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Abstract— In this paper, two first order convergent numerical
schemes having nonlinearity in their nature have been
extensively explored for their possible exact application upon
initial value problems in ordinary differential equations.
These two schemes have been Taylor expanded for the
purpose of getting their first principal term of the local
truncation error which has later been equated to zero in order
to get the general form of the underlying ordinary differential
equation. In this way, it has been shown that some forms of
initial value problems can be obtained which produce exact
solutions when these nonlinear schemes under consideration
are employed on them. The obtained tabular results in the
section of numerical experiments represent the exact solution
obtained through the schemes. The technical computing
software MAPLE 2016 running under 64-bit operating
system with Windows 7 has been used to computations
outputs.
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I. INTRODUCTION

The study of ordinary differential equations is a vast
mathematical domain which is nearly related to both pure
mathematical research and real engineering world
applications. Many mathematical expressions and identities
of physical laws are represented in terms of ordinary
differential equations. Greatly rapid development in the
period of 20th century in the fields of physical and natural
sciences led to applications of ordinary differential equations
in fields like biology, chemistry, medicine, population
dynamics, genetic engineering, economy, social sciences and
others as well [1-4]. At such advanced level; mathematical
models based upon ordinary differential equations require
sophisticated schemes to be solved efficiently. At the same
time, real world problems have been explored and they have
continued to be a great challenge for applied mathematicians
and engineers to look for new schemes for the acceptable
solutions to such models. In the field of numerical analysis of
ordinary differential equations; various schemes of different
nature exist. Some are linear whereas others are nonlinear;
some are explicit whereas others are implicit; some are
single-step whereas others are multi-step; some have smaller
stability regions whereas others have larger ones; some are
faster in convergence whereas others are slow. It shows that
one can have many options to choose a suitable a numerical
scheme to serve the purpose. However, researchers have to
take care of the errors (local and global) associated with such
schemes. Explicit linear numerical schemes while admitting
smaller step size contribute into the accumulation of round
off errors and thus may pollute our approximate solution for
longer integration intervals. In addition to this, they are
always conditionally stable making them a little less popular

in comparison to other robust schemes having larger stability
regions and non-conditionally stable characteristics. While
taking large step sizes in linear explicit numerical schemes,
one loses some rapid varying properties of the system and
also stability of the scheme is highly affected [5-8].

Taylor series expansion has been widely a well-
known numerical approach to deal with initial value problems
for seeking their approximate solutions but having
disadvantage of computing higher successive derivatives of
given slope function make it less popular among the
community of researchers nowadays. Another reason is that
number of numerical schemes have been developed (many
based upon the Taylor’s expansion itself) to find the
approximate solution of initial value problems. Generally the
efficiency of any numerical scheme depends on properties of
convergence of the scheme and at least its stability properties
[9-12].

Author in [13] proposed a scheme of numerical
integration which is suitable for solving initial value
problems having oscillatory or exponential solutions. In [14-
17]; nonlinear explicit one-step integration scheme for
singular autonomous and non-autonomous initial value
problems have been developed. In [18], the author has
determined general form of ordinary differential equations for
which standard numerical schemes including explicit Euler,
implicit Euler, trapezoidal rule, second and third-order
Taylor, van Niekerk’s second and third order rational
schemes have produced exact solution to the obtained initial
value problems. The current research paper is a motivation
sought from [18] in which the authors in the present study
have tested mostly nonlinear type of numerical schemes to
yield exact (analytical) solutions of some general forms of
initial value problems.

Il. PROBLEM DESCRIPTION & METHODOLOGY

Suppose a well posed initial value problem of the form is
given as

dy(x

09y 0= (v () v ()=
Nowadays; non-linear scheme are being developed rapidly to
solve the problem of type (2.1) and it is very interesting to
develop some general form of ordinary differential equations
to achieve exact solutions for the underlying numerical
schemes. In order to achieve our goal; two nonlinear schemes
with first order convergence have been chosen to be
employed on some standard form of initial value problems for
their possible exact solution. These chosen nonlinear
numerical schemes have then be Taylor expanded to get the
principal term of the local truncation error. We would then
equate the principal term of the local truncation error of the
schemes to zero. The non-linear scheme chosen to serve this
purpose are shown by (2.3) and (2.4). Furthermore, to obtain

2.1)
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the required results we would use the convergent Taylor’s
series of a smooth function y = f (x) about x=0 as
shown by (2.2) below.

y(x,+h)=y(x, )+ hy’(xn)+zy"(xn)

3

+h—y"’(xn)+0(h4)

(2.2)
3!
A. First Order Nonlinear Scheme
y2
Yo = L (2.3)

Yo —hf (Xn’ yn)
This scheme is nonlinear first order convergent as proposed
in [13].

B. First Order Nonlinear Autonomous Scheme

Ve
y, —hf(y,)
This scheme is also nonlinear first order convergent as
proposed in [15].

The necessary condition for solving ordinary
differential equations exactly is that its principal term of the
local truncation error must be equal to zero and this term may
involve higher derivatives of first and second order. Further,
it may be a linear or nonlinear differential equation which is
then solved to find the general solution using Maple 2016
software which is also used to perform other numerical
simplifications in the present research work. The principal
term of the local truncation error for the schemes listed below
have been derived and then equated to zero for further study.

The Local Truncation Error (LTE) of (2.3) has been
derived using Taylor series expansion as discussed below:

LTE=y(x,+h)-y

where f(y )=y, (2.4)

yn+1 =

n+1

h? [ y?
LTE = y(x,)+hy'(x,)+—y"(x,)—{ L
2! y, —hy

s~

(
h? (hr\*l .
LTE=y(Xn)+hy'(Xn)+—y”(Xn)—ynle— y"J +0(h’)
24 o)
Using binomial theorem, one obtains

2

LTE = y(x")+hy'(xn)+5y"(xn)— Y, {1+{h}:;}+[hy;}2l+o(ha)

( ” 2 \‘

Lt ozl Y)Y (x) Lo ()

SEETTY

The principal term of the local truncation error for the scheme
(2.3) is finally expressed as:

LTE—hZ(—y”(X")—

’2 \
Y ), o ()
2t y(x)

Here one obtains the second order nonlinear ordinary

differential equation as given below after equating principal
term of this local truncation error to zero.

y (%)Y (%) =2y" (x,)

(2.5)

(2.6)

We have determined the general exact solution of the second
differential equation (2.6) by Maple 2016 software as given
below:

y(X)=x+B @1

The associated first order ordinary differential equation of
(2.7) is obtained as
-A

f(xy( x)) = >
(x+B)
where A and B are arbitrary integration constants. Solving
(2.7) for A, B and x respectively; the following three ordinary
differential equations have been obtained:

(x (x+B)y(x)\_ -(x+B)y(x)

flL’ (x+B) - (X+B)Z
Luy00)- 20
( \
| |
fz}xv( A\‘ I:( A
L LV(X)78J+BJ Ly?x)—B+B|
f(xy(x)) = A()
( \|
| A | -A
f3lx'( A 3 |=( 5
| x+ [=x| | x+ A —x|
L Lov(®)y J Loy(x)
(v ()
f3(x,y(x)): (A )

Two general forms (linear and nonlinear) have been produced
from the above obtained ordinary differential equations and
these general forms are given below:

(x+B)y'(x)+y(x)=0 (2.8)
Ay'(x)+y*(x)=0 (2.9)
Applying the scheme (2.3) on equation (2.8), one gets
ooy T
yn+1 = yn | yn _hL—J
L X, +B |
y = *B) (2.10)
(x,+B+h)
And applying the scheme (2.3) on equation (2.9), one gets
0 (—y\T
Your = Yo | Yo =] — ]
]
DA (2.11)
" A+hy,

These two numerical schemes obtained in (2.10) and (2.11)
exactly coincide with the exact solution of (2.8) and (2.9)
respectively.

Now, we carry out the calculation for the nonlinear
schemes given in (2.4). The Local Truncation Error (LTE) of
(2.4) has been derived using Taylor series expansion as
discussed below:

LTE=y(x,+h)-y

n+l
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2

(
LTE = y(xn)+hy'(xn)+%y”(xn)—<7

L
2 (
LTE = y(x")+hy’(x")+%y”(xn)— y"jkl—

Using binomial theorem, one gets

=y(x )+hy'(x +ﬁ "(x )- +fhy;\+(hy;\2 +0(h?
LTE =y (x,)+hy'(x )+ 27y () vn{l T Jl o(h’)

y
y' (%) ¥y (%))
21 y(xn)J

f(y,)=y,="1and f + ff =y’

LTE:hZ[

where f =0 because given scheme is autonomous.

The principal term of the local truncation error for the scheme
(2.4) is finally expressed as:

2
LTE = hz(£ ff, —f—\+o(h3)
257y
Here one obtains the second order nonlinear ordinary
differential equation as given below after equating principal
term of this local truncation error to zero.

2
e Vo (2.12)
2 7y,
Once again, the general solution of the above differential
equation by Maple is as given below:

y(x): X+ B

The associated first order ordinary differential equation of
(2.13) is obtained as
f(x,y(x))=
(xy(x)) Y
Where A and B are arbitrary integration constants. Solving
(2.13) for A, B and x respectively; the three ordinary
differential equations obtained are found exactly the way as
above. Two general forms (linear and nonlinear) have been
produced from the above obtained ordinary differential
equations as given below:

(x+B)y'(x)+y(x)=0

(2.13)

-A

and
Ay’ (x)+y*(x)=0

Since these are the same equations as obtained in earlier case
therefore one obtains
_ Y (%+B) and , __YaA
(x,+B+h) " A+ hy,

They exactly coincide with the exact solution of
(2.8) and (2.9) respectively.

yn+1

I1l. NUMERICAL EXPERIMENTS

Looking at the above developed strategy, both the nonlinear
schemes under consideration; that is., the schemes (2.3) and
(2.4) have yielded the schemes of the form (2.10) and (2.11)
which will ultimately produce exact solution for the general
form of ordinary differential equations as given by (2.13) and
(2.14). In order to test the obtained schemes, a few initial
value problems of varying nature are discussed below.

A. Problem 01
(x+1)y'(x)+y=0
y(0)=1,h=0.5, xe[0,5]

Exact solution: y =

(x+1)
X Exact Scheme (2.10)
1| 5.0000e-01 | 5.0000e-01
2 | 3.3333e-01 | 3.3333e-01
3 | 2.5000e-01 | 2.5000e-01
4 | 2.0000e-01 | 2.0000e-01
5| 1.6667e-01 | 1.6667e-01

Table 1: Scheme (2.10) for Problem 1
B. Problem 02
y' (x)+y’(x)=0
y(0)=1,h=05, xe[0,5]

Exact solution: y = !
(x+1)
X Exact Scheme (2.11)
1| 5.0000e-01 | 5.0000e-01
2 | 3.3333e-01 | 3.3333e-01
3| 2.5000e-01 | 2.5000e-01
4 | 2.0000e-01 | 2.0000e-01
5 | 1.6667e-01 1.6667e-01

Table 2: Scheme (2.11) for Problem 2
C. Problem 03
(x+2)y'+y=0;y(0)=1
y(0)=1,h=05, xe[0,5]

Exact solution: , _ _ 2
y =
(x+2)
X Exact Scheme (2.10)
1| 6.6667e-01 6.6667e-01
2 | 5.0000e-01 5.0000e-01
3 | 4.0000e-01 4.0000e-01
4 | 3.3333e-01 3.3333e-01
5| 2.8571e-01 2.8571e-01

Table 3: Scheme (2.10) for Problem 3
D. Problem 04
3y'+y° =0
y(0)=3,h=05, x€[0,5]

Exact solution: y =

X+1
X Exact Scheme (2.11)
1 | 1.5000e+00 | 1.5000e+00
2 | 1.0000e+00 | 1.0000e+00
3 | 7.5000e-01 7.5000e-01
4 | 6.0000e-01 6.0000e-01
5 | 5.0000e-01 | 5.0000e-01

Table 4: Scheme (2.11) for Problem 4
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IV. CONCLUSION

The main focus of this research work is to compute general
form of initial value problems which can exactly be solved by
explicit one-step non-linear schemes under consideration. In
the above given examples; it is clear that the ordinary
differential equations are easy to solve by developed schemes
compared with the exact solution. The tables above show that
the answers obtained by the schemes exactly match with
those of the analytical solutions. Main contribution of the
present research work is demonstrated by the obtained
schemes shown in (2.10) and (2.11) which sought exact
results upon their applications on certain forms of the initial
value problems. Some higher order nonlinear schemes will be
explored in future to be used on initial value problems to get
the exact solutions.

ACKNOWLEDGEMENT

The authors are grateful to Prof. Dr. Muhammad Anwar
Solangi for his assistance throughout the process of preparing
first and then revised version of the present research paper.

REFERENCES

[1] Chicone, Carmen. Ordinary differential equations with
applications. Vol. 34. Springer Science & Business
Media, 2006.

[2] Butcher, John Charles. Numerical methods for ordinary
differential equations. John Wiley & Sons, 2016.

[3] Vuik, Cornelis, et al. Numerical Methods for Ordinary
differential equations. VSSD, 2007.

[4] Gear, C. William. Numerical initial value problems in
ordinary differential equations. Prentice Hall PTR, 1971.

[5] Oduola, Koyejo, Ibim Sofimieari, and Patience
Nwambo. "A method for solving higher order
homogeneous ordinary differential equations with non-
constant coefficients.” Journal of Emerging Trends in
Engineering and Applied Sciences 2.1 (2011): 7-10.

[6] Abelman, Shirley, and Kailash C. Patidar. "Comparison
of some recent numerical methods for initial-value
problems for stiff ordinary differential
equations." Computers & Mathematics with
Applications 55.4 (2008): 733-744.

[7] Kandhro, Muhammad Daud, Asif Ali Shaikh, and Sania
Qureshi. "A New Third Order lterative Integrator for
Cauchy Problems." J. Appl. Environ. Biol. Sci 8.7
(2018): 26-35.

[8] Ansari, Muhammad Yasir, Asif Ali Shaikh, and Sania
Qureshi. "Error Bounds for a Numerical Scheme with
Reduced Slope Evaluations." J. Appl. Environ. Biol.
Sci 8.7 (2018): 67-76.

[9] Ibijola, E. A., and R. B. Ogunrinde. "On a new numerical
scheme for the solution of IVPs in ODEs." Australian
Journal of Basic and Applied Sciences 4.10 (2010):
5277-5282.

[10] Sello, Stefano. "Nonlinear Behaviour of Time-Stepping
Algorithms for Initial VValue Problems." arXiv preprint
solv-int/9509011 (1995).

[11]Shaikh, A. A., S. Qureshi, and M. S. Chandio.
"Minimum Error Bounds for Local Truncation Errors to
Iteratively  Solve  Scalar and  Vector-Valued

ODEs." Sindh  University Research Journal-SURJ
(Science Series) 47.3 (2015).

[12] Qureshi, Sania, et al. "On Error Bound for Local
Truncation Error of an Explicit Iterative Algorithm in
Ordinary Differential Equations.” Science
International 26.2 (2014).

[13] Fatunla, Simeon Ola. Numerical methods for initial
value problems in ordinary differential equations.
Academic Press, 2014,

[14] Ramos, Higinio. "A non-standard explicit integration
scheme for initial-value problems." Applied
Mathematics and Computation 189.1 (2007): 710-718.

[15]Ramos, Higinio. "A Nonlinear Explicit One- Step
Integration Scheme for Singular Autonomous Initial
Value Problems." AIP Conference Proceedings. Vol.
936. No. 1. AlP, 2007.

[16] Ramos, Higinio. "A non-standard explicit integration
scheme for initial-value problems." Applied
Mathematics and Computation 189.1 (2007): 710-718.

[17]Van Niekerk, F. D. "Non-linear one-step methods for
initial value problems." Computers & Mathematics with
Applications13.4 (1987): 367-371.

[18] Villatoro, Francisco R. "Given a one-step numerical
scheme, on which ordinary differential equations is it
exact?." Journal of Computational and Applied
Mathematics 223.2 (2009): 1058-1065.

All rights reserved by www.ijsrd.com 684



