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Abstract— This paper present the analysis of superquadrics 

and find out the required parameters from the image of 

superquadrics. These images are in different views and with 

the help of objective function we can find out the deform 

superquadrics parameters. Most superquadric-based three-

dimensional (3D) image representation methods recover 

superquadric models by minimizing an appropriately defined 

objective function. The objective function serves as an error 

metric to evaluate how accurately the recovered model fits the 

data. Both the accuracy of the recovered superquadric model 

and the efficiency of the data fitting process heavily depend 

on the objective function used. In this paper, an experimental 

comparison of two primarily used objective functions in 

superquadric model recovery is presented. The first objective 

function is based on the implicit definition of superquadrics, 

and the other on radial Euclidean distance. A variety of 

synthetic and real 3D range data of both regular and globally 

deformed superquadrics are used in experiments. The two 

objective functions are compared with respect to the accuracy 

of the recovered parameters, corresponding fitting errors, 

robustness against noise, sensitivity to viewpoints, and the 

convergence speed. The conclusion derived in this paper 

provides a convincing guidance for selecting the optimal 

objective function in superquadric representation tasks.  
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I. INTRODUCTION 

In 3D computer vision, objects are usually scanned by laser 

range sensors or stereo cameras, and 3D coordinates of points 

on object surfaces can be obtained. A large number of points 

(dense sample) are often desired in many computer vision 

tasks such as surface reconstruction. By representing a huge 

number of unstructured points with compact primitives, 

storage, visualization and manipulation costs of the objects 

can be significantly reduced. Such an object representation 

step is indispensable to robot navigation systems, especially 

to an object recognition task. In addition, representing objects 

with mathematic or graphic primitives that can be recognized 

by computers is crucial to many applications in reverse 

engineering, computer graphics, etc. This dissertation focuses 

on superquadric representation of multi-part objects and 

multi-object scenes. We define a multi-part object as an 

object consisting of multiple parts according to part theories 

in human perception. One of the part theories is the 

transversally regularity (Guillemin and Pollack, 1974), for 

which part boundaries are distinguished by negative 

curvatures. For instance, a teapot consists of five parts while 

a computer mouse contains only one part according to the 

transversality regularity. A multi-object scene denotes a 

scene consisting of multiple separate or articulated objects. 

These definitions are used in this dissertation. 

As one of the most commonly used volumetric 

primitives, superquadrics can represent a large variety of 

standard shapes with a few parameters. This makes 

superquadrics much more convenient for object 

representation and CAD modeling in reverse engineering. 

Despite the large variety of existing superquadric 

representation algorithms, most approaches recover 

superquadrics from range images by minimizing an objective 

function (Whaite and Ferrie, 1991, 1997; Solina and Bajcsy, 

1990; Ferrie et al., 1993; Boult and Gross, 1987; Zhang et al., 

2002). Since superquadric representation is essentially a data 

fitting process, both the accuracy of the recovered models and 

the overall performance of the algorithm heavily depend on 

the objective function used. Object representation serves as 

the basis for high level tasks such as object manipulation, 

three dimensional (3D) reality visualization, and object 

recognition. The shape of an object can be represented by 

three levels of primitives in terms of the dimensional 

complexity: volumetric primitives, surface elements, and 

contours. 

The scene description step describes real scenes 

using primitives that are acceptable to computers in a 

compact manner. It directly facilitates succeeding tasks 

including object recognition, data visualization, data 

communication, etc. Our research, object representation, falls 

into the scene description category. Another important 

application of this research is reverse engineering (RE), i.e., 

creating a computer-aided design (CAD) model of a real-

world object. Traditional methods of RE with coordinate 

measuring machines (CMM) are often tedious and time 

consuming. In computer vision and image processing, recent 

advances in 3D free form scanning, however, have led to 

efficient, accurate, and fast laser-based systems that rapidly 

generate high fidelity computer models of existing 

automotive parts. The automation of RE, or computer aided 

reverse engineering (CARE), impacts the design process in a 

similar fashion, especially with a collaborative, distributed 

design team. CARE allows electronic dissemination of as-

built parts for comparison of original designs with 

manufactured results. Additionally, CARE allows 

construction of CAD models of existing parts when such 

models no longer exist, as when parts are out of production 

(Thompson et al., 1999). Of particular interest is the Mobile 

Parts Hospital initiative within the U. S. Army Tank-

Automotive and Armament Command (TACOM). The vision 

for the parts hospital is an emergency manufacturing unit that 

is designed for frontline deployment. The three main areas of 

CARE are data acquisition, model reconstruction, and post 

processing. The object representation falls into both model 

reconstruction and post processing. For instance, for an 

automotive part shown in Fig. 1.3, object representation aims 

to represent unstructured data points of the object with 

appropriate primitives which can correctly capture the 

geometry of the object. In summary, we seek object 

representation methods and primitives that are able to 

represent real-world objects and scenes ef_ciently. 

Considering industrial applications of this research, we are 
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only concerned with representing the geometry of rigid 

objects. Based on our literature review, the superquadric (SQ) 

is selected as our representation primitive due to its compact 

and powerful representation abilities. As to superquadric 

representation strategies, we propose a multi-view 

superquadric representation algorithm to address two 

problems in the literature. First, Superquadric representation 

of multi-part objects or multi-object scenes has been an 

unsolved problem due to the complex geometry of objects. 

Second, superquadrics recovered from single-view range data 

tend to have low confidence and accuracy due to partially 

scanned object surfaces caused by inherent occlusions. By 

incorporating both part decomposition and multi-view range 

data, the proposed multi-view superquadric representation 

algorithm is able to not only represent multi-part objects or 

multi-object scenes, but also achieve high confidence and 

accuracy of recovered superquadrics. 

Two objective functions have been primarily used in 

the literature. Solina and Bajcsy (1990) presented an 

objective function based on the implicit definition of 

superquadrics. To compensate incomplete information in a 

single view and solve the ambiguity, the minimum volume 

constraint is added to the objective function. Gross and Boult 

(1988) proposed another objective function based on the 

radial Euclidean distance. Although a significant amount of 

research has been conducted on superquadric representation 

(Zha et al., 1998; Zhou and Kambhamettu, 1999, 2000; 

Leonardis et al., 1997; Vidmar and Solina, 1992; Gupta and 

Bajcsy, 1992), relatively little effort has been made for 

evaluating performances of various objective functions that 

play very important roles in the representation tasks. Gross 

compared four objective functions in (Gross and Boult, 

1988), and concluded that the objective function based on the 

Euclidean distance had less bias on the recovered parameters 

than the objective function proposed by Solina and Bajcsy 

(1990). Van Dop and Regtien compared four superquadric 

segmentation algorithms using different objective functions 

in (Van Dop and Regitien, 1998). It was concluded that 

Solina_s objective function tended to recover ‘‘squarish’’ 

superquadrics, and failed to handle data containing outliers 

while the Euclidean distance-based objective function failed 

to capture the dimension of some objects. With the exception 

of the two objective functions explored in this paper, the other 

functions investigated in (Gross and Boult, 1988; Van Dop 

and Regitien, 1998) have lost their popularity due to either 

unstable performance or high computational costs. Rosin 

(2000) proposed several methods and error of fit 

measurements for fitting superellipses and evaluated their 

performances. Limitations contained in these work are 

summarized as follows. First, only regular superquadrics 

were investigated and deformable superquadrics were not 

addressed. Second, only one-view range data has been used 

in the experiments. The sensitivity of objective functions to 

different viewpoints, or to the orientation of the objects was 

not explored. Further research and more experiments need to 

be conducted to evaluate the performance of the objective 

functions. A convincing conclusion regarding the 

performance of the objective functions in superquadric 

representation needs to be provided. 

 

 

In this paper, an experimental comparison of the two 

primarily used objective functions in superquadric 

representation is presented. Since we are only concerned 

about the objective functions, single objects are assumed in 

this paper. Outliers are not addressed in this paper because it 

cannot be handled by objective functions alone. More 

complicated superquadric representation algorithms, for 

example, the algorithms utilizing segmentation, can be used 

to address outlier problems. Both regular and globally 

deformed superquadrics contained in synthetic and real range 

data are explored. The accuracy, fitting errors of recovered 

superquadrics, robustness against noise, sensitivity to 

different viewpoints, and the convergence speed of the data 

fitting process are compared for the two objective functions. 

II. SUPERQUADRIC REPRESENTATION 

Superquadrics can be found in (Solina and Bajcsy, 1990; 

Barr, 1984). A regular superquadric is defined by the 

following implicit equation (Barr, 1981) 
1
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Where a1, a2, a3 are size parameters and ε1, ε2, ε3 are shapes 

Superquadrics are a flexible family of 3-dimensional 

parametric objects, useful for geometric modeling. By 

adjusting a relatively few number of parameters, a large 

variety of shapes may be obtained. A particularly attractive 

feature of superquadrics is their simple mathematical 

representation. Superquadrics can be divided into 4 

parametric forms which are superellipsoids, one piece 

superhyperboloids, two piece super hyperboloids, and 

supertoroids. In [Barr], Alan Barr derives a set of formulae 

for the representations, normal vectors, tangent vectors, and 

inside-outside functions of each of these forms 

Combining the global deformations proposed in 

(Solina and Bajcsy, 1990; Barr, 1984; Terzopoulos and 

Metaxas, 1991), a total of 15 parameters can represent a 

globally deformed superquadric as 

 1, 2, 3, 1, 2, , , , , , , , ,
x y

A a a a K K k px py pz    

(2) 

Where the first eleven parameters define a regular 

superquadric with ϕ, w, px, py, pz specifying the pose of the 

model. The tapering deformation is defined by kx and ky. The 

bending deformation is defined by k and φ. 

Most superquadric representation methods recover 

superquadrics from range images by minimizing an objective 

function. This objective function serves as an error metric to 

measure the accuracy of the recovered model. The involved 

optimization problem is generally solved by the Levenberg–

Marquardt algorithm (Press et al., 1992). Recovered 

superquadrics and the performance of the representation 

algorithm primarily depend on the objective function. 

III. OBJECTIVE FUNCTIONS 

Recovery of superquadrics corresponds to determining the set 

of superquadric parameters shown in Eq. (2). To determine 

the parameters which optimally fit the model, it is necessary 
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to formulate an optimization problem whose solution 

represents the corresponding parameters. The first objective 

function we are evaluating was presented in (Solina and 

Bajcsy, 1990) and is expressed as 

 
Where (xc,yc,zc) represents a point in the canonical 

coordinate system. The minimization of this objective 

function provides a recovered superquadric model as close as 

possible to all the input points. The scalar value (a1,a2,a3) is 

positively proportional to the volume which leads to the 

resulting superquadrics fitting the data and having minimum 

volume as well. The superscript ε1 in the above equation is 

used to remove the undesirable properties of F : the rapid 

growth of F with small value of e as the denominator. To 

simplify the calculation, the radial Euclidean distance is 

commonly used as a substitute of the true Euclidean distance 

in superquadric representation. The radial Euclidean distance 

is defined as the distance between a point and a superquadric 

surface along the line through the point and the center of the 

superquadric model as shown in Fig. 1. The radial Euclidean 

distance can be evaluated by 

 
Where r0=(xc;yc; zc) represents a point in the 

canonical coordinate system. r is the intersection point of the 

superquadric surface and the line segment . 

Consequently, the following expression can be derived: 

 
Where d is the radial Euclidean distance of the point 

(xc yc;zc).Finally, the objective function given in Eq. (3) can 

be rewritten as 

 
Where di is the radial Euclidean distance of the ith 

point. This equation implies that data points inside the 

superquadric (i.e. d< 0) contribute less to the fitting error than 

those outside the superquadric with the same di and rs . 

 
Fig. 1: Radial Euclidean distance between point T and a 

superquadric d is the distance on the line through T and the 

center of the superquadric 

Where di is the radial Euclidean distance of the ith 

point. This equation implies that data points inside the 

superquadric (i.e. d< 0) contribute less to the fitting error than 

those outside the superquadric with the same di and rs 

Furthermore, this results in biased fitting to the data sets 

containing outliers (Van Dop and Regitien, 1998). The 

volume factors a1 a2 a3 can only partially compensate this 

bias. The other objective function we are evaluating is based 

on radial Euclidean distance described as (Gross and Boult, 

1988). 

 
Where di represents the radial Euclidean distance 

between the ith point and a superquadric as shown in Fig. 1. 

It is stated in (Gross and Boult, 1988; Van Dop and Regitien, 

1998) that in some cases the model recovered using this 

objective function fits the data better than G1 given in Eq. (3), 

but in other cases, G2completely fails to capture the 

dimension of an object (Van Dop and Regitien,1998). 

IV. EXPERIMENTAL RESULTS AND PERFORMANCE 

EVALUATION 

In this section, we investigate the two objective functions 

through a large variety of experiments. The issues we 

explored in the experiments include: (i) regular and 

deformable superquadrics, (ii) noise, (iii) viewpoints, and 

(iv)convergence. Corresponding synthetic and real 3D data 

were obtained to facilitate the experiments. The accuracy and 

fitting errors of the recovered superquadrics were compared 

for the two objective functions. The real range images were 

captured by a MAPP2500 smart range sensor (IVP Company, 

2000), and then calibrated into 3D (x,y,z) data. The 

calibration is a process in which a 2.5D range image is 

converted into a 3D data set in the format of (x,y,z) Each 3D 

point in the calibrated data set corresponds to an image pixel 

and provides the 3D geometrical information for that pixel. 

Superquadrics recovered from 3D data make more sense and 

are more accurate due to the utilization of geometric 

information. 

 
Comparing the recovered parameters with the 

ground truth values in Table 1, for the noise free 3D data 

shown in Fig. 2, the parameters recovered by G2 are slightly 

more accurate than those by G1. 

Despite the slight difference of fitting errors, the two 

objective functions provide nearly the same recovery results. 

This can be explained as: the volume of the cylinder shown 

in Fig. 2 can be represented as Ca1a2a3, where C is a 

constant. Therefore, the final recovered superquadric model 

with minimum volume also has a minimum value in G1. The 

biased fitting caused by objective function G given in Eq. (9) 

was completely compensated by the term a1a2 a3.Hence, the 

objective functions exhibited similar performances in this 

experiment. Fig. 3 shows two sets of 3D synthetic data of a 

tapered cylinder obtained from two viewpoints. Table 2 

shows corresponding ground truth and 
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Fig. 2: cylinder 

 
Fig. 3: different view point 1 of cylinder 

 
Fig. 3: viewpoint 2 of cylinder 

Parameters of recovered superquadrics. It can be 

seen that G2 recovers more accurate parameters than G1 

when compared with the ground truths. The reason is that the 

volume of deformable superquadrics is not only affected by 

the term a1a2a3 but also by the other parameters listed in Eq. 

(2). Therefore, a1a2a3 in G failed to compensate the biased 

fitting caused by G1 while G can recover accurate parameters 

for deformable superquadrics. 

RP GT 
Function 1 

 

Function 2 

 

  View 

1 

View 

2 

View 

1 

View 

2 

a1 30 28.683 25.133 29.345 28.961 

a2 30 25.481 28.731 27.582 29.913 

a3 60 56.306 57.608 58.481 58.709 

ɛ1 0.1 0.1 0.1 0.1 0.1 

ɛ2 1 1 1.044 1.021 1.003 

Fitting 

error 
 0.575 0.728 0.354 0.312 

Table 1: Recovered superquadric parameters of the objects 

in Fig. 2 using the two objective functions 

RP GT Function 1 Function 2 

  View 

1 

View 

2 

View 

1 

View 

2 

a1 30 18.13 28.18 30.51 28.68 

a2 30 26.91 22.09 28.44 27.68 

a3 60 61.8 57.72 62.51 59.63 

ɛ1 0.1 0.12 0.15 0.1 0.11 

ɛ2 1 1.17 1.11 1.15 1.09 

kx 0.4 0.39 0.36 0.43 0.36 

ky 0.4 0.41 0.23 0.5 0.38 

Fitting 

error 
 5.395 2.032 1.241 1.812 

Table 2: Recovered superquadric parameters of the objects 

FIG2 

RP GT Function 1 Function 2 

  View 

1 

View 

2 

View 

1 

View 

2 

a1 30 13.359 24.374 28.379 28.49 

a2 30 16.691 27.114 29.806 29.8 

a3 60 31.749 51.6 57.889 58.007 

ɛ1 1.9 0.395 1.752 1.896 1.895 

ɛ2 1 0.456 0.923 1.013 1.011 

Fitting 

error 
 8.331 1.042 0.62 0.55 

Table 3: Recovered superquadric parameters of the objects 

FIG3 

V. CONVERGENCE SPEED 

In this section, convergence speed of the two objective 

functions is explored by evaluating fitting errors versus the 

number of iterations. In the experiment, the algorithm was 

terminated after 50 iterations. The data shown in Figs and in 

tables were tested and the corresponding convergence plots. 
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VI. CONCLUSION 

The accuracy, fitting errors of the recovered superquadrics, 

robustness against noise, sensitivity to different viewpoints, 

and the convergence speed of the data fitting process were 

compared between the objective functions. Both regular and 

globally deformed superquadrics were explored. The 

conclusion was derived that the two objective functions have 

similar performances only when the volume of the object can 

be represented by Ca1a2a3, where C is a constant. The 

objective function based on the radial Euclidean distance 

(Function 2) performed much better in the experiments than 

the function based on the implicit definition (Function 1) 

when the volume of the object was determined by additional 

parameters other than a other. 

This paper evaluated the performance of two 

primarily used objective functions in superquadric 

representation through a large variety of experiments. 
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