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Abstract— In this paper the natural frequency and mode 

shape of the dynamic free body is analyzed by using the 

concept of eigenvalue and eigenvector of matrix by means of 

Equation of Motion (EOM). It is possible to determine 

whether the position of body is stable in its equilibrium 

position or the external force matches the natural frequency 

which tends to resonance. This paper shows how the 

eigenvalue and eigenvector notion is applied in the stability 

of vibration model which is damped and undamped in nature 

of free response. Finally, some of the examples were 

illustrated to explain the theory. 
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I. INTRODUCTION 

Any motion that repeats itself after an interval of time is 

called vibration or oscillation. The general terminology of 

“vibration” is used to describe oscillatory motion of 

mechanical and structural systems. The vibration involves the 

transfer of its potential energy to kinetic energy and vice 

versa. Vibrations are an engineering concern in these 

applications because they may Cause catastrophic failure 

(complete collapse) of the machine or structure due to 

Excessive stresses and amplitudes (resulting mainly from 

resonance). Some examples are given as follows- Failure of 

Tacoma Narrows Bridge in 1940 due to 42-mile-per-hour 

wind undergoing a resonance, Vibration of machine 

components  generate noise and Vibration  of building due to 

earthquake leads to building collapse. The main reasons of 

vibration are unbalanced centrifugal force in the system. This 

is caused of non-uniform material distribution in a rotating 

machine element. Elastic nature of the system. External 

excitation applied on the system. Winds may cause vibrations 

of certain systems such as electricity lines, telephone lines, 

etc. 

A huge amount of literature of studying vibration 

system has been devoted during last two decades. In real life 

damping and undamping vibrations observed during the 

frequency distribution and this is analyzed by many authors 

[1-3]. Some authors worked on the stability conditions of 

damped vibrations. Reviewed extensively the dynamic 

behavior of vibration system. 

Liu [9] derived a mathematical model for vibration 

of undamped system. RahmanZ [11]and Anton [3] presented 

an analytical approach to design vibrating system using 

design process. Andren L ,HakanssonL and Brant [2] 

demonstrated the dampening capacity and properties of 

vibrating system. Xu Z all [15] proposed impact dampening 

method and Pranali introduced a vibration attenuation 

technique through the implementation of passive damper. 

Waydande [14] worked on control of vibrations in boring bar. 

Amol Y.Wadghule and S.P.Deshpande [1] published a 

review of practical impact damping for vibration mitigation. 

M.H.Miguelez, L.Rubio, J.A.Loya, J.Fernandez-saez [10] 

proposed the Improvement of chatter stability in boring 

operations with passive vibration absorbers. Robert simmons 

[12] demonstrated Vibration Isolation. B.Herve, J.J.Sinou, 

H.Mahe and L.Jezequel [4] published the Analysis of squeal 

noise and mode coupling instabilities including Damping and 

Gyroscopic effects. J.Sunday, A.A.James, M.R.Odekunle, 

A.O.Adesanya [8] explained about the Solutions to free 

undamped and free damped motion problems in Mass-Spring 

Systems. De la Cruz.S.T.,Granados.A., and Deno.O. [7] 

Dynamic response of two story buildings using Spring Mass 

Models. Caughey, T.K. [5] published Classical Normal 

Modes in Damped Linear Dynamic Systems proposed 

Journal of Applied Mechanics.Clough, Ray W., and Penzien, 

Joseph [6] proposed Dynamics of Structures. V.P. Singh [13], 

published the book on Mechanical Vibrations. 

As reported in prevailing works dampening is 

important to the stability concept. But there exists no work on 

this concept. In his paper stability of damped vibrations has 

been studied extensively. Some examples were presented to 

explain the proposed theory. 

II. PARTS OF VIBRATING SYSTEM 

A Vibratory system basically consists of three elements, 

namely the mass, the spring and damper.   In a vibrating body 

there is exchange of energy from one form one from to 

another.  Energy is stored by mass in the form of kinetic 

energy (1/2(x’)2),  in the  spring in the  form of potential  

energy (1/2kx2)  and  dissipated  in the  damper  in the  form 

of heat  energy  which  opposes the  motion  of the  system. 

Energy enters the system with the application of external 

force known as excitation. The excitation disturbs the mass 

from its mean position and the mass goes up and down from 

the mean position.  The kinetic energy is converted into 

potential energy into kinetic energy.   This sequence goes on 

repeating and the system continues to vibrate.  At the same 

time damping force ‘cx’ acts on the mass and opposes its 

motion. Thus some energy is dissipated in each cycle of 

vibration due to damping.  The free vibrations die out and the 

system remains at its static equilibrium position.  A basic 

vibratory system is shown in Fig1. SYSTEM WITH 

DAMPER 

 



A Study on Stability Analysis for Damped Vibrations Model using Matrics Theory 

 (IJSRD/Vol. 6/Issue 01/2018/141) 

 

 All rights reserved by www.ijsrd.com 542 

The equation of motion of such a vibratory system 

can be written as mx” + cx’ + kx = 0, where cx’= damping 

force kx = spring force, mx”= inertia force. 

A. Damped Vibration 

Damping is the resistance offered by a body to the motion of 

a vibratory system. The resistance may be applied by a liquid 

or solid internally or externally. For example, the motion of 

the car wheels in water is resisted by the water itself, the 

wheels of car are put to some resistance/ friction because of 

road surface while moving on it. Because of this resistance 

vibrations die out over a few cycles of motion. Mass, stiffness 

and damping are the main characteristics of a vibratory 

system. Out of these three the first two are the inherent 

properties of the system. If the value of damping is small in 

mechanical systems, it will be having negligible influence on 

the natural; frequency of the system. The vibratory system 

has some energy which is dissipated during the motion. At 

the start of the vibratory motion the amplitude of vibration is 

maximum which goes on depends upon the amount of 

damping. 

B. Undamped Vibration 

When the elastic system vibrates because of inherent forces 

and no external force is include, it is called free vibration.  If 

during vibrations there is no loss of energy due to friction or 

resistance it is known as undamped vibration. Free vibrations 

which occur, but that in absence of external force are easy to 

analyse for single degree of freedom systems; that is a system 

where only one co-ordinate is required to describe the motion. 

Other motions also may occur; but they can be neglected for 

analysis. A vibratory system having mass and elasticity with 

single degree of freedom is the simplest case to analyse. For 

example, a single cylinder engine with a flywheel offers very 

simple mathematical solution and good results for practical 

purpose. 

 
Determination of natural frequencies to avoid 

resonance is essential in machine elements.  In the present 

work the development of equations of motion is discussed 

and natural frequencies of the systems are determined. The 

effects of damping on natural frequencies have been 

neglected. The methods for determining the natural frequency 

of the system are discussed and used for certain physical 

systems. 

C. Eigenvalue and Eigenvector in Damped Vibration 

This Eigen matrix is very helpful to determine the natural 

frequency and mode shape of the body so that this analysis 

helps to prevent body from the resonance which leads to 

collapse. In undamped vibration this eigenvalue and 

eigenvector is used to determine whether the body is 

undamped or not. This can be analyzed by forming equations 

of motion (EOM) which is derived from oscillating body or 

object. 

Eigenvalue= natural frequency Eigenvector= mode shape 

Damped free system with 2-DOF viscous dampers, 

if the dampers are mounted in parallel to the springs then it 

can be formed to be matrix. Consider the lumped-parameter, 

mass-spring-dashpot dynamic system shown in the Figure.  It 

has two point masses m1 and m2, which are connected by a 

spring- dashpot pair with constants k2 and c2, respectively.  

Mass m1 is linked to ground by another spring-dashpot pair 

with constants k1 and c1, respectively.  The system has two 

degrees of freedom (DOF).  These are the displacements u1 

(t) and u2 (t) of the two masses measured from their static 

equilibrium positions.  Known dynamic forces p1 (t) and p2 

(t) act on the masses.  Our goal is to formulate the equations 

of motion (EOM) and to place them in matrix form. The EOM 

are derived from the dynamic free body.   Isolate the masses 

and apply the forces acting on them.   Replace now the 

expression of motion-dependent forces in terms of the 

displacement DOF, their velocities and accelerations: 

Eigenvalue plays a very important role in finding 

stability. Prevailing results have been shown that if the 

eigenvalue of the matrix has negative eigenvalue then the 

given sysem is stable. The stability of the system is analyzed 

without solving the equation explicitly. 

Fs1 = k1u1 

Fs2 = k2(u2  − u1) 

Fd1 = c1 u1’ 

Fd2 = c2(u2’−u1’) 

FI 1 = m1u1 

FI 2 = m2u21 

The spring and dashpot that connect masses 1 and 2, 

relative displacements and velocities must be used.  

Replacing now into the force equilibrium equations 

−m1 u1” − k1 u1−c1u’+ k2 (u2 − u1) +c2 (u2’-u1’) + P1 = 0 

−m2 u2” − k2 (u2 − u1) −c2 (u2’-u1’) + P2     = 0 

Now, 

m1 u1” +c1u’+c2u1’−c2u2’+ k1 u1+ k2 u1−k2 u2= P1 

m2 u2” −c2u1’+c2u2’−k2u1+k2 u2= P2 

EOM IN MATRIX FORM 

(
m1 0
0 m2

) (u1"
u2"

) + (
C1 + C2 −C1

−C2   C2
) (u1′

u2′
) + 

(
K1 + K2 −K1

−K2 K2
) (u1

u2
) =  (P1

P2
) 

M u” + C u’ + K u = P 

And we can also use the formula 

K h: = M r−1 K M r−1 

And for damper, 

C h: = M r−1(C M r−1) 

Here M, C and  K denote  the  mass,  damping  and  

stiffness matrices,  respectively,  p, u, u and  u are the  force, 

displacement, velocity and acceleration vectors, respectively.  

The latter four are functions of time: u = u (t), etc., but the 

time argument will be often omitted for brevity. 

To find the damping ratio 

P1 := augment(u1 , u2 ),P := augment(P1 , u3 ) 

Then, ζn: = AC1, 1/2.ωn where n = 1, 2, .... 

In damped vibration to find normalized mode shapes are 

v1:= M r−1 .u1 

⇒ v1 n:= v1 / |v1 | 
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In damped  vibration  there  will be natural 

frequency,  mode shape,  damping ratio  if this  mode shape  

is greater  than  1 then  the  system  is said to be in critical 

condition  it should be more nearer  to the normalized mode 

shape, when the system tends for this kind of cyclic motion 

then system is said to be under damped vibration. 

D. Example - Damped Vibration 

Consider the proportionally damped, dynamically coupled 

system given by 

[M] = (
9 −1

−1 1
) 

[C] = (
3 −1

−1 1
) 

[K] = (
49 −2
−2 2

) 

Aim is to calculate the mode shape, natural 

frequencies and damping ratio. 

 

(
m1 0
0 m2

) (u1"
u2"

)+(
C1 + C2 −C1

−C2   C2
) (u1′

u2′
) 

+(
K1 + K2 −K1

−K2 K2
) (u1

u2
) =  (P1

P2
) 

Passing to compact notation, 

Mu" + Cu’ + Ku = P 

And we can also use the formula 
Kh := Mr-1KMr-1 

[M] = (
5.444 1.218
1.218 2.431

) 

For damper, 
Ch := Mr-1(CMr-1) 

[Ch] = (
0.333 −0.236

−0.236 0.917
) 

To find Eigenvalue: 

det(K – ω2I) = 0 

|5.444 − ω2I 1.218
1.218 2.431 − ω2I

| = 0 

1) Natural Frequency 

ω12 = 2 and ω22 = 5.875 

ω1 = 1.414 rad/sec 

ω2 = 2.424 rad/sec 

To find Eigenvector: 

u1 = eigenvector(Kh, ω12) 

(
5.444 − 2 1.218

1.218 2.431 − 2
) (u11

u12
) = 0 

[u1] = (−0.333
0.943

) 

u2 = eigenvector(Kh, ω22) 

(
5.444 − 5.875 1.218

1.218 2.431 − 5.875
) (u21

u22
) = 0 

[u2] = (0.943
0.333

) 

MODE SHAPE 

[u1] = (−0.333
0.943

) 

[u2] = (0.943
0.333

) 

P := augment(u1, u2), 

Ac := PT.Ch.P 

[AC] = (
1 0
0 0.25

) 

Then,  ζn := AC1,1 / 2.ωn where n = 1, 2, ... 

ζ1 := AC0,0/ 2.ω1, ζ1 := 0:354 

ζ2 := AC1,1/ 2.ω2, ζ2 := 0:052 

Also it may be noted that the Eigen values of the 

given system has negative real part.  Hence the given system 

is stable. This stability due to the dampening in the vibration 

system. 

III. RESULT 

From the above damped vibration problem natural frequency, 

mode shape, damping ratio has been found. Here mode shape 

is lesser than 1 then the system is said to be in under 

condition, therefore the system tends to this kind of cyclic 

motion then system is said to be under damped vibration. 

IV. CONCLUSION 

A study on damped vibration using eigenvalue and 

eigenvector is very useful to analyse the frequency level of a 

particular system.  It is very helpful to prevent body from 

collapse. But due to technological development this 

eigenvalue and eigenvector is found using MATLAB, which 

is widely applied in every industry for the analysis. Some 

interesting facts on vibrations have been shown using 

Matrices. 
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