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Abstract— Thesis is based on fracture mechanics, where the 

behavior of linear elastic fracture mechanics (LEFM) is 

taking into account. The general theory of LEFM, criteria and 

models for simulate the crack trajectory due to crack 

propagation and lifetime estimation due to cyclic loading is 

described. For this purpose some of the fracture tool 

conducted of Dr. G.R Irwin is taking into account. The Thesis 

start with determining crack behavior due to propagation and 

lifetime estimation. Numerical solutions is conducted in 

MATLAB, and a process of programming to obtain generals 

numerical solutions for crack trajectories is accomplished. In 

order to verify the numerical solutions from MATLAB, 

experimental results is taking into account for benchmarking. 
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I. INTRODUCTION 

In mechanics, a structure can be defined as a combination of 

parts or materials which are intended to support a set of loads. 

Structural Design is the process of selecting materials and 

parts, their size and configuration, such that they provide 

adequate stability, strength and rigidity for the structure. In 

modern engineering, there is a need to find the best possible 

solution for an engineering problem. This is both for 

commercial reasons and from a government and societal push 

for designs that are energy efficient and have a small carbon 

footprint. Consequently, engineers are required to design 

lightweight, low-cost and high-performance structures. The 

main task of Structural Optimization is to achieve the best 

possible configuration of materials that can support service 

loads. However, in the growing multidisciplinary field of 

optimization, there is an increasing demand to find the best 

solution to a structure which can meet all the 

multidisciplinary requirements imposed by functionality and 

manufacturing (Wang 2003). 

Traditionally, the process of structural design was 

based on sequential trial and error, gradually improving the 

existing designs. However, today’s competitive industrial 

market requires high quality products with reduced time and 

cost of design and manufacturing. This requires the use of 

scientific methods during the process of design and 

manufacturing. The availability of high speed computers in 

recent decades and the development of numerical methods in 

engineering have been significant drivers to transfer the 

mostly academic based field of structural optimization into 

the current stage of practical implementation in the industry. 

Currently, many industries benefit from different aspects of 

structural optimization. It has been employed in mechanical, 

aerospace, civil, off-shore and many other fields of 

engineering (Iyengar & Jagadish 2005). 

 
Fig. 1: An oil tanker that fractured in a brittle manner by 

crack propagation around its girth (Callister 1997, 4e) (This 

material is reproduced with permission of John Wiley & 

Sons, Inc.) 

II. MECHANICAL FAILURE 

The usual causes of mechanical failure in the component or 

system are: 

 Misuse or abuse 

 Assembly errors 

 Manufacturing defects 

 Improper or inadequate  maintenance 

 Design errors or design deficiencies 

 Improper material or poor selection of   materials 

 Improper heat treatments 

 Unforeseen operating conditions 

 Inadequate quality assurance 

 Inadequate environmental protection/control 

 Casting discontinuities. 

The design of a component or structure often asks to 

minimize the possibility of failure. The failure of metals is a 

complex subject which can only be dealt with fracture or 

other relevant phenomenon. Therefore, it is important to 

understand the different types of mechanical failure i.e. 

fracture, fatigue, creep, corrosion, wear etc 

III. TYPES OF FAILURE 

 Failure by fracture due to static overload, the fracture 

being either brittle or ductile. 

 Buckling in columns due to compressive overloading. 

 Yield under static loading which then leads to 

misalignment or overloading on other components. 

 Failure due to impact loading or thermal   shock. 

 Failure by fatigue fracture. 

 Creep failure due to low strain rate at high    temperature. 

 Failure due to the combined effects of stress and   

corrosion. 

 Failure due to excessive wear. 
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Fig. 2: Ductile fracture of aluminum and steel after tensile 

testing 

IV. FRACTURE MECHANIC 

In general two forms of failure in solids exist, permanent 

(plastic) deformation and breakage, the classical failure 

theory describe failure of a structure due to the relation 

between applied stress and yield or tensile strength, Figure 

3(a). 

 
Fig. 3: (a) Relation of Classical failure theory, (b) Relation 

of Fracture mechanics 

For the fracture mechanics three important variables 

are pronounced, a combination between the applied stress, 

flaw size and the fracture toughness that replace the strength 

determine whether or not the structure leads to failure. Figure 

3(b). 

It is seen that the energy release rate for constant load 

and constant displacement is the same. But when looking at 

driving force the constant displacement gives a negative 

value and the constant load is positive. A schematic graph for 

the driving force for constant load and displacement. 

 
Fig. 4: Schematic graph of R-curve with corresponding 

driving force curves for constant load and displacement 

V. STATIC LOAD CRACK TIP CONDITION 

The condition that is taking place due to crack propagation 

for a static load relation is described in this section. From an 

energy point of view the theory from Griffith and Irwin is 

explained, from this the variation of stresses due to a crack-

tip is described. The J-integral is introduced to determine this 

variation of stresses and is fundamental for the numerical 

analysis. In order to ensure the behavior of LEFM due to 

plasticity, corrections is taking into account and the 

circumstance of plane stress and strain is described. 

VI. GRIFFITH THEORY 

During fracture two new surfaces are created and the total 

energy of the system are either decreased or remain constant 

due to the loads that affects the system. Griffith advance an 

energy balance between the potential energy and work 

required to form a crack. Where an incremental increase in 

crack area under equilibrium condition are given by, 

 
This relation can be showed by a cracked plate, see 

Figure 5 subjected for an increase in crack area 𝑑a due to 

crack increment 𝑑a, and create two new surfaces. 

 
Fig. 5: Through crack subjected for increase in crack area 

E = Total Energy 

Ep = Potential energy from internal strain and 

external force 

Ws = Work required to create two new surfaces 

dA = Increase in the crack area 

VII. DIRECTION FOR CRACK PROPAGATION 

Determination of the direction of crack propagation in mixed-

mode loading where an opening and in-plan shear mode occur 

have been performed by Erdogan and Sih . Where it is assumed 

that the crack propagate in a direction equal to the maximum 

tangential stresses 𝜎𝜃 and the shear stress equal to zero. 

Erdogan and Sih showed the followed relationship: 

 
The relationship of Erdogan and Sih is called 

Maximum tangential stress (MTS). 

Three different criteria for mix-mode is considered 

for material that is isotropic and homogeneous and the value 

of mode I always obtain positive value, 𝐾𝐾𝐼𝐼 > 0, that no 

crack propagation occur when a load of compression is 

considered. 

A. Tanaka’s criteria 

 

B. Richard’s criteria 

 
Where:  𝛼𝛼 = 1.155 

C. Irwin’s criteria 

 
From the three criteria it is seen that when Kɪɪ = 0, the equivalent 

stress intensity factor Keq =Kɪ 

Kɪ, Kɪɪ, Kɪɪɪ are stress intensity factor for three mode 

of loading. 

VIII. NUMERICAL ANALYSIS USING XFEM 

Numerical analysis of crack propagation is carried out in 

MATLAB, where a code have been programmed in 

MATLAB, determining the trajectories of the crack and 

calculating the number of cycles during a load series of 

constant amplitude load. In Figure a schematic flowchart 

diagram for the code is showed. 
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Fig. 6: Flowchart of BESO Algorithm 

The ESO/BESO algorithms have the advantage of 

achieving high quality solutions with a good computational 

efficiency. Also, the optimization algorithms are easy to 

understand and implement. 

In order to verify the code described above with 

respect to the crack trajectories two experimental analyses is 

benchmarked with the result from the code. The mix-mode 

criteria is compared and the plastic zone size is evaluated in 

order to ensure that LEFM behavior is obtained. 

The extended finite element method (X-FEM) is an 

extension of the classical FEM that was developed to 

represent discontinuities, such as cracks and material-void 

interfaces, inside finite elements. X-FEM can be employed in 

topology optimization problems to handle the material-void 

discontinuity introduced by the evolving boundary during the 

optimization process which potentially enables a sub-element 

boundary representation. The results confirm a significant 

improvement in boundary representation of the solutions 

when compared against BESO, and also demonstrate the 

feasibility of the application of the proposed method to 

complex real-life structures and to different objectives. 

 
Fig. 7: X-FEM model of a crack. 

 
Fig. 8: X-FEM representations of solid/void interfaces 

IX. RESULTS & DISCUSSION 

The aim of this research was to develop a reliable and 

efficient topology optimization algorithm which doesn’t have 

the limitations of conventional FE based methods in 

representing design boundary. 

The crack trajectories from experimental and 

numerical results are almost identical and the two criteria of 

Richard, and Erdogan and Sih shows identical behavior, and 

from this the maximum tangential stress criteria of Erdogan 

and Sih is used for further analysis. The analysis of mix- 

mode criteria showed almost no difference, so for further 

numerical analysis the criteria of Tanaka is chosen to 

determine the equivalent stress intensity factor. 

X. CONCLUSION 

The main focus of this Thesis was to create a numerical tool 

conducted in MATLAB to simulate the trajectories of a crack 

and estimate the lifetime due to cyclic loading of a structure. 

A. Trajectories 

A study of the mesh configuration is conducted and the most 

optimal mesh for near crack-tip mesh and global mesh is 

obtained. The near crack-tip mesh is made from singular 

elements and with 4 layers of quadric elements. The global 

mesh consist of quadric elements with a corresponding size 

to the high of the crack, where followed relation is 

recommended, Mesh- size = 0,8*ℎ . 

The contours of the interaction integral is analyzed, 

in order to obtain the most accurate results followed numbers 

of contours is chosen: 3, 4 and 5. 

The code is compared to an experimental analysis, 

and it is seen that the trajectories is almost identical, the 

criteria of maximum tangential stress from Erdogan and Sih 

is used for further analyses. The code is a powerful tool in 

order to obtain the crack trajectories from a numerical 

perspective. 

 
Fig. 9: The crack trajectory of the plate 

 
Fig. 10: Radius of plastic zone from criteria of Irwin, and 

corresponding max value from monotonic loading 

It is seen that the plastic zone radius from Irwin do 

not exceeds the max radius from monotonic loading that is a 

conservative approximation due to the fact the max radius for 

cyclic loading is ry ≤ 4. 
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Fig. 11: Crack trajectories for a specimen with and without 

holes 

Difference between the numerical crack trajectories 

for a specimen with and without holes is showed in fig 11, 

and with the experimental results for comparison. 

The hole in the middle affect the original trajectories 

by the Poisson effect, where stress concentrations around the 

hole produce shear stresses, and due to the MTS criterion , 

the crack direction is affected by shear stresses. 

Comparison of numerical and experimental results 

is showed in Figure 12. The two criterion for numerical 

analysis MTS and Richard (RICH) practically follows the 

crack trajectories from experimental results. 

 
Fig. 12: Experimental and two numerical crack trajectories 

for specimen with holes 

 
Fig. 13: Three criteria of equivalent stress intensity factor 

with varying k11/k1 

Tanaka is the most conservative in the area Kɪɪ/Kɪ< 

±0.5, when Kɪɪ/Kɪ> ±1 it become non- conservative, Richard 

and Irwin variety similar but with a steeper slope for Richard. 

The criterion from Richard and MTS of crack direction and 

the mix-mode criteria is taken into account in the numerical 

analysis. 

The MATLAB code is compared to an experimental 

analysis, and it is seen that the trajectories is almost identical, 

the criteria of maximum tangential stress from Erdogan and 

Sih is used for further analyses. The MATLAB code is a 

powerful tool in order to obtain the crack trajectories from a 

numerical perspective. 

The Mix-mode criteria showed almost identical 

behavior, and from this the criteria from Tanaka is used for 

further analyses in future study. 
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