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Abstract— The present study outlines free vibration analysis 

of uniform and stepped beam subjected with single to 

multiple cracks using Finite Element Method (FEM) in 

MATLAB environment. The crack considered is transverse 

crack which open in nature. Due to the presence of crack, 

the total flexibility matrix is established by adding local 

additional flexibility matrix to the flexibility matrix of the 

corresponding intact beam element. The results obtained 

from experimental are checked for accuracy with the present 

analysis by plotting non dimensional frequencies for first 

three modes as function of crack depth ratios for different 

locations of cracks. Components with varying cross-sections 

are most common in buildings and bridges as well as in 

machine parts. The stability of such structural members 

subjected to compressive forces is a topic of considerable 

scientific and practical interest. Tapered and stepped 

columns are very much useful in structural engineering 

because of their reduced weight compared to uniform 

columns for the same axial load carrying capacity or 

buckling load. In the current study free vibration and 

buckling analysis of a cracked two stepped cantilever 

column is analyzed by finite element method for various 

compressive loads. Simple beam element with two degrees 

of freedom is considered for the analysis. FEM of the intact 

beam element is found as per standard procedures. FEM for 

cracked beam element is found from the total flexibility 

matrix of the cracked beam element by inverse method in 

line with crack mechanics and published papers by 

researchers. Eigen value problem is solved for free vibration 

analysis of the stepped column under different compressive 

load. Variation of free vibration frequencies for different 

crack depths and crack locations is studied for successive 

increase in compressive load. Buckling load of the column 

is estimated from the vibration analysis. 

Key words: Concrete, Eigen Value, MATLAB, Cement, 

FEM, Poisson’s Ratio 

I. INTRODUCTION 

A. Tapered or stepped columns  

Components with varying cross-sections are most common 

in buildings and bridges as well as in machine parts. The 

stability of such structural members subjected to 

compressive forces is a topic of considerable scientific and 

practical interest that has been studied extensively, and is 

still receiving attention in the literature because of its 

relevance to structural, aeronautical and mechanical 

engineering. Tapered and stepped columns are very much 

useful practically in structural engineering because of their 

reduced weight compared to uniform columns for the same 

axial load carrying capacity or buckling load. Stepped 

columns are also frequently used in multistory structures 

where columns have to support intermediate floor loads.  

 
(Stepped column with fixed-free conditions)                 

(Three basic modes of fracture) 

B. Cracks in columns  

Columns are important structural members and their 

stability under different cases of loading is studied by many 

researchers to obtain critical buckling loads and critical 

stresses. The cracks may develop from impact, applied 

cyclic load, mechanical vibrations, aero-dynamic loads etc. 

Due to the effect of fault or weakness that occurred due to 

crack in a cracked section, the stability of column may be 

decreased. The critical buckling loads of cracked columns 

are affected by effect of depths, locations, and number of 

cracks. Cracked section is modeled as massless rotational 

spring.  Since axial load and stiffness are not constant along 

the length of the column the analysis of a stepped column is 

usually much more complicated than uniform column. 

II. IMPORTANCE OF VIBRATION STUDY IN ENGINEERING 

Daniel Bernoulli derived the equation of motion for the 

transverse vibration of thin beams in 1735, and Euler gave 

the first solutions of the equation for different end 

conditions in 1744, which is known to be Euler-Bernoulli or 

Thin beam theory . Rayleigh included the effect of inertia 

and presented a beam theory. The improved theory by 

including the effect of rotary inertia and shear deformation 

known as Timoshenko or thick beam theory was presented 

by Stephen Timoshenko in 1921. The structures planned to 

support high speed engines and turbines are subjected to 

vibration. Due to faulty design and poor manufacture, 
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disturbance occurs in engines which results in excessive and 

disagreeable stresses in the rotating system because of 

vibration. The vibration causes rapid wear of machine parts. 

Many buildings, structures and bridges fall because of 

vibration. 

 
(Input-Output relationship of a vibratory system) 

III. LINEAR ELASTIC FRACTURE MECHANICS (LEFM) 

THEORY 

It shows formulated that the existing crack grows provided 

the total energy of the system is lowered by growth. But he 

was not able to express the parameter for it. Extension of 

Griffith‟s ideas for brittle solids to ductile high strength 

materials was done by Irwin in 1948. The main focus of 

Irwin‟s theory laid on crack tip rather than the crack, by 

moving the analysis to the crack-tip, Irwin devised workable 

parameters like Stress Intensity Factor (SIF) and energy 

release rate. LEFM accounts for Small Scale Yielding 

(SSY). It is quite useful for analyzing aerospace structures. 

Irwin observed that there are three independent ways in 

which two crack faces can move with respect to each other. 

IV. METHODOLOGY 

A cracked uniform cantilever beam element of rectangular 

area of cross section with depth „h‟ and breadth „b‟ with 

crack depth „a‟ is as shown in Figure 1. The left side end 

which is fixed is denoted with node „i‟ and right side node 

is denoted with „j‟. The cracked beam element is subjected 

to shearing force „𝑃1′ and bending moment „𝑃2′.The 

governing equations of the vibration analysis of the uniform 

beam with open transverse crack are figured on the basis of 

the FEM model proposed. 

 
A typical cracked beam element subjected to shearing force 

and bending moment of rectangular cross-section 

V. FREE VIBRATION ANALYSIS OF CRACKED STEPPED 

BEAMS OF RECTANGULAR CROSS-SECTION 

The problem contains computation of natural frequencies for 

cracked Bernoulli-Euler Cantilever beam using Finite 

Element Analysis are validated with the results obtained. 

The thickness of beam is 12mm. The material properties of 

the beam are modulus of elasticity, E= 210Gpa, length of 

beam, L =500mm, density, ϱ = 7860 kg/𝑚3, ℎ1= 20mm, ℎ2 

= 16mm. 

 
Fig. 5.4: Cracked Cantilever Stepped Beam 

The surface appearance of structural members give 

an idea on the extent of heat to which these members might 

have been subjected to during the fire. The structural 

conditions as observed give a great deal of information on 

its physical condition and help to assess the physical damage 

suffered by the members. As stated earlier, these 

information are very vital for assigning the appropriate 

damage classifications and planning the repair techniques. It 

is however to be kept in view that these are subjective 

observations and results would depend upon the experience 

and skill of the person carrying out the investigations. 

VI. UNIFORM CANTILEVER BEAM WITH CRACK. 

The convergence study is done for the cantilever uniform 

beam of square cross-section with single crack with the case 

considered. A 300mm cracked cantilever beam of cross 

section (20 х 20) mm with Young‟s modulus, E= 206GPa 

and mass density, ϱ =7750 kg/𝑚3. It is observed that 

convergence starts when the number of elements is 14 and 

convergence up to 30 numbers of elements, is shown in 

Figure. As per the convergence study, 20 elements are 

considered for the discretization of whole structure. 

 
Fig. 5.1: Convergence of fundamental frequency of uniform 

cantilever beam with single crack. 

VII. TWO-STEPPED CANTILEVER BEAM WITHOUT CRACK 

The convergence study for the two-stepped cantilever of 

rectangular cross-section is done with the case considered. 

The thickness of beam is 12mm. The material properties of 

the beam are modulus of elasticity, E= 210Gpa, length of 

beam, L =500mm, density, ϱ = 7860 kg/𝑚3, ℎ1= 20mm, ℎ2 

= 16mm. It is observed that convergence starts when the 

number of mesh divisions is 10 and convergence up to 30 

numbers of elements is shown in Figure. Hence for the 

present study for all stepped beams, mesh division of 30 

elements is considered. 
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Fig. 5.2: Convergence of fundamental frequency of Two- 

stepped cantilever beam of rectangular cross -section. 

VIII. EXPERIMENTAL RESULTS 

MODE 
Natural Frequency 

(Hz) 

Present analysis FEM 

(Hz) 

MODE1 26.123 26.168 

MODE2 164.092 164.109 

MODE3 459.607 459.558 

Table 5.1: Comparison of natural frequency drawn between 

Free Beam research and present FEM analysis. 
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Table 5.2: Comparison of natural frequency drawn between 

Free Column research and present FEM Analysis 

IX. METHOD OF REPRESENTING CLASS OF DAMAGES IN 

GRAPH: 

 

Fig. 5.35: A graph between different loading percentages 

and % decrease in frequency for different crack locations of 

ῳ4 and crack depth 0.2d for fixed-free boundary condition 

 
Fig. 5.36: A graph between different loading percentages 

and % decrease in frequency for different crack locations of 

ῳ4 and crack depth 0.4d for fixed-free boundary condition 

X. CONCLUSIONS 

 Free vibration analysis of uniform and stepped beam 

subjected with single to multiple cracks is done using 

Finite Element Method (FEM) in MATLAB 

environment. An experimental study is carried out to 

check the accuracy of the numerical results. 

 Mathematical formulation for free vibration of uniform 

and stepped beam with transverse open cracks is 

presented in detail. 

 In all the modes of vibration, as the crack depth ratio 

increases, the frequency reduction increases irrespective 

of uniform or stepped beam and boundary condition. 

 The natural frequencies of the beam are more 

influenced by the location of cracks than the depth of 

crack. 

 In the case of uniform cantilever beam, crack positioned 

near the fixed end affects the natural frequency in first 

mode more than the crack present in the free end of the 

beam. 

 This is explained from the reason that position of crack 

is significant in the region of higher bending moment. 

Due to the presence of node points, the effect of crack 

near fixed and free ends of the beam on the third mode 

non-dimensional natural frequency has very less effect. 
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