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Abstract— In crisp graphs, if a graph G is given then we can 

define the line graph L(G) of it.  In a similar way for a given 

fuzzy graph G, we can define a variety of line graphs with 

respect to effective edges and strong edges.  In this paper we 

define those fuzzy line graphs and we study the relationships 

among them.  Also we investigate the conditions under 

which two fuzzy line graphs are isomorphic. 
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I. INTRODUCTION 

A fuzzy graph G=(σ,μ) is a pair of functions σ: S → [0,1] 

and μ:S×S →[0,1] where for all x,y S, we have μ(x,y) ≤ 

σ(x)^σ(y). Here S is the underlying vertex set. The fuzzy 

graph H=(τ,ν) is called a fuzzy subgraph of G=(σ,μ) if 

τ(x)≤σ(x) and ν(x,y) ≤μ (x,y) for all x,y S. A path in a 

fuzzy graph G=(σ,μ) is an alternating sequence of vertices 

and edges v0e1v1e2v2 …envn where vi σ*, ei μ*,, 

ei=(vi-1,vi), i=1,2,3,…,n and all the vertices are distinct 

except v0 may be same as vn.  n is called the length of the 

path.The strength of the path is defined as  μ(vi-1,vi). In 

other words, the strength of a path is defined as the weight 

of the weakest edge of the path. If n≥3 and v0=vn then the 

path is called a cycle. A cycle is said to be a fuzzy cycle if it 

contains more than one weakest edge. Two vertices in a 

fuzzy graph that are joined by a path are said to be 

connected.We shall call a fuzzy graph, connected if every 

pair of vertices are connected. A fuzzy graph G=(σ,μ) is 

called a forest (tree) if G*=( σ*,μ*) is a forest(tree). We call 

the fuzzy G, a fuzzy forest (fuzzy tree), if it has a spanning 

fuzzy subgraph F=(σ, ν) which is a forest(tree) where for all 

edges (x,y) not in F, μ(x,y)< ν∞(x,y).A fuzzy graph is called 

complete fuzzy graph if μ(x,y)= σ(x)^σ(y), for all x,y,  it is 

called quasi complete if G* is complete. An edge (x,y) in a 

fuzzy graph is called a strong edge if μ(x,y)= µ∞(x,y) where 

µ∞(x,y)=V{μ(x,y), μ2(x,y),….} where  
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  is called the strength of connectedness 

between yx & and is defined as 
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  If 

v is a superstrong vertex of G then its strength is defined as 
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   An edge ),( yx of G, is called a strong edge 

of G if ).,(),( yxyx


    A fuzzy graph 

),( G  is called complete if 

)()(),( yxyx   for all x and y; it is called quasi-

complete if its underlying crisp graph 
*

G is a complete 

graph(in crisp sense).  A fuzzy graph is called a cycle if 
*
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is a cycle and it is called a fuzzy cycle if 
*

G is a cycle and 

there doesn’t exist a unique edge (x, y) in support of   

such that }.),/(),({),(
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graph ),( G  is called strong complete fuzzy star 

bipartite fuzzy graph if G is complete fuzzy star bipartite 

and )()(),( yxyx    for all Fyx ),(  and it 

is denoted by 
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 .   For any connected fuzzy graph 

),( G , the powers of G can be defined for some 

positive integer n as, .,.....3,2,1),,( nkG
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II. VARIOUS LINE GRAPHS OF A GIVEN FUZZY GRAPH 

A. Definition 1 

Let ),( G be a fuzzy graph. Then 

1) the line graph of G, denoted by L(G), is defined as the 

line graph of G*. 

2) the effective line graph of G, denoted by EL(G), is 

defined as the line graph of the subgraph(crisp) induced 

by the set ofall effective edges of G.  

3) the fuzzy line graph of G, denoted by FL(G), is defined 

as the line graph of the spanning subgraph(crisp) 

induced by the set of all strong edges of G.  

1) Example 1   

 
1) Proposition 1 

EL(G) is a subgraph of FL(G) and FL(G) is a subgraph 

of L(G). 

Proof  The proof is clear since every effective edge is 

strong and every strong edge has positive weight.     

2) Proposition 2 

Every strong edge of G is effective iff EL(G)  FL(G). 

Proof  Suppose every strong edge of G is effective.  

Then FL(G) is a subgraph of EL(G) and already we 

know that EL(G) is a subgraph of FL(G) and hence 

EL(G)  FL(G).  Conversely, if there is a strong edge 

(x, y) which is not effective then FL(G) has one vertex 

xy more as that of EL(G), which is impossible.   

3) Proposition 3 

Every edge of G is a strong edge iff FL(G)  L(G). 

Proof  If every edge of G is strong, L(G) is a subgraph 

of FL(G) and already FL(G) is a subgraph of L(G).  

Conversely, suppose there is an edge (x, y) which is not 

strong.  Then L(G) has one vertex xy more as that of 

FL(G), which is impossible.   
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4) Proposition 4 

Every edge of G is effective iff L(G)  EL(G) 

FL(G). 

5) Proposition 5 

If the given fuzzy graph G is connected then L(G) and 

FL(G) are connected.  But EL(G) may or may not be 

connected. 

6) Proposition 6 

 
Here &  denote the usual maximum degree 

and minimum degree respectively of G*.   Ge is the subgraph 

induced by the set of all effective edges of G and Gs is the 

spanning subgraph induced by the set of all strong edges of 

G. 

B. Definition 2 

Let ),( G be a fuzzy graph.  The fuzzy line fuzzy 

graph, deonted by FLF(G), is defined as the fuzzy graph 

whose vertices are the strong edges of G and the weights of 

them are the weights of the corresponding strong edges.  An 

edge in FLF(G) has a positive weight if the corresponding 

strong edges share a vertex in G and its weight is the 

minimum of the weights of its end vertices in FLF(G).     

1) Note 

It is clear that (FLF(G))*  FL(G). 

We know that in crisp graphs, L(K1,3) = K3 and generally 

L(K1,n) = Kn, for n greater than or equal to 2.  The analogous 

result in fuzzy graphs is as follows. 

7) Proposition 7 

33,1
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