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I. INTRODUCTION

The concept of soft sets was first introduced by Molodtsov!*®!
in 1999 as a general mathematical tool for dealing with
uncertain objects. In %1 Molodtsov successfully applied the
soft theory in several directions, such as smoothness of
functions, game theory, operations research, Riemann
integration, Perron integration, theory of measurement, and
so on. After presentation of the operations of soft sets [, the
properties and applications of soft set theory have been
studied increasingly [ 713, To develop soft set theory, the
operations of the soft sets are redefined and a uni-int decision
making method was constructed by using these new
operations. Recently, in 2011, Shabir and Naz ¥ initiated the
study of soft topological spaces. They defined basic notions
of soft topological spaces such as open soft and closed soft
sets, -soft subspace, soft closure, soft nbd of a point, soft
separation axioms, soft regular spaces, soft normal spaces and
established their several properties. Min in 9 investigates
some properties of these soft separation axioms mentioned in
(11 Banu and ' Halis in ™ studied some properties of soft
Hausdorff space. Shabir et. al 7 and D. N. Georgiou et. al [¢],
defined and studied some soft separation axioms, soft @ -
continuity and soft connectedness in soft spaces using
(ordinary) points of a topological space X. The notion of
supra soft topological spaces was initiated for the first time
by El-sheikh and Abd El-latif Bl. Recently, Kandil et al. [
introduced the concept of soft supra g-closed soft sets in supra
soft topological spaces. A. M. Abd El-latif @ investigate
strongly generalized closed set in supra soft topological
space.

The main purpose of this paper is to introduce, the
notion of supra soft gpr separation axioms. Also, we study the
properties of the supra soft gpr - regular spaces, supra soft
gpr-normal spaces and supra soft gpr - irresolute open
functions.

Il. PRELIMINARIES

Let X be an initial universe set and E be a collection of all
possible parameters with respect to X, where parameters are
the characteristics or properties of objects in X. Let P (X)
denote the power set of X, and let Ac E.

A. Definition [2.1]™

A pair (F, A) is called a soft set over X, where F is a mapping
given by F: A — P (X). In other words, a soft set over X is a
parameterized family of subsets of the universe X. For a
particular e € A. F () may be considered the set of e-
approximate elements of the soft set (F, A).

B. Definition [2.2]%!

Two soft sets (F, A) and (G, B) over a common universe X is
said to be soft equal if (F, A) is a soft subset (G, B) and (G,
B) is a soft subset of (F, A).

C. Definition [2.3]1

For two soft sets (F, A) and (G, B) over a common universe
X, union of two soft sets of (F, A) and (G, B) is the soft set
(H,C),where C=A u B,and Ve € C,

F(e) Jifee A-B
H(e) = {G(e) JfeeB-A
[F(B)UG(e) Jifee AnB

We write (F, A) v (G,B)=(H, C)

D. Definition [2.4]™1

Let p be the collection of soft sets over X, and then p is called
a soft topology on X if p satisfies the following axioms:

- ¢, Xbelong to .

—  The union of any number of soft sets in u belongs to L.
— The intersection of any two soft sets in 1 belongs to p.

The triplet (X, Y, E) is called a soft topological space
over W. Let (X, W, E) be a soft space over X, then the members
of u are said to be soft open sets in X.

E. Definition [2.5]1

The intersection (H, C) of two soft sets (F, A) and (G, B) over
a common universe X denoted (F, A) n (G,B) is defined as
C=A n B andH(e) =F(e) n G(e) forallee C.

F. Definition [2.6]1
Let p be the collection of supra soft sets over a universe X

with a fixed set of parameters E, then W is said to be a supra
soft topology on X if
- o, Xe M
—  The union of any number of supra soft sets in p belongs
to .

The triplet (X, y, E) is called a supra soft topological
space.

Every member of [ is called a supra soft open set. A
supra soft set (F, E) is called supra soft closed in X if (F, E)

Ce # .

G. Definition [2.7]1*]

Let (X, W, E) be a supra soft topological space and (F, E) be a

supra soft set over X.

— The supra soft closure of (F, E) is the supra soft set (F,
E)* = n {(G, E): (G, E) is supra soft closed and (F, E)
c (G, E).

—  The supra soft interior of (F, E) is the supra soft set (F,
E) °S= u {(H, E): (H, E) is supra soft open and (H, E)
< (F, E).
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Clearly, (F, E)*® is the smallest supra soft closed set
over X which contains (F, E) and (F, E) ©S is the largest supra
soft open set over X which is contained in (F, E).

H. Definition [2.8] [*°1

Let (X, WY, E) be a supra soft topological space. A supra soft
set (F, E) is called supra soft pre-open set in X if (F, E) <
((F, E)®)°S. The relative complement of a supra soft pre-open
set is called a supra soft pre -closed set.

I. Definition [2.9]1*%1

Let (X, 4, E) be a supra soft topological space over X. A supra
soft set (F, E) is called a supra soft generalized pre-regular
closed set (supra soft gpr-closed) in X if (F, E)** < (G, E)
whenever (F, E) < (G, E) and (G, E) is supra soft —regular-
open in X.

J. Remark [2.10] @

Let S(X) and S(Y) be families of soft sets. For the soft
function fpu: S(X) — S(Y), the soft function f,, is called
surjective if p and u are surjective, also it is said to be injective
if p and u are injective. Then for each F, F1, F2, € S(X) and
for each G, G1, G2 € S(Y) the following statements hold,

—_ fp?(Gc):(fp:}G)c'

¢ (14oy <o 1T fouis surjective, then the equality holds.

— Fe (1, (F) If fou is injective, then the equality holds.
- X)) e Y- If fou is surjective, then the equality holds.
- tlm=x and £ (p) =

- If ¢ ¢, then fo(F)e f,(F,)-

- e co, then e 1@,

126,06, = 126U 1,26, 3 (6 e - 1) A TGy

fLUF UF,) = f,A(F) U fp’ul(Fz)and AR UR,) = fA(F)U TNF,)
If fou is injective, then the equality holds.

I1l. SUPRA SOFT GPR- SEPARATION AXIOMS

In this section, we introduce and investigate some weak supra
soft separation axioms by using the notion of supra soft gpr-
open sets, which is a generalization of the supra soft
separation axioms.

A. Definition 3.1

Let (X, M, E) be a supra soft topological space and . be an
associated supra soft topology with X. Let x,y € X such that
X # y. Then, (X, W, E) is called
Supra soft gpr-To-space, if there exists a supra soft gpr -
open set (F, E) containing one of the points X, y but not
the other.

— Supra soft gpr-Ti-space, if there exist supra soft gpr -
open sets (F,E) and (G,E) such that x € (F, E),y ¢
(F.E)andy € (G,E), x¢ (G,E).

— Supra soft gpr-Hausdorff space (Supra soft- gpr-T) if
there exist a supra soft gpr -open sets (F,E) and (G,E)
suchthatx € (F.E)y € (G,E)and (F,.E) N (G,E) =@.

B. Proposition 3.2

Let (X, W, E) be a supra soft topological space and x,y € X
such that x = y. If there exist supra soft gpr -open sets (F,E)
and (G,E) such that either xe (F,E) and ye (F,E)® or ye

(G,E) and x € (G,E)°. Then, (X, W, E) is supra soft- gpr-To-
space.

1) Proof

Let x, y € X such that x= y. Let (F,E) and (G,E) be supra
soft gpr- open sets, such that either xe (F,E)andy e (F,E)°
ory e (GE)and x € (G,E)°. If xe (FE)andy e (F,E) ¢,
then,y e (F(e))¢, foreache e E. Thisimpliesthat,y ¢ F(e)
foreache € E. Therefore,y ¢ (F,E). Similarly, ify € (G,E)
and x € (G,E)¢, then x¢ (G,E). Hence, (X, u ,E) is supra
soft gpr-To-space.

C. Proposition 3.3

Let (X, W, E) be a supra soft topological space and x,y € X
such that x= y. If there exist supra soft gpr-open sets (F,E)
and (G,E) suchthatx € (F,E)andy € (F,E)*and y € (G,
E)and x € (G,E) Then (X, W, E) is supra soft gpr -T1-space.
1) Proof

It is similar to the proof of Proposition 3.2.

D. Proposition 3.4

— Every supra soft gpr-Ti-space is a supra soft gpr- To-
space.

— Every supra soft gpr-Tz-space is a supra soft gpr -Ti-
space.

1) Proof

— Let(Y, W, E) is a supra soft gpr- T1-space, and X,y € X,
such that x # y. So there exist supra soft- open sets (F,E)
and (G,E) such that xe (F,E)andy ¢ (F,E) and ye
(G,E) and x¢ (G,E). Obviously, then we have xe (G,E)
andy ¢ (G,E)orye (F,E)andx¢ (F,E). Hence (X, W,
E) is supra soft gpr- To - space.

— If (Y, W, E) is a supra soft gpr-T2-space, then for x, y e
X, X #y, there exist supra soft- open sets (F, E) and (G,
E) such that xe (F, E), ye (G,E)and (F, E)n (G, E)=
@.Since (F,.E)n (G,E) =0, x¢ G,y € F. Thus it follows
that, (X, W, E) is a supra soft gpr -T1-space.

The converse of the above theorem is not true.

E. Example 3.5

Let X={a, b}, E={es,e2}, and p ={d, X, (F1,E), (F2,E), (Fs,
E)}, where (FLE), (F2,E), (F3,E) are supra soft sets over X
defined as follows:
Fi(er) ={a}, Fu(e2)={X}, Fa(e1) ={a}, Fz(e2)={b}, Fs(e1)
={X}, Fs(e2)={b}

—  LetX={a, b}, E={e1,e2}and u={X,3,(FLE)}, where
(F41, E) is supra soft set over X defined as follows by
Fi(e1) ={a}, Fi(e2)={X}. Then, p defines a soft supra
topology on X. Also (X, W, E) is supra soft gpr- To-space.
But not a supra soft gpr-Ti-space, since a, be X,a »b,
but all the open supra soft sets which contain a, also
contain b.

— LetX={a b} E={er, eand u={9, X, (FiE)...... (Fs,
E)} where(F1,E), (F2,E), (F3,E) are supra soft sets over X
defined as follows:

Fi(er) ={a}, Fu(e2)={X}.Fa(e1) ={a} ,Fa(e2)={b}Fs(e1)
={x}, Fa(e2)={b}.
Then, u defines a soft supra topology on X. Also,

(X, Y, E) is supra soft gpr-Ti-space, but it is not a supra soft

gpr-To-space, for a, b € X and, a=b but there is no supra

soft gpr-open sets F and G suchthata € (F,E),be (G,E)and

(F,E)n (G,E)=¢.
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F. Theorem 3.6

Let (X, W, E) be a supra soft topological space. If xg is supra
soft gpr - closed set in y, for each x € X, then (X, Y, E) is
supra soft gpr -T1-space.

1) Proof

Let x e X and xe be supra soft gpr-closed set in p, then, xg°
is supra soft gpr- open setin . Let X,y € X such that x #
y. For x e X and xg° is supra soft gpr -open set, such that x
¢ xe®and ye xe Similarly ye© is supra soft gpr- open set in
psuchthat ye ye®and x e ye Thus, (X, W, E) is supra soft
gpr -T1-space over X.

G. Theorem 3.7

If every point x of X is a supra soft gpr-closed, then X is a
supra soft gpr -T1-space.

1) Proof

Let x and y be two distinct points of X and by hypothesis x
and y are supra soft gpr -closed. Then x° and y* are supra soft
gpr-open set, suchthatye x°%y ¢ xandx € y, x ¢ y.Hence
the supra soft topological space X is a supra soft gpr -Ti.
space.

H. Theorem 3.8

Let (X, W, E) be a supra soft topological space over X. If every
supra soft point of a soft supra topological space (X, |, E) is
a supra soft gpr-closed set, then (X, W, E) is a supra soft gpr-
To-space.

1) Proof

Let X € X be a supra soft point which is a supra soft gpr-
closed set then x® € X is a supra soft gpr-open set. Then for
distinct supra soft points x, y we have x¢, y° are supra soft gpr-
open sets such thatye x®and y¢ x, xe y®and x¢ .

I. Theorem 3.9

Let (X, W, E) be a supra soft topological space over X and Y
< X. If (X 4, E) is a supra soft gpr -To-space, then (Y, W, E)
is a supra soft gpr-To-space.

1) Proof

Letx,ye Y clearly x# y. Then X, ye X. Since (X, 4, E) isa
supra soft gpr -T»-space, therefore there exist, supra soft gpr-
open sets (F,E), (G,E) such that x € (F,E), ye (G,E) and
(F.E)n (GE)=8.Thusx € Yn (FE)=(Fv ,E),ye Xn
(G,E)= (Gy, E) and (Fv ,E) n (Gy, E) = @. This proves that
(Y, W, E) is a supra soft gpr-To-space.

J. Theorem 3.10

Let (X, Y, E) be a supra soft topological space over X. If (X,
Y, E) is a supra soft gpr -T»-space and for any X, y € X such
that x# y, then there exist supra soft gpr -closed sets (F,E)
and (G,E) such that x € (F,E),y¢ (F,E),and x¢ (G,E),y
€ (G,E) and (F.E) U (G,E) = X.

1) Proof

Since (X, W, E) isa suprasoft gpr-T.-spaceand X,y € X such
that x# y, there exist supra soft gpr-open sets (F1,E) and
(G1,E) such that x e (F1,E), ye (G1,E) and (F1, E) » (G1,E)
= @. Clearly (F1,E) ¢ (G1,E)¢ and (G1,E) < (F1,E). Hence
xe (Gy,E)°. Put (G1,E)*= (F,E). This gives x € (F,E)andy
g (F.E). Alsoy € (FLE)¢. Put (F1,E) = (G,E). Therefore x
¢ (G,E) and y € (G,E). Moreover (F.E)u (G,E) = (G1,E) ¢
v (FLE) = X.

K. Definition 3.11

Let (X, Y, E) be a supra soft topological space over X, (G,E)
be a supra soft closed set in (X, W, E) and xe X such that x
(G,E). If there exist supra soft open sets (F1,E)and (F2,E) such
that xe (FLE), (G,E)c (F2E) and (FLE)~ (F2,E) = @, then
(X, W,E) is called a supra soft gpr- regular space.

L. Theorem 3.12

Let (X, W, E) be a supra soft gpr- regular space over X. Then
every supra soft subspace of (X,4,E) is supra soft gpr- regular.
1) Proof

Let (Y, WY, E) be a supra soft subspace of a supra soft -regular
space (X, W, E). Suppose (F,E) is a supra soft closed set in (Y,
K, E) and x € Y suchthat x ¢ (F,E). Then (F,E) = (G,E)
N (Y,E) where (G,E) is a supra soft closed set in (X, Y, E) .
Then x € (G,E). Since (X, Y, E) is supra soft gpr- regular,
there exist supra soft disjoint open sets Fix, and Fax in (X, W,
E) suchthatx € (Fy,E), (G,E)C (F2E). Clearly xe (F1,E) n

Y =Fyand F=(F2 ,E)» Y =Fy suchthatFy ~n Fy=@. This
proves that (Y, W, E) is a supra soft gpr regular subspace of
X, W, E).

M. Definition 3.13

Let (X, Y, E) be a supra soft topological space over X. Then

(X, W, E) is said to be a supra soft gpr -Ts-space, if it is a supra
soft gpr- regular and a supra soft gpr -T1-space.

N. Remark 3.14

— A supra soft gpr -Ts-space may not be a supra soft gpr -
To-space.

— If (X, 4, E) is a supra soft gpr-Ts-space, then(X,pe) may
not be a supra soft gpr-Ts-space, for each parameter e
E.

O. Definition 3.15

Let (X, W, E) be a supra soft topological space. (F,E) and (G,
E) be supra soft gpr- closed sets in X. such that (F,E) ~ (G,E)
= @. If there exist supra soft gpr- open sets (F1,E) and (F2, E)
such that (FE)Q (F, ,E), (G,E)g (F,,E) and (FLE)n (F,,E) =g
then (X, W, E) is called a supra soft- gpr -normal space.

P. Definition 3.16

Let (X, W, E) be a supra soft topological space over X. Then
(X, W, E) is said to be a supra soft gpr -Ts-space, if it is a supra
soft gpr- normal and a supra soft gpr- T1-space.

Q. Theorem 3.17

A supra soft gpr- closed subspace (X, ,E) of a supra soft gpr-
normal space (Y, W, E) is supra soft-gpr- normal.
1) Proof
Let (Gi1, E) and (G2,E) be supra soft gpr - closed sets in X
such that (G1, E)~ (G, E)=¢ - Then (G1E) =Y (¢, e) and
G,.E)=Y ~ (F,,E) Tor some supra soft gpr- closed sets (F1, E)
and (F»,E) in X. Since Y is a supra soft gpr- closed subset of
X. Then (G1,E) and (G2,E) are supra soft gpr- closed sets in
X such that (G1E)~ (c,.ey =¢ - Hence by supra soft gpr
normality, there exist supra soft gpr- open sets (H1, E) and (Hz,
E) suchthat &) (n,.€)+(6..6) < (H,. 88Nk, By (H,.E) = -
Since (G1,E),(G2,E)c Y then(leE);Y AHLE) and

(G,.E)Y n(H,.E)[Y n (H,.E)]A[Y A (H,.E)]= g WhETEY ~ (1. E)
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and vy ~ (H,, E) are supra soft gpr- open sets in X. Therefore,
(X, W, E) is supra soft gpr- normal space.

IVV. SUPRA SOFT GPR -IRRESOLUTE FUNCTIONS

A. Definition 4.1

Let (X,.,, E) and (Y, ,, K) be soft supra topological spaces,

M1 and Y. be associated supra soft topologies with ; and .,

respectively. The supra soft function fp.: Se(X) — Sk(Y) is

called

— Supra soft gpr -open set, if the image of each supra soft
gpr-open set in X is supra soft gpr- openin Y.

— Supra soft gpr-irresolute, if the inverse image of supra
soft gpr-open set in X is supra soft gpr- openin Y.

—  Suprasoft gpr -irresolute open, if the image of each supra
soft gpr -open set in X is supra soft gpr- closed in Y.

B. Theorem 4.2

Let (X, -, E) and (Y, -, K) be soft supra topological spaces,

M1 and . be associated supra soft topologies with ; and -

respectively and fou : Se(X)—Sk(Y) be a supra soft function

which is bijective and supra soft gpr -irresolute open set. If

(X, ¢, E) is supra soft gpr -To- space, then (Y, ; , K) isalso

a supra soft gpr -To- space.

1) Proof

Let 'y .y, ey such thaty -y . Since fy is surjective, then

there exist x  x, e x such that u(xs) = y1, U(x2) = yand x . x,
. By hypothesis, there exist supra soft gpr - open sets (F,E)
and (G,E) in X such that, either x < (r,g) andx, ¢ (r ), OF
X, € (G,E) and X, & (G,E) - So, either X, € Fe (€) and x, & F.(e)
, OF x cG_(e), @Nd x ¢G_(e), for each e € E. This implies
that, either y,= u(x,) € u[F, (e)] and y, =u(x,) e u[F, ()] OF
Y, =u(x,) eu[G (e)] and y, = u(x,) « u[G, (e)] for each e
e E. Hence, either  _ fPU(F’E)a\nd y, e f, (F,E) OF

Y, < £,,(G.E) and , f,,(G.E)" Since fou is supra soft gpr -
irresolute open function, then fy, (F,E) and fyu (G,E) are supra
soft gpr -open sets in Y. Hence, (Y, 7, ,K) is also a supra soft
gpr -To-space.

C. Theorem 4.3

Let (X, -, E)and (Y, -, K) be soft supra topological spaces,
M1 and W be associated supra soft topologies with ; and .,

respectively. Let fpu: Se(X)—Sk(Y) be a supra soft function
which is bijective and supra soft gpr -irresolute open set. If
(X, ¢, , E) is supra soft gpr -T:1-space, then (Y, . , K) isalso
a supra soft gpr -T1-space.

1) Proof

It is similar to the proof of theorem 4.2.

D. Theorem4.4

Let (X, -,, E)and (Y, -, K) be soft supra topological spaces,
M1 and W be associated supra soft topologies with ; and .,

respectively. Let fou: Se(X)—Sk(Y) be a supra soft function
which is bijective and supra soft gpr -irresolute open set. If
(X, ¢, E) is supra soft gpr -T2-space, then (Y, ,K) isalso
a supra soft gpr -T,-space.

1) Proof

Let y,,y, €Y such thaty, =# y,. Since fy is surjective,
then there exist  ,x, < x such that u(x:) = yi, u(xz) = y2and
x, = x,- BY hypothesis, there exist supra soft gpr - open sets
(F,E) and (G,E) in X such that, either x < (r,E).x, € (G,E)
and (r.E)r (G.E) = g, -

S0 @ xec.@ AN Fno.@=-, fOr each
ece. Thisimplies that, y —u(x) < utF. @1+ y,=u(x,) culG, (@)
for each c..e. Hence y f,(F.E) y, e f,(G.E) and
f,(F.E)n £, (G.E)=f, [(F.E)n(G.E)= fpu[(pE]=(pKfrom theorem
2.12. Since fyy is supra soft gpr - irresolute open function, then
fou (F, E) and fou (G, E) are supra soft gpr -open sets in Y.
Hence, (Y, ;,, K) is also a supra soft gpr -T.-space.

E. Theorem 4.5

Let (X, ;,, E)and (Y, .,, K) be soft supra topological spaces,
M1 and . be associated supra soft topologies with ; and -
respectively. Let fou: Se(X)—Sk(Y) be a supra soft function
which is bijective and supra soft gpr -irresolute open set. If
(X, ¢, , E) is supra soft gpr -regular-space, then (Y, ; , K) is
also a supra soft gpr -regular-space.

1) Proof

Let (G, K) be a supra soft gpr -closed setin Y andy € Y such
thaty - (s, E). Since fu is surjective and supra soft gpr-
irresolute, then 34 x suchthat u(x) = y and f.1(G,E) is
supra soft gpr -closed set in X such that . f.4G,E)- BY
hypothesis, there exist supra soft open-sets (F, E) and (H, E)
in X such thaty < (F,E)
(F,E)n (H,E) =g, . It follows that,  c F_(e) foreachee E
and (G k)= f L [f.(G.K)]c f, (H,E) from Theorem 2.12.

f,2(G,E) < (H,E) and

SO, y=u(x)eu[F.(e)] for each eeE and
(G.K) < f,,(H,E). Hence, , f,(F,E) and g f,,(H,E) and
f (F.E)A £, (H,E)= f [(F.E)n(H,E)]=f, lp.]=0, from
Theorem 2.12. Since fy, is supra soft gpr -irresolute open
function. Then, ¢ (¢ g), f,,(H,E) aresupra soft gpr —open-
sets in Y. Thus, (Y,,, K) is also a supra soft gpr -regular
space.

F. Theorem 4.6

Let (X, ;,, E) and (Y, 7,,K) be soft supra topological spaces,
M1 and . be associated supra soft topologies with ; and -,

respectively. Let fou: Se(X)—Sk(Y) be a supra soft function
which is bijective and supra soft gpr -irresolute open set. If
(X, ¢,, E) is supra soft gpr -normal-space, then (Y,  ,K) is
also a supra soft gpr -normal-space.

1) Proof

Let (F,E), (G,E) be supra soft gpr -closed sets in Y such that
(F,E)n (G, E) = ¢. Since fpy is supra soft gpr -irresolute , then

f.i(F,E) and f,1(c,E) aresupra soft gpr -closed set in X
such that f '(F.E)n 1,/(6.E) = 1,/[(F.E)n (G.E) = f,[p 1= o,

from Theorem 2.12. By hypothesis, there exist supra soft gpr-
open soft sets (K,E) and (H,E) in X such that
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fA(F.E)c K, f,0(G.E)c (H,E)ad (FE)yn(H.E)=p
follows that, (F,E) = fLlf (F.EDlc f  (K,E),
(G,E)=f,[f,}(G,E)lc f,(H, E) from Theorem 2.12 and

fL0GE) AT (HE) = fIKE) N (HLE) = £ loc]= 0, from

Theorem 2.12. Since fou is supra soft gpr -irresolute open
function. Then, ¢ (k k) t (u, ) are supra soft gpr -open
pu 1 ' T pu ’

sets in Y. Thus, (Y,.,, K) is also a supra soft gpr -normal
space.
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