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Abstract— The Homogeneous Quintic Diophantine equation 

with five unknowns represented by x5 –y5 - x2y2 (x-y) = 972 

(x-y) (z+w)2p2 is analyzed for its non-zero distinct integer 

solutions. Different patterns of integral solutions satisfying 

the equation are obtained. A few interesting relations between 

the solutions and some special numbers are presented. 
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NOTATIONS 

 Obln = Oblong number of rank ‘n’. 

 Pn
m = Pyramidal number of rank ‘n’ with sides ‘m’. 

 Tm,n = Polygonal number of rank ‘n’ with sides ‘m’. 

 CSn = Centered Square number of rank ‘n’. 

 SOn = Stella octangula number of rank ‘n’. 

 On = Octahedral number of rank ‘n’. 

 Gnon = Gnomonic number of rank ‘n’. 

 Starn
 
= Star number of rank ‘n’. 

 Than = Thabit-ibn-kurrah number of rank ‘n’. 

 Carln = Carol number of rank ‘n’. 

 Nexn = Nexus number of rank ‘n’. 

 Mern = Mersenne number of rank ‘n’. 

 Kn = Kynea number of rank ‘n’. 

 Jn
 
= Jacobsthal number of rank ‘n’. 

 jn
 
= Jacobsthal-Lucas number of rank ‘n’. 

 TOn
 
= Truncated Octahedral number of rank ‘n’. 

 TTn
 
= Truncated Tetrahedral number of rank ‘n’. 

 CHn
 
= Centered Hexagonal number of rank ‘n’. 

 4DFn = Four Dimensional Figurate number whose 

generating Polygon is a square. 

I. INTRODUCTION 

Mathematics is the language of patterns and relationships and 

is used to describe anything that can be quantified. 

Diophantine equations have stimulated the interest of various 

mathematicians. Diophantine equations with higher degree 

greater than three can be reduced in to equations of degree 2 

or 3 and it can be easily solved. In [1-3], theory of numbers 

were discussed.  In [4-5], quadratic diophantine equations are 

discussed. In [6-11], cubic, biquadratic and higher order 

equations are considered for its integral solutions. 

In this communication a homogeneous quintic 

Diophantine equation, with five variables represented by x5 –

y5 - x2y2 (x-y) = 972 (x-y) (z+w)2p2 is considered and in 

particular a few interesting relations among the solutions are 

presented. 

II. METHOD OF ANALYSIS 

The Quintic Diophantine equation to be solved for its non-

zero integral solution is 

x5 –y5 - x2y2 (x-y) = 972 (x-y) (z+w)2p2      (1)
 

On substitution of the linear transformations,
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in (1) leads to, 

      972 3
222
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Four different patterns of non-zero distinct integer 

solutions to (1) are illustrated below:  

A. Pattern 1 

Assume 22
 3),( babapp          (4) 

Where a and b are non-zero integers. and write  

)3927)(3927(972 ii            (5) 

Substituting (4) & (5) in (3), and using factorization 

method, 
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Substituting the above values of u & v in equation 

(2), the corresponding integer solutions of (1) are given by 




























22

22

22

22

22

 3),( 

 271629),( 

 1355445),( 

   5410818),( 

       10836),( 

babapp

bababaww

bababazz

bababayy

babaxx

 (6) 
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B. Pattern 2 

Instead of (5), write 

   
49
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972

ii 
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             (7) 

Substituting (7) and (4) in (3) and employing the 

method of factorization, following the procedure presented in 

pattern 1, the corresponding integer solutions of (3) are 

represented by 

 22
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7

1
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7

1
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Since our interest is on finding integer solutions, we 

have choose a and b suitably so that u and v are integers.  Let 

us take a = 7A and b = 7B, 
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In view of (2), the integer solutions of (1) are given 

by 
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C. Pattern 3 

Instead of (5), write 
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Substituting (4) and (9) in (3), and employing the 

method of factorization, following the procedure presented in 

pattern 2, the corresponding integer solutions of (1) are 

represented by 
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D. Pattern: 4 

Writing  
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The corresponding integer solutions of (1) are represented by 




























22

22

22

22

22

 507169),( 

    15093217625031),( 

   16497203585499),( 

15444112325148),( 

      1614698285382),( 

BABApp

BABABAww

BABABAzz

BABABAyy

BABABAxx

   (12) 

1) Properties 

)5 (mod  0

 9)3(1655),(6




AAAAAA

GnoSOOCSAApATTTO  

)1079 (mod 0 468)1,()2(13 
AAAA

GnoApOblCHStar  

)26 (mod  0)1 ,2( )3(169
2


n

nnn
pJjCarl  

)26 (mod  0)2,1( )(507
2


n

nnn
pMerThaK  

)364 (mod  0

)2(104 676) ,( ) ,( ) ,( 




AAAAA

OblCSCHStarGnoAAyAAwAAz

Note: 

In addition, one may write 972 as 
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For these choices, one may obtain different patterns 

of solutions of (1). 

III. CONCLUSION 

In this paper, we have made an attempt to determine different 

patterns of non-zero distinct integer solutions to the 

homogeneous Quintic Diophantine equation with five 

unknowns. As the equations are rich in variety, one may 

search for other forms of quintic equations with many 

variables and obtain their corresponding properties. 
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