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Abstract— In this dissertation we discuss about the paper,
unique common fixed point theorem for two pair of weakly
compatible maps in a complete metric space, which
generalizes the result of Brian Fisher by a weaker condition
such as weakly compatibility instead of compatibility and
contractive modulus instead of continuity of maps.
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. INTRODUCTION

The objective of this paper is to introduce the notion of semi-
compatible maps in D-metric spaces and deduce fixed point
theorems through semi compatibility using orbital concept,
which improve extend and generalize the results of Ume and
Kim, Rhoades and Dhage. All the results of this paper are
new.

In this paper we extend and generalize the concept
of F-contraction to F- weak contraction and prove a fixed
point theorem for F-weak contraction in a complete G-metric
space. The article includes a non-trivial example which
verifies the effectiveness and applicability of our main result.

Il. MAIN RESULT

A. On Common Fixed-Point Theorem for G- Metric Space
1) Definition:'2.1

A Metric Space is a set x together with a function d (called
a metric or “distance function”) which assigns a real number
(x, y) to every pair x, y X satisfying the properties.

a) (positive) For all , y € X, d(x, y) >0 and d(x,
y)=0ifandonly if x = y.

b) (symmetry) for all x, y € X, d(x, y) = d(y, x).

C) (the triangle inequality) for all x, y, z € X, d(x,

y) <d(x, y) +d(y, 2).
2) Example 2.2
LetX =[0,1]and G(x, y, z) = * (x — y| + |y — z|+|x — z|) for
all x, y, ze X. then (X, G) is a complete G-metric space.
Define a mapping T: X — X by

10< 1
E, x <

1 "
7 if x =
Proof: Since T is not continuous, therefore it is not an F —

contraction for any mapping F a described in Let F: R* — R
be a mapping satisfying

(F1) Fis strictly increasing. That is, a < B = (a) < (B) for
all a, g € R*.

(F2) For every sequence {an} in R* we
have lim @, = 0 ifand only if lim F(ay) = —oo,

(F3) There exists a number € (0, 1) such that lim F(a) =0

However, for x, y, z € [0, 1), z = 1, we have (T, Ty, T,) =
111)_1

(553 =2>

0and {(x,y, 1), (x, T, ), (. Ty, Ty), (1, Ty, Ty) } >

(1,7, T) = é Taking (a) = Ina, a € (0, «) and 7 = [n3, we

see that T is an F -weak contraction

3) Remark 2.3
Let be an F— weak contraction. Let (X, G) be a G —metric
space. Then the following are equivalent
a) The sequence {x,} is G — cauchy. For every € > 0,
there is k € N such that (xn xm xm) < &, for all
nm = k. we have for allx,y,z € X
with (T, Ty, T,) > 0,F(G(Ty, Ty, T,)) < T +
F (G(Tx, Ty, Tz)) (max{G(x,y,2),G(x, T, T), G(y, Ty, T),
G(z,T,, TO).
Then by (F1), we get
(T Ty, T,)
=max{G(x,y,2),6(x, T, T,), G(y, T}, T, ), G(z,T,, T,)
forallx,y,z € X with (T,,T,,T,) > 0.
4) Theorem 2.4
Let (X,G) be a complete G —metric space. Let: X — X be
an F — weak contraction. If T or F is continuous, then T has
a unique fixed point x* in X and for every x, € X, thereisa
sequence {Tn%o} in X that converges to x*.

Proof:

Let x, € X be arbitrary. We define a sequence {xn} in X
given by x, = Tx,_, for all n € N. if there exists
ny € N forwhichx, ., = x,, then Tx,, = x,, . this shows
that x, is a fixed point of T. Therefore, we assume that
Xp41 # Xpforeveryn € N U {0}

Let p, = (%, Xp41, Xnep) foralln € N.

It follows from

a) The sequence is {x, } G-cauchy.
b) For every ¢ > 0, there is k € N such that
(Xp, Xm, Xm) < €, foralln, m>k foreachn € N,
F(pn) = ((Txp—1, Txxn, Txn41))

(1, X X)), (o1, Ty g, Txn+1)} -7
(s T, T, (Xn1, Tna1s TXng1)

= (max {pn_1, G (tn_1, X, X0, G s X 15 1)y G 1) Xz Xs2)}
-1

< F(max{

= (pn—l) -7
By successive application, we get for all n € N
(Pr) € Pn-1) = Pn-2) =2 = - < (po) — 7
Taking the limitasn — oo in (1) we get lim (P) = —co and

then by of Let F: R* — R be a mapping satisfying
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(F2) For every sequence {@,} in R* we have 1111_{{)10 =0 if and
only ifnl_i)gl(an) =—o0,lim =0

n—oo

Now, by (F3) There exists a number € (0, 1) such
that im F(a) = 0, there exists k € (0,1) such that

nl_i)rg(pn) =0, foralln e N.

o (p,) = F(p,) = 1 (F(p,) - F(p,) ) < mple
Letting n —» oo in (28) and using (26) and (27) we
have lim =0

Then there exists a positive integer n; such that npf < 1 for
alln = 1. Consequently we show that {X»} is a Cauchy
sequence. Now for all m > n > 1 we have

[oe] [oe] 1
G(xn' xmﬂxm) SPntPryrt ot < Zi:n pi < Zi:ng
l
(31)
Ask € (0,1) , the series Z;‘leil is convergent and therefore
nE

(31),{*n} isa Cauchy sequence in X. since X is complete,

there exists x* € X such that lim x,, = x*

n—oo

Now we prove that x* is a fixed point of T by considering the
following two cases:

Case 1: If T is continuous.

We have
(Tx™, x*,x) = lim (Txy, xp, X,) = lim (Txp11, Xy, x,) =0
n—-oo n—-oo

This proves that x* is a fixed point of T.

Case 2: If F is continuous.
We consider the following two subcases:

Subcase 1: There existsny, € Nsuch that x,,,; #
Te* foralln = n,

Thatis (Tx,, Tx*,Tx*) > 0foralln > n,
It follows from
1. The sequence {¥n} is G-cauchy.
2. For everye>0, there isk€N such
that (Xn, Xm, Xm) < &, for all n,m > k for each
n € N,
T+ ((xn+1,Tx*, Tx*)) =7+ ((xn, Tx*, Tx*))
< (max{G(xp, x*,x"), G(Xp, Xp41, Xn4+1), G(x*, Tx*, Tx™)})
= (max{G (xn’ x*’ X*)’ G(xn’ xn+1' xn+1)' G(x*! Tx*! Tx*)})
If (x*, Tx*,Tx*) , then using the fact
llm G(xnlx*lx*) = llm G(xn,xn+1' xn+1) = 0
n—-oo n—oo
There exists n; € N such that for all n = n4, we have

{(xn’ x*’ x*)’ (xn; xn+1’ xn+1)’ (x*’ Tx*; Tx*)}
=G(x", Tx*, Tx")

Therefore we get
T+ ((tns1, Tx", Tx?)) < (x°, Tx", Tx*) ,Vn = {ng,n,}
(32)

Since F is continuous, taking limit asn — oo in (32), we
obtain 7+ ((xn+1,Tx*,Tx*)) < (x*,Tx*,Tx*) which is
contradiction. Therefore (x*, Tx*, Tx*) = 0 thus x* is a fixed
point of T

Subcase 2: There exists a subsequence {¥n,} of
{xn} such that xx+, = Tx" forall k € N.

Then we have x* = ,lim Xny1), = Ilim Tx* =Tx".
This shows that x* is a fixed point of T.

Combining above two cases, we get that T has a fixed point
x* in X. Now we show the uniqueness.

Letx* and y* be two fixed points of T. Suppose that x* +#
y*then Tx* # Ty”

It follows from

a) The sequence is {x,,} G-cauchy.

b) For every ¢ > 0, there is k € N such that
(% Xy X)) < €, forall n, m > k for each n
EN,

T+ F(G(x*,y*,y*)) =7+ F(G(Tx*, Ty", Ty*))

< (max{G(x*,y*, ¥, G(x*, Tx", Tx"), G(x*, Ty",Ty")})

= (max{G(x*,y*,y*), G(x*, x*, x*), G(x*, y*, y*)})

= ((x*,y*,¥")) which is contradiction.
Thus, (x*, y*,y*) =0, that x* = y~.
Also, we have seen above that

x* = lim x,, = lim (x;)
n—oo n—oo

5) Corollary 2.5
Let (X, G) be a complete G-metric space.
Let T: X — X satisfies:
1+ F (6(ToT,,T,)) < F (aG(x,3,2) + bG(, Ty, Ty) +
¢G(y.T,,T,) + dG(z,T,T,)) (33)
For all (x,y,z) € X with (T, T, T,) > 0and a, b, c >
Osuch thata+ b+ c+d < 1ifTorF is continuous, then

T has a unique fixed point x* in X and for every x, € Xthere
is a sequence {T™x,} in X that converges to x*.

Proof:
Forall (x,y,2) € X
aG(x,y,z) + bG(x, Ty, Ty) + ¢G(y, Ty, Ty)) + dG(z,T,, T,)
<(a+b+c+d max{G(x,y,z) + G(x, Ty, Ty)
+G6(y, T, T)) + G(z,T,, T,)}
< max{G(x, v,z)+G(x,T,T,) + G(y, T, Ty)
+G(z,T, T,)}
Then by F is strictly increasing. That is,
a<f=Fa)<F)foralla,p € R™.

1. The sequence {¥n} is G-cauchy.

2. For everye >0, there isk €N such
that (Xn, Xm, Xm) < €, for all n,m > k for each
n € N, isa consequence of (32)

Hence the corollary is proved.
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I1l. CONCLUSION

We conclude that this dissertation we deal about to achieve
the unique common fixed-point theorem for two pair of
weakly compatible maps in a complete metric space.
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