 𝑓) (z) = 𝑓(𝑧) 

for all 𝑓 in E 𝑎 it is necessary and sufficient that 

𝛽𝛽′ = 1   𝑎𝑛  (𝛽𝛼′)2 + 𝛼2 = 0.(3.3) 

Proof: By Corollary (4.2.6) [114], we see that, for any𝑓∈ E𝑎,  

 

 

 
Now, it becomes obvious that the theorem follows 

immediately from (4.3). 

IV. CONCLUION 

There the Fourier-Wiener transform was defined on a class of 

mean exponential type analytic functional on the classical 

Wiener space 𝒞. 

As for as the applications of the Fourier-

Wienertransform are concerned we find that it is desirable to 

enlarge the domainof definition of the Fourier-Wiener 

transform as much as possible(so that it atleast also contains 

a large class of functions other than cylinder functions). 

It was shown that the Fourier-Wiener transform is a 

useful tool for solving differential equations on infinite 

dimensional spaces. 
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