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Abstract— An acyclic vertex coloring of a graph which 

adjacent vertices are allowed to have the same color, as long 

as the monochromatic components induced by the 

corresponding edges have a certain structure. Due to its 

important applications, as for example in the binarization of 

graphs, this type of coloring has been extensively studied, 

mainly with respect to the size, degree, and acyclicity of the 

monochromatic components. An acyclic vertex coloring of a 

graph is a proper vertex coloring such that there are no 

bichromatic cycles. The acyclic chromatic number of G, 

denoted a(G), is the minimum number of colors required for 

acyclic vertex coloring of graph G = (V,E).In this paper In 

this paper, we show that any graph G with maximum degree 

Δ can be acyclically colored using C(Δ) colors. 

Key words: Acyclic Vertex Coloring Graph, Monochromatic, 

Bi-Chromatic 

I. INTRODUCTION 

In its general form, the problem asks to label the vertices of a 

graph with a given number of colors, so that no two adjacent 

vertices share the same color. In other words, a coloring of a 

graph partitions its vertices into a particular number of 

independent sets (each of these sets is usually referred to as a 

color class, as all its vertices have the same color). A central 

result in this area is the so-called four color theorem, 

according to which every planar graph admits a coloring with 

at most four colors. Note that the problem of deciding 

whether a planar graph is 3-colorable is NP-complete 

[1], even for graphs of maximum degree 4 [2]. 

 In this respect, one can regard the classical vertex-

coloring as a defective one in which every monochromatic 

component is an isolated vertex, given that every color class 

defines an independent set. In this work we focus on defective 

colorings in which each component is acyclic and has small 

diameters. In particular, we call a graph G 

 
Fig. 1: (a-c) Different colorings of the same graph: (a) a 

traditional 4-coloring, (b) an (edge, 3)-coloring (c) a (star, 

2)-coloring; (d) a star with three leaves; its center has degree 

3 

 A proper coloring of the vertices of a graph G = 

(V,E) is an assignment of colors to the vertices so that no two 

neighbors get the same color. A proper coloring is said to be 

acyclic if the coloring does not induce any bi-chromatic 

cycles. The acyclic chromatic number of a graph G is denoted 

a(G), and is the minimum number of colors required to 

acyclically color the vertices of G. 

 The concept of acyclic coloring of a graph was 

introduced by Grunbaum [3] and is further studied in the last 

two decades in several works, [4, 6, 5, 8, 7, 9] among others. 

Determination of a(G) is a hard problem even theoretically. 

For example, Kostochka [10] proves that it is an NP-complete 

problem to decide for a given arbitrary graph G whether a(G) 

≤ 3. 

 Another direction that has yielded fruits is that of 

using the probabilistic method and the 

 Loasz Local Lemma (LLL) [15]. Using this method, 

it was shown by Alon et al. [4] that any graph of maximum 

degree Δ can be acyclically colored using O((∆^(4/3)). colors, 

thus showing that a(G) ≤ O(∆^(4/3)). In the same paper, it 

was also shown that, as n → ∞, there exist graphs 

with maximum degree ∆ and requiring 

Ω(∆^(4/3)/(log∆)^(1/3) colors for an acyclic coloring. The 

above two results are based on the probabilistic method. They 

further showed that a greedy algorithm exists to acyclically 

color any graph G with maximum degree ∆using ∆ 2+1 colors. 

This was later improved by Albertson et al. [16] to show that 

a(G) ≤ ∆ (∆  − 1) + 2. 

II. PRELIMINARIES 

A. Definition 2.1 

An acyclic graph is one that contains no cycles is called tree. 

B. Definition 2.2 

In graph theory, the degree (or valency) of a vertex of 

a graph is the number of edges incident to the vertex, with 

loops counted twice. It is denoted by dG(v) and it is called 

degree of G. 

C. Definition 2.3 

Two edges which are incident with a common vertex are 

called adjacent edges. 

D. Definition 2.4 

The chromatic number χ(G) of G is the minimum k for which 

G is k-colourable that is the minimum number of required for 

the proper vertex colouring of G. we denote it by χ(G). 

If χ(G) = k then G is said to be k-chromatic. 

E. Definition 2.5 

Let W ⊆ V (G). The neighborhood of W, denoted N(W), is 

the set of all vertices in V (G) \W that are adjacent to some 

vertex in W. A neighbor of W is a vertex in N(W), N(v) stands 

for N({v}). 

F. Definition 2.6 

A partial coloring is an assignment of colors to a subset of V 

(G) such that the colored vertices induce a graph with an 

acyclic and proper coloring. Suppose G has a partial coloring. 

Let α, β be any two colors. An alternating α, β-path is a path 

in G with each vertex colored either α or β. An alternating 

path is an alternating α, β-path for some colors α, β. A path is 
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odd or even according to the parity of number of edges it 

contains. Let v be an uncolored vertex. A color α ∈ [C(Δ)] is 

available for v if no neighbor of v is colored α. 

 A color α ∈ [C(Δ)] is feasible for v if assigning color 

α to v still results in a partial coloring. (Thus feasibility 

implies availability but not the other way around). Let Cv be 

a cycle in G containing vertex v. A cycle Cv is α, β-dangerous 

if Cv -v is an even α, β-alternating path. A cycle Cv is 

dangerous if it is α, β-dangerous for some colors α, β. If there 

are more than one α, β-dangerous cycles through v for fixed 

α, β we consider them as the same type of dangerous cycles. 

We now introduce the following definition that allows us to 

study the colors in the neighborhood of a vertex v in G. 

G. Definition 2.7 

Any colored neighbor of v whose color appears exactly once 

in the neighborhood of v is called a single vertex. Similarly, 

any colored neighbor of v whose color appears at at least two 

neighbors of v is called a non-single vertex. The notion of 

single vertices is important as they cannot participate in 

dangerous cycles. 

III. COLORING OUTER PLANAR GRAPHS & SUBCLASSES 

In this section we consider (star, 2)-colorings of outer planar 

graphs. To demonstrate the difficulty of the problem, we _rst 

give an example (see Figure 1) of a small outer planar graph 

not admitting any (star, 2)-coloring. Therefore, in Theorem 1 

we study the complexity of deciding whether a given outer 

planar graph admits such a coloring and present a linear-time 

algorithm for this problem; note that outer planar graphs 

always admit 3-colorings [11]. 

A. Theorem 3.1 

Given an outer planar graph G, there exists a linear-time 

algorithm to test whether G admits a (star, 2)-coloring and to 

construct a (star, 2)-coloring, if one exists. 

1) Proof 

We assume that G is embedded according to its outer planar 

embedding. We can also assume that G is biconnected. This 

is not a loss of generality, as we can always reduce the 

number of cut-vertices by connecting two neighbors a and b 

of a cut-vertex c belonging to two different biconnected 

components with a path having two internal vertices. Clearly, 

if the augmented graph is (star, 2)-colorable, then the original 

one is (star, 2)-colorable. For the other direction, given a (star, 

2)-coloring of the original graph, we can obtain a 

corresponding coloring of the augmented graph by coloring 

the neighbors of a & b with 

Different color than the ones of a and b, respectively. 

 Denote by T the weak dual of G and root it at a leaf 

ρ of T. For a node μ of T, wedenote by G(μ) the subgraph of 

G corresponding to the subtree of T rooted at  μ. We also 

denote by f(μ) the face of G corresponding to  μ in T. If μ ≠
 ρ , consider the parent γof μ in T and their corresponding 

faces f(γ) and f(μ) of G, and let (u,v) be the edge of G shared 

by f(γ) and f(μ). We say that (u , v) is the attachment edge of 

G(μ) to G(γ).The attachment edge of the root ρ is any edge of 

face f(ρ) that is incident to the outerface (since G is 

biconnected and ρ is a leaf, this edge always exists). Consider 

a (star,2)-coloring of G(μ). In this coloring, each of the 

endpoints u and v of the attachment edge of G(μ) plays 

exactly one of the following roles: (i) center or (ii) leaf of a 

colored star;(iii) isolated vertex, that is, it has no neighbor 

with the same color; or (iv) undefined, that is, the only 

neighbor of u (resp. v) which has its same color is v (resp. u). 

Note that if the only neighbor of u (resp. v) which has its same 

color is different from v (resp. from u),we consider u (resp. 

v) as a center. Two (star, 2)-colorings of G(μ) are equivalent 

w.r.t. the attachment edge (u; v) of G(μ) if in the two (star, 2)-

colorings each of u and v has the  same color and plays the 

same role. This definition of equivalence determines a 

partition of the colorings of G(μ) into a set of equivalence 

classes. Since both the number of colors and the number of 

possible roles of each vertex u and v are constant, the number 

of different equivalence classes is also constant (note that, 

when the role is undefined, u and v must have the same color). 

 In order to test whether G admits a (star, 2)-coloring, 

we perform a bottom-up traversal of T. When visiting a node 

μof T we compute the maximal set C(μ ) of equivalence 

classes such that, for each class  C∈C(μ), graph G(μ) admits 

at least a coloring belonging to C.Note that |C(μ)| ≤ 38. In 

order to compute C(μ), we consider the 

possible equivalence classes one at a time, and check whether 

G(μ) admits a (star, 2)-coloring in this class, based on the sets 

C(μ1); : : : ;C(μh) of the children  μ1,…., μh of μ in T, which 

have been previously computed. In particular, for an 

equivalence class C we test the existence of a(star, 2)-

coloring of G(μ) belonging to C by selecting an equivalence 

class Ci ∈ C(μi) for each i = 1; : : : ; h in such a way that: 

1) The color and the role of u in C1 are the same as the ones 

u has in C; 

2) The color and the role of v in Ch  are the same as the ones 

v has in C; 

3) For any two consecutive children μi and μi+1, let x be 

the vertex shared by G(μi) and G(μi+1). Then, x has the 

same color in Ci and Ci+1 and, if x is a leaf in Ci , then x 

is isolated in Ci+1 (or vice-versa); and 

4) for any three consecutive children μi-1, μi and  μi+1, let x 

(resp. y) be the vertex shared by G(μi-1) and G(μi) (resp. 

by G(μi) and G( μi+1)). Then, x (resp. y) has the same 

color in Ci and Ci-1 (resp. Ci+1); also, if x and y are both 

undefined in Ci, then in Ci-1 and Ci+1 none of x and y is a 

leaf, and at least one of them is isolated. 

 Note that the first two conditions ensure that the 

coloring belongs to C, while the other two ensure that it is a 

(star, 2)-coloring. Since the cardinality of C((μi) is bounded 

by a constant, the test can be done in linear time. If the test 

succeeds, add C to C(μ).Once all 38 equivalence classes are 

tested, if C(μ) is empty, then we conclude that Gis not (star, 

2)-colorable. Otherwise we proceed with the traversal of T. 

At the end ofthe traversal, if C(ρ) is not empty, we conclude 

that G is (star, 2)-colorable. A (star, 2)-coloring of G can be 

easily constructed by traversing T top-down, by following the 

choices performed during the bottom-up visit. 
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IV. NP-COMPLETENESS FOR (PLANAR) GRAPHS OF BOUNDED 

DEGREE 

A. Theorem 4.1 

It is NP-complete to determine whether a triangle-free planar 

graph admits (star, 2) coloring. 

1) Proof 

To prove that the problem in NP-hard, we again employ a 

reduction from naesat. To avoid crossings we will construct a 

triangle-free planar graph G∅ (with different variable- and 

clause-gadgets) similar to the previous construction, so that 

G∅  admits a (star, 2)-coloring if and only if ∅ is satisfiable. 

 The clause-gadget is illustrated in Fig.a. It consists 

of a 2 ×3 grid (highlighted in gray) and one vertex of degree 

2 (denoted by u in Fig.a) connected to the top-left and bottom-

right vertices of the grid. We claim that the clause-vertices of 

this gadget (denoted by u, u11 and u23 in Fig.a) cannot all have 

the same color. For a proof by contradiction assume that u, 

u11 and u23 are all black. 

 Since u12, u13, u21 and u22 are adjacent either to u11 or 

to u23, none of them is black. Hence, u21 →u22 → u12 → u13 is 

a monochromatic path of length three; a contradiction to the 

diameter of the coloring. Fig .b illustrates the so-called 

transmitter gadget, which consists of three copies of the 2 ×3 

grid (highlighted in gray), each of which gives rise to a 

clause-gadget with the degree-2 vertices u1, u2 and u3. 

 
Fig. 2: (a). Clause-Gadget   (b). Transmitter-Gadget   (c). 

Variable-Gadget   (d). a Chain of Length 11 (e). Crossing-

Gadget 

 It also has two additional vertices (denoted by s and 

t in Fig.b), each of which forms a clause-gadget with each of 

the three copies of the rectangular grid. We claim that in any 

(star,2)-coloring of the transmitter-gadget s and t are of the 

same colors. Otherwise, a simple observation shows that 

there is a monochromatic path of length three; a contradiction 

to the diameter of the coloring. A schematization of the 

transmitter-gadget is given in Fig.b. 

 The variable-gadget is illustrated in Fig.c. We claim 

that in any (star, 2)-coloring of these gadget vertices x and y 

must be of different colors. Assume to the contrary that x and 

y are both white. Then, vertices x1, x2 and x3 must also be 

white, due to the transmitter- gadgets involved. Hence, x  →x1 

→ y →x3 →x1 is a white-colored cycle; a contradiction to the 

diameter of the coloring. A schematization of the variable-

gadget is given in Fig.c. The corresponding one for the chain 

is given in Fig.d. Since we proved that the clause-vertices of 

the clause-gadgets cannot all have the same color and that the 

variable gadget has two specific vertices of different colors, 

the rest of the construction is identical to the one of the 

previous theorem. Note, however, that 𝑮∅  is unlikely to be 

planar, as required by this theorem. However we can arrange 

the variable- gadgets and the clause-gadgets so that the only 

edges that cross are the ones joining the variable-gadgets with 

the clause-gadgets. Then, we replace every crossing by the 

crossing- gadget illustrated in Fig.e. This particular gadget 

has the following two properties: (i) its topmost and 

bottommost vertices must be of the same color (due to the 

vertical arrangement of the variable-gadgets), which implies 

that (ii) the leftmost and rightmost vertices must be of the 

same color as well. Hence, we can replace all potential 

crossings with the crossing- gadget. Since the number of 

crossings is quadratic to the number of edges, the size of the 

construction is still polynomial. Everything else in the 

construction and in the argument remains the same. 

B. Theorem 4.2 

It is NP-complete to determine whether a graph G admits a 

(star, 3)-coloring, even in the case where the maximum 

degree of G is no more than 9 or in the case where G is a 

planar graph of maximum degree 16. 

1) Proof 

To prove that the problem is NP-hard, we employ a reduction 

from the well-known 3- coloring problem, which is NP-

complete even for planar graphs of maximum vertex- degree 

4 [2]. So, let G be an instance of the 3-coloring problem. To 

prove the first part of the theorem, we will construct a graph 

H of maximum vertex-degree 9 admitting a (star, 3)-coloring 

if and only if G is 3-colorable. 

 Central in our construction is the complete graph on 

six vertices K6, which is (star, 3)-colorable; see Figure a. We 

claim that in any (star, 3)-coloring of K6 each vertex is 

adjacent to exactly one vertex of the same color. For a proof 

by contradiction, assume that there is a (star, 3)-coloring of 

K6 in which three vertices, say u, v and w, have the same 

color. From the completeness of K6, it follows that u, v and 

wform a monochromatic components of diameter 3, which i

s a contradiction. 

 Graph H is obtained from G by attaching a copy of 

K6 at each vertex u of G, and by identifying u with a vertex of 

K6, which we call attachment-vertex. Hence, H has 

maximum degree 9. As H is linear in the size of G, it can be 

constructed in linear time. 

 If G admits a 3-coloring, then H admits a (star, 3)-

coloring in which each attachment- vertex in H has the same 

color as the corresponding vertex of G, and the colors of the 

other vertices are determined based on the color of the 

attachment-vertices. To prove that a (star, 3)-coloring of H 

determines a 3-coloring of G, it is enough to prove that any 

two adjacent attachment-vertices v and w in H have different 

colors, which clearly holds since both v and w are incident to 

a vertex of the same color in the corresponding copies of K6 

associated with them. 

 
Fig. 3 (a): The Complete Graph on Six Vertices K6. (b) The 

Attachment-Graph for the Planar Case. (c) A planar graph of 

Max-Degree 4 That is not (star, 2)-Colorable 

 For the second part of the theorem, we attach at each 

vertex of G the planar graph of Figure b using as attachment 

its topmost vertex, which is of degree 12 (instead of K6 which 

is not planar). Hence, the constructed graph H is planar and 

has degree 16 as desired. Furthermore, it is not difficult to be 
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proved that in any (star, 3)-coloring of the graph of Figure b 

its attachment-vertex is always incident to (at least one) 

another vertex of the same color, that is, it has exactly the 

same property with any vertex of K6. Hence, the rest of the 

proof is analogous to the one of the first part of the theorem. 

V. MAXIMUM DEGREE∆ 

A. Theorem 5.1 

Any graph G of maximum degree ∆ can be colored 

acyclically using at most C C′(∆)=
∆2

2
+ 1 colors in 

polynomial time. 

1) Proof 

Our algorithm colors one uncolored vertex in every iteration. 

Initially all vertices are uncolored. Let v be the vertex that is 

being colored in iteration. Without loss of generality assume 

that all the neighbors of v are colored, let v1, v2, v3, · · · , 𝒗∆−𝟏, 

𝒗∆ be the neighbors of v. We consider the colors of neighbors 

of v to find a feasible color for v as follows. Let c1, c2, · · · , 

cl be the colors that appear more than once in neighborhood 

of v and, n1, n2, n3, · · · , nℓ refer to the number of vertices 

colored  c1, c2, · · · , cl  respectively. It can be inferred that 

∆ − ∑ 𝒏𝒊
𝒍
𝒊=𝟏   colors appear in the neighbors of v at exactly one 

vertex each. 

 
Fig. 4:  A weaker proof that bounds the number of 

dangerous cycles considering the colors in the neighborhood 

of v. In the above picture, the numbers indicate the colors. 

We consider ∆ = 8 and two neighbors of v are single 

vertices 

 The importance of c1, c2, · · · , cl  arises as these may 

be involved in dangerous cycles through v. 

 To find a feasible color for v we place an upper 

bound on the number of such dangerous cycles as follows. 

 Consider two vertices vi, vj , where 1 ≤ i, j ≤ ∆, such 

that vi and vj are colored with the same color. Then, the 

number of possible vi−v−vj dangerous cycles is at most ∆ −1. 

Extending over all such like colored neighbors of v, we get 

that there at most∑
𝒏𝒊(∆−𝟏)

𝟐

𝒍
𝒊=𝟏  possible dangerous cycles 

through v. Hence the number of colors that are infeasible for 

for v is 

 
The above can be simplified as follows 

∑
𝒏𝒊(∆ − 𝟏)

𝟐

𝒍

𝒊=𝟏

   + ∆ − ∑ 𝒏𝒊 + 𝒍 ≤

𝒍

𝒊=𝟏

 ∑
𝒏𝒊(∆ − 𝟏)

𝟐

𝒍

𝒊=𝟏

   +  ∆ − ∑ 𝐧𝐢 + 𝐥

𝐥

𝒊=𝟏

 

≤ (
∆ − 1

2
− 1) ∑ ni + ∆ + l

n

i=1

 

≤ ∆ (
  ∆−1

2
− 1) + ∆ + l, as ∑ ni

n
i=1 is atmost ∆ when all 

neighbours participate in dangerous cycles. 

=
∆(∆ − 1)

2
+ l 

 

≤
∆(∆−1)

2
+

∆

2
 as when ni ≥ 2 for every 1 ≤ i ≤ ℓ, 

 

we have that ℓ ≤ ∆/2. 

< C′(∆) 

 Hence, there exists a feasible color for v. Since this 

is true for every iteration, C′(∆)  colors suffice to acyclically 

color G. During each iteration as we are examining the 

neighbors of v up to distance two, it takes O(∆2) time for each 

iteration. As there are n iterations it takes O(n∆2) for entire 

graph. 

VI. CONCLUSION 

We presented algorithmic and complexity results for the (star, 

2)-coloring and the (star, 3)-coloring problems. We proved 

that all outerpaths are (star, 2)-colorable and we gave a 

polynomial-time algorithm to determine whether an 

outerplanar graph is (star, 2)-colorable. For the classes of 

graphs of bounded degree and planar triangle-free graphs we 

presented several NP-completeness results. 

 In Theorem 3 we proved that it is NP-complete to 

determine whether a graph of maximum degree 5 is (star, 2)-

colorable. So, a reasonable question to ask is whether one can 

determine in polynomial time whether a graph of maximum 

degree 4 is (star, 2)-colorable. The question is of relevance 

even for planar graphs of maximum degree 4. Note that not 

all planar graphs of maximum degree 4 are (star, 2)-colorable 

(Figure 4c shows such a counterexample found by extensive 

case analysis), while all graphs of maximum degree 3 are 

(edge, 2)-colorable [14]. we have presented a polynomial 

time algorithm to acyclically color the vertices of graphs 

whose maximum degree is ∆ using C(∆) colors. 
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