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Abstract— This paper was mainly present comparison to 

Euler method and fourth‐order Runge Kutta Method (RK4) 

for solving initial value problems (IVP) for ordinary 

differential equations (ODE) using MATLAB. The two 

methods are quite efficient and practically well suited for 

solving this problem. To verify the accuracy, we can 

compare numerical solutions with the exact solutions using 

matlab. The numerical solutions are good agreement of the 

exact solutions. Numerical comparisons between Euler 

method and Runge Kutta method have been presented my 

MATLAB. We can compare the effort of such methods. In 

order to achieve higher accuracy in the solution, the step 

size needs to be very small. Finally we investigate and 

compute the errors of the two types of methods for different 

step sizes to examine superiority. Several numerical 

examples are given in this paper. 
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I. INTRODUCTION 

Numerical analysis is the study of algorithms that use 

numerical approximation (as opposed to general symbolic 

manipulations) for the problems of mathematical analysis. 

One of the earliest mathematical writings is a Babylonian 

tablet from the Yale Babylonian Collection (YBC 7289), 

which gives a sexagesimal numerical approximation of p2, 

the length of the diagonal in a unit square. Being able to 

compute the sides of a triangle (and hence, being able to 

compute square roots) is extremely important, for instance, 

in astronomy, carpentry and construction. Numerical 

analysis continues this long tradition of practical 

mathematical calculations. Much like the Babylonian P 

approximation of 2, modern numerical analysis does not 

seek exact answers, because exact answers are often 

impossible to obtain in practice. Instead, much of numerical 

analysis is concerned with obtaining approximate solutions 

while maintaining reasonable bounds on errors. 

 Numerical analysis naturally finds applications in 

all fields of engineering and the physical science, but in 21st 

century also the life sciences and even the arts have adopted 

elements of scientific computations. 

 Many great mathematicians of were preoccupied 

by numerical analysis, as it is obvious form the names of 

important algorithms Euler’s method, Taylor’s method. We 

are familiar to the differential equations is the one of the 

area of the numerical analysis. 

 A more robust and intricate numerical technique is 

the Runge Kutta method. This method is the most widely 

used one since it gives reliable starting values and is 

particularly suitable when the computation of higher de-

rivatives is complicated. The numerical results are very 

encouraging. Finally, two examples of different kinds of 

ordinary differential equations are given to verify the 

proposed formulae. The results of each numerical example 

indicate that the convergence and error analysis which are 

discussed illustrate the efficiency of the methods. The use of 

Euler method to solve the differential equation numerically 

is less efficient since it requires h to be small for obtaining 

reasonable accuracy. It is one of the oldest numerical 

methods used for solving an ordinary initial value 

differential equation, where the solution will be obtained as 

a set of tabulated values of variables x and y. It is a simple 

and single step but a crude numerical method of solving 

first-order ODE, particularly suitable for quick 

programming because of their great simplicity, although 

their accuracy is not high. But in Runge Kutta method, the 

derivatives of higher order are not required and they are 

designed to give greater accuracy with the advantage of 

requiring only the functional values at some selected points 

on the sub-interval. Runge Kutta method is a more general 

and improvised method as compared to that of the Euler 

method. We observe that in the Euler method excessively 

small step size converges to analytical solution. So, large 

number of computation is needed. In contrast, Runge Kutta 

method gives better results and it converges faster to 

analytical solution and has less iteration to get accuracy 

solution. 

 This paper is organized as follows: Section 2: 

problem formulations; Section 3: error analysis; Section 4: 

numerical examples; Section 5: discussion of results; and 

the last section: the conclusion of the paper. 

II. PROBLEM FORMULATION 

In this section we consider two numerical methods for 

finding the approximate solutions of the initial value 

problem (IVP) of the first-order ordinary differential 

equation has the form 

y′ = f(x, y(x)), x ∈ (x0, xn)(1) 

y(x0) = y0 

Where x0 and y0 are initial values for x and y respectively. 

 Our aim is to determine (approximately) the 

unknown function y(x) for x ≥ x0. We are told explicity the 

value of y(x0),namely y0,using the given differential 

equation we can also determine exactly the instantaneous 

rate of change of y at point x0 

y′(x0) = f(x0, y(x0)) = f(x0, y0) 

 If the rate of change of y(x) were to remain 

f(x0, y0) for all point x, then  y(x) would exactly y0 +
f(x0, y0)(x − x0). The rate of change of y(x) does not 

remain  f(x0, y0) for all x, but it is reasonable to expect that 

it remains close to f(x0, y0) for x  close to x0 , for small  

number h ,and is called the step size.The numerical solutions 
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of (1) is given by a set of points {(xn, yn): n = 0,1,2, … , n} 

and each point (xn, yn) is an approximation to the 

corresponding point (xn, y(xn)) on the solution curve. 

A. Euler Method 

Euler’s method is also called tangent line method and is the 

simplest numerical method for solving initial value problem 

in ordinary differential equation, particularly suitable for 

quick programming which was originated by Leonhard 

Euler in 1768. This method subdivided into three namely: 

 Forward Euler’s method. 

 Improved Euler’s method. 

 Backward Euler’s method. 

In this work we shall only consider forward Euler’s method. 

 Euler’s method is the most elementary 

approximation technique for solving initial-value problems. 

Although it is seldom used in practice, the simplicity of its 

derivation can be used to illustrate the techniques involved 

in the construction of some of the more advanced 

techniques. 

 Euler’s method is the simplest one-step method. It 

is basic explicit method for numerical integration of 

ordinary differential equations. Euler proposed his method 

for initial value problems (IVP) in 1768. It is first numerical 

method for solving IVP and serves to illustrate the concepts 

involved in the advanced methods. It is important to study 

because the error analysis is easier to understand. The 

general formula for Euler approximation is 

yn+1(x) = yn(x) + hf(xn, yn) , n = 0,1,2,3, … . 

B. Higher Order of Runge Kutta Method 

The Runge Kutta method is most popular because it is quite 

accurate, stable and easy to program. This method is 

distinguished by their order in the sense that they agree with 

Taylor’s series solution up to terms of hrwhere r is the order 

of the method. It do not demand prior computational of 

higher derivatives of y(x) asin Taylor’s series method. The 

fourth order Runge Kutta method (RK4) is widely used for 

solving initial value problems (IVP) for ordinary differential 

equation (ODE). 

Runge Kutta ’s Method of Order 2 

yn+1 = yn +
h

2
(k1 + k2) 

Where ,k1 = hf(x, y);k2 = hf (x +
h

2
 , y +

k1

2
) and ∆y = k2 

Runge Kutta ’s Method of Order 3 

yn+1 = yn +
h

6
(k1 + 4k2 + k3) 

Where, 

k1 = hf(x, y);k2 = hf (x +
h

2
 , y +

k1

2
);k3 = hf(x + h), y +

2k2 − k1);∆y =
1

6
[k1 + 4k2 + k3] 

Runge Kutta ’s Method of Order 4 

yn+1(x) = yn(x) +
1

6
(k1 + 2k2 + 2k3 + k4), n

= 0,1,2,3, … 

Where, 

k1 = hf(xn, yn), k2 = hf (xn +
1

2
h, yn +

1

2
k1) , k3 =

hf (xn +
1

2
h, yn +

1

2
k2),k4 = hf(xn + h, yn + k3), 

∆y =
1

6
[k1 + 2k2 + 2k3 + k4] 

y(x + h) = y(x) + ∆y. 

III. ERROR ANALYSIS 

There are two types of errors in numerical solution of 

ordinary differential equations. Round-off errors and 

Truncation errors occur when ordinary differential equations 

are solved numerically. Rounding errors originate from the 

fact that computers can only represent numbers using a fixed 

and limited number of significant figures. Thus, such 

numbers or cannot be represented exactly in computer 

memory. The discrepancy introduced by this limitation is 

call Round-off error. Truncation errors in numerical analysis 

arise when approximations are used to estimate some 

quantity. The accuracy of the solution will depend on how 

small we make the step size, h. 

A numerical method is said to be convergent if 

lim
h→0

 1≤n≤N

|y(xn) − yn| = 0. 

 Where y(x) denotes the approximate solution and 

yn denote the exact solution. In this paper we consider two 

initial value problems to verify accuracy of the proposed 

methods. The approximated solution is evaluated by using 

MATLAB software for two proposed numerical method at 

different step. 

The maximum error by 

er = max
1≤n≤steps

(|y(xn) − yn|). 

IV. MATLAB SOFTWARE 

MATLAB is widely used in all areas of applied 

mathematics, in education and research at universities, and 

in the industry. MATLAB stands for MATrixLABoratory 

and the software is built up around vectors and matrices. 

 This makes the software particularly useful for 

linear algebra but MATLAB is also a great tool for solving 

algebraic and differential equations and for numerical 

integration. 

 MATLAB has powerful graphic tools and can 

produce nice pictures in both 2D and 3D. It is also a 

programming language, and is one of the easiest 

programming languages for writing mathematical programs. 

MATLAB also has some tool boxes useful for signal 

processing, image processing, optimization, etc. 

 The tutorials are independent of the rest of the 

document. The primarily objective is to help you learn 

quickly the first steps. The emphasis here is “learning by 

doing”. Therefore, the best way to learn is by trying it 

yourself. Working through the examples will give you a feel 

for the way that MATLAB operates. In this introduction we 

will describe how MATLAB handles simple numerical 

expressions and mathematical formulas. 

 MATLAB was first adopted by researchers and 

practitioners in control engineering, Little's specialty, but 

quickly spread to many other domains. It is now also used in 

education, in particular the teaching of linear 

algebra, numerical analysis, and is popular amongst 

scientists involved in image processing. 

https://en.wikipedia.org/wiki/Control_engineering
https://en.wikipedia.org/wiki/Linear_algebra
https://en.wikipedia.org/wiki/Linear_algebra
https://en.wikipedia.org/wiki/Numerical_analysis
https://en.wikipedia.org/wiki/Image_processing
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 The techniques for solving differential equations 

based on numerical approximations were developed before 

programmable computers existed. During World War II, it 

was common to find rooms of people (usually women) 

working on mechanical calculators to numerically solve 

systems of differential equations for military calculations. 

Before programmable computers, it was also common to 

exploit analogies to electrical systems to design analog 

computers to study mechanical, thermal, or chemical 

systems. 

 First, we will review some basic concepts of 

numerical approximations and then introduce Euler's 

method, the simplest method. We will provide details on 

algorithm development using the Euler method as an 

example. Next we will discuss error approximation and 

discuss some better techniques. Finally we will use the 

algorithms that are built into the MATLAB programming 

environment. 

 Numerical methods for solving ordinary 

differential equations are discussed in many textbooks. Here 

we will discuss how to use some of them in MATLAB. In 

particular, we will examine how a reduction in the “step 

size” used by a particular algorithm reduces the error of the 

numerical solution, but only at a cost of increased 

computation time. In line with the philosophy that we are 

not emphasizing programming in this manual, MATLAB 

routines for these numerical methods are made available. 

V. NUMERICAL EXAMPLES 

In this section we consider two numerical examples to prove 

which numerical methods converge faster to analytical 

solution. Numerical results and errors are computed and the 

outcomes are represented by graphically. 

Example-1: We consider the initial value problem
2

1y y x    , 0 3.2x  , (0) 0.5y  . The exact solution of 

the given problem is given by 2
( 1) 0.5

x
y x e   The 

approximate results and maximum errors are obtained and 

shown in Tables 1(a,b) and the graphs of the numerical 

solutions are displayedin Figures 1(a,b).
 

X-Value Exact Euler Runge-2 Runge-3 Runge-4 

0 0.5000000 0.5000000 0.5000000 0.5000000 0.5000000 

0.2000000 0.8292986 0.8000000 0.8260000 0.8342000 0.8292933 

0.4000000 1.2140876 1.1520000 1.2069200 1.2259636 1.2140762 

0.6000000 1.6489406 1.5504000 1.6372424 1.6702501 1.6489220 

0.8000000 2.1272295 1.9884800 2.1102357 2.1608863 2.1272027 

1.0000000 2.6408591 2.4581759 2.6176877 2.6903121 2.6408226 

1.2000000 3.1799417 2.9498112 3.1495788 3.2492688 3.1798942 

1.4000000 3.7323999 3.4517734 3.6936862 3.8264179 3.7323401 

1.6000000 4.2834840 3.9501281 4.2350974 4.4078732 4.2834096 

1.8000000 4.8151765 4.4281540 4.7556186 4.9766288 4.8150859 

2.0000000 5.3054719 4.8657846 5.2330546 5.5118580 5.3053632 

2.2000000 5.7274933 5.2389412 5.6403265 5.9880552 5.7273636 

2.4000001 6.0484118 5.5187297 5.9443984 6.3739848 6.0482593 

2.5999999 6.2281308 5.6704755 6.1049662 6.6313934 6.2279534 

2.8000000 6.2176766 5.6525707 6.0728588 6.7134333 6.2174716 

3.0000000 5.9572315 5.4150848 5.7880878 6.5627313 5.9569969 

3.2000000 5.3737350 4.8981018 5.1774669 6.1090250 5.3734694 

Table: 1(a) Lists the numerical and Exact values of
2

(1 ) 0.5
x

y x e   for 0 3.2x  and here the values for each 𝑥 as like as 

Euler< (Exact ≈ Runge Kutta-4) < Runge Kutta-2 <  Runge Kutta-3 
X-Value          Euler          Runge-2 Runge-3     Runge-4 

0 0 0 0 0 

0.2000000 0.0292986 0.0032986 0.0049014 0.0000053 

0.4000000 0.0620877 0.0071677 0.0118759 0.0000114 

0.6000000 0.0985406 0.0116982 0.0213095 0.0000186 

0.8000000 0.1387495 0.0169938 0.0336567 0.0000269 

1.0000000 0.1826831 0.0231715 0.0494530 0.0000364 

1.2000000 0.2301303 0.0303627 0.0693273 0.0000474 

1.4000000 0.2806266 0.0387138 0.0940179 0.0000599 

1.6000000 0.3333557 0.0483866 0.1243893 0.0000743 

1.8000000 0.3870225 0.0595577 0.1614524 0.0000906 

2.0000000 0.4396875 0.0724173 0.2063859 0.0001089 

2.2000000 0.4885519 0.0871666 0.2605620 0.0001295 

2.4000001 0.5296821 0.1040133 0.3255732 0.0001525 

2.5999999 0.5576553 0.1231648 0.4032626 0.0001777 

2.8000000 0.5651059 0.1448179 0.4957567 0.0002051 

3.0000000 0.5421466 0.1691439 0.6054999 0.0002345 

3.2000000 0.4756330 0.1962679 0.7352902 0.0002654 

The Table 1 (b) shows the errors of Euler’s, Runge-Kutta high order Methods with exact method. These error values for each 

x are in the order Runge Kutta-4 < Runge Kutta-2 < Euler < Runge Kutta-3.
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Fig.1: (a),(b) 

Figure-1(a),(b) shows the function 2
(1 ) 0.5

x
y x e    on the 

interval [0, 3.2] Using MATLAB. Where red, green, 

magenta, blue, cyan colour curves denote Exact and Runge 

Kutta’s of order 2,3,4 curves respectively. The green curve 

Euler curve is below to the other curves and the magenta 

colour Runge Kutta-2 curve is above to all curves but the 

blue colour Runge Kutta-3 is in between Runge Kutta-2 and 

Runge Kutta-4. Here, The Runge Kutta 4th curve is more 

nearest to exact value. 

Example-2: 

We consider the initial value problem ,y y x  

0 3.2,x  (0) 2.y   
the exact solution of the given 

problem is given by 1
x

y x e   . The approximate results 

and maximum errors are obtained and shown in Tables 

2(a,b)and the graphs of the numerical solutions are 

displayed in Figures :2 (a,b) 

X-Value Exact Euler Runge-2 
Runge- 

3 
Runge-4 

0 2.0000000 2.0000000 2.0000000 2.0000000 2.0000000 

0.2000000 2.4214027 2.4000001 2.4200001 2.4280000 2.4214001 

0.4000000 2.8918247 2.8399999 2.8884001 2.9072239 2.8918180 

0.6000000 3.4221189 3.3280001 3.4158480 3.4491804 3.4221065 

0.8000000 4.0255408 3.8736000 4.0153346 4.0679626 4.0255208 

1.0000000 4.7182817 4.4883199 4.7027082 4.7808318 4.7182512 

1.2000000 5.5201168 5.1859841 5.4973040 5.6089253 5.5200720 

1.4000000 6.4552002 5.9831810 6.4227109 6.5781307 6.4551358 

1.6000000 7.5530324 6.8998170 7.5077071 7.7201505 7.5529428 

1.8000000 8.8496475 7.9597802 8.7874031 9.0738115 8.8495245 

2.0000000 10.3890562 9.1917362 10.3046312 10.6866608 10.3888893 

2.2000000 12.2250137 10.6300840 12.1116505 12.6169300 12.2247896 

2.4000001 14.4231768 12.3161001 14.2722130 14.9359341 14.4228773 

2.5999999 17.0637379 14.2993202 16.8640995 17.7310066 17.0633430 

2.8000000 20.2446461 16.6391850 19.9822025 21.1091080 20.2441273 

3.0000000 24.0855370 19.4070225 23.7422867 25.2012196 24.0848560 

3.2000000 28.7325306 22.6884251 28.2855892 30.1677608 28.7316437 

Table 2(a): lists the numerical and Exact values of 1
x

y x e   for 0 3.2x  and here the values for each x as like as  Euler < 

(Exact ≈ Runge Kutta-4) < Runge Kutta-2 <  Runge Kutta-3 
X-Value Euler Runge-2 Runge-3 Runge-4 

0 0 0 0 0 

0.2000000 0.0214028 0.0014028 0.0065972 0.0000028 

0.4000000 0.0518247 0.0034247 0.0153993 0.0000067 

0.6000000 0.0941188 0.0062708 0.0270615 0.0000123 

0.8000000 0.1519409 0.0102064 0.0424219 0.0000201 

1.0000000 0.2299618 0.0155737 0.0625500 0.0000307 

1.2000000 0.3341329 0.0228130 0.0888084 0.0000450 

1.4000000 0.4720192 0.0324891 0.1229306 0.0000641 

1.6000000 0.6532155 0.0453252 0.1671182 0.0000895 

1.8000000 0.8898671 0.0622447 0.2241637 0.0001230 

2.0000000 1.1973196 0.0844247 0.2976046 0.0001669 

2.2000000 1.5949298 0.1133632 0.3919170 0.0002242 

2.4000001 2.1070759 0.1509630 0.5127578 0.0002987 

2.5999999 2.7644174 0.1996377 0.6672693 0.0003952 

2.8000000 3.6054621 0.2624443 0.8644602 0.0005199 

3.0000000 4.6785154 0.3432500 1.1156828 0.0006803 

3.2000000 6.0441041 0.4469401 1.4352303 0.0008864 

Table 2(b):  shows the errors of Euler’s, Runge Kutta High order methods with exact method. These errors values for each x 

are in the order Runge Kutta-4 < Runge Kutta-2 < Runge Kutta-3 < Euler.
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Figure-2(a,b) shows the function 1
x

y x e    on the 

interval [0, 3.2]  using  MATLAB. Where red, green, 

magenta, blue, cyan colour curves denote Exact and Runge 

Kutta’s of order 2,3,4 curves respectively. The green curve 

Euler curve is below to the other curves and the magenta 

colour Taylor2 curve is above to all curves but the blue 

colour Runge Kutta-3 is in between Runge Kutta-2 and 

Runge Kutta-4. Here, The Runge Kutta-4th curve is more 

nearest to exact value. 

VI. DISCUSSION OF RESULTS 

The Runge Kutta method is of general applicability and it is 

the standard to which we compare the accuracy of the 

various other numerical methods for solving a Linear 

Ordinary Differential Equation with Initial Values. We 

already compared Euler method, Runge Kutta order2, Runge 

Kutta order3 , Runge Kutta order4 with Exact method . we 

compared among them through MATLAB program. 

VII. CONCLUSION 

The graphs that are plotted the results obtained from 

different methods using MATLAB consequently; we can see 

Runge Kutta’s 4th order Method is more accurate than 

Euler’s Method. In particular, the accuracy of solution of 

Runge Kutta’s  4th order  method is nearer to that of the 

exact solution and error is also very less for 4th  order when 

compared to lower orders and Euler Method. 

 Thus, if we want better accuracy for the solution of 

IVP, we should use higher order approximations. Thus one 

can easily adapt the MATLAB coded as needed for a 

different type of problems. 
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