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Abstract— A mathematical modelling of a Stirling engine is 

developed here. After that we identified the various 

performance parameters, initial parameters, and operational 

parameters. The influences of various parameters on the 

Stirling cycle were investigated in this work. The analysis is 

mainly performed on the Gamma type Stirling engine 

because of higher efficiency use in multi cylinder engines. 

The system of governing equations was developed and 

employed to investigate the variation of all process and 

performance parameters. The selected model was adiabatic 

model, due to better approximation to real engine 

performance compared to the isothermal model. The total, 

expansion and compression volumes and step by step crank 

angle variations were investigated. Output variable which is 

subjected to be optimized is the engine power. 
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I. INTRODUCTION 

Alternative sources of energy are being sought to preserve 

fossil fuels as well as to reduce the greenhouse effects. In 

this regard, renewable energy resources (such as biomass, 

solar, geothermal and wind energy) are deemed to be the 

promising solution in as much as they are clean, efficient 

and sustainable. On this axis, the Stirling engine technology 

provides a good solution to preserve environment and fossil 

deposits [1]. 

Stirling engine is an External combustion heat 

engine operating by cyclic compression and expansion of air 

or other gases (helium hydrogen etc). The working fluid at 

different temperature levels such that there is a net 

conversation of heat energy to mechanical work. A closed 

cycle regenerative heat engine with gaseous working fluid in 

which working fluid is contained within system and the 

regenerative describes the use of a special type of heat 

exchanger and thermal storage known as regenerator.  

Firstly Robert Stirling gives the idea about the 

Stirling air engine in 1816. The classical analysis of Stirling-

cycle engine was performed by Schmidt. After that many 

analysis of Stirling engine has been done by the many 

authors and researchers on the basis of Schmidt analysis.  

Urieli et al [2] improved the analysis to cover the 

effects of leakage, heat losses, and flow losses, indicated 

work for all the configurations of Stirling engine. Thombare 

and Verma  [3] gathered the available technologies and 

obtained achievements with regard to the analysis of Stirling 

engines and, at the end, presented some suggestions for their 

applications. 

After modelling the Stirling engine Hooshang et al. 

[4] proposed a model for gamma-type Stirling engine 

optimization based on neural network concepts. The 

thermodynamic code based on third –order analysis was 

used to produce a dataset to recognise the relationship 

between input and output using the neural network and to 

search for optimum design parameters.  

II. SYSTEM DESCRIPTION AND CYCLE 

The Stirling engine work on a closed regenerative 

thermodynamic cycle with external heat input between 

minimum and maximum temperature, Tc(Tmin) and 

TE(Tmax). It has been different configurations: alpha, beta 

and gamma. Each of these configurations is explained later 

in this report. The three configurations are different in their 

mechanical design but their thermodynamic cycles are the 

same. The thermodynamic cycle in P-V and T-S diagram is 

shown in figure. 

A. The four processes of the thermodynamic cycle are: 

Process 1-2, isothermal compression process: During 

compression process from 1 to 2, compression piston moves 

towards regenerator while the expansion piston remains 

stationary. The working fluid is compressed in the 

compression space and the pressure increases from P1   to   

P2. The temperature is maintained constant due to heat flow 

from cold space to surrounding. Work is done on the 

working fluid equal in magnitude to the heat rejected from 

the cycle. There is no change in internal energy and there is 

a decrease in entropy. 

B. Process 2-3, constant volume regenerative transfer 

process: 

In this process, both pistons move simultaneously, i.e. 

compression piston towards regenerator and expansion 

piston away from regenerator, so that the volume between 

pistons remains constant. The working fluid is transferred 

from compression volume to expansion volume through 

porous media regenerator. The gradual increase in 

temperature of working fluid while passing through 

regenerator causes increase in pressure. No work is done 

and there is an increase in the entropy and internal energy of 

the working fluid. 

C. Process 3-4, isothermal expansion process:   

In this process, the expansion piston continues to move 

away from the regenerator towards outer dead piston while 

compression piston remains stationary at inner dead point 

adjacent to regenerator. As the expansion proceeds, the 

pressure decreases as volume increases. Work is done by the 

working fluid on piston equal in the magnitude to the heat 

supplied. There is no change in the internal energy, but an 

increase in the entropy of the working fluid. 

D. Process 4-1, constant volume regenerative transfer 

process: 

In this process, both pistons move simultaneously to transfer 

working fluid from expansion space to compression space 

through regenerator at constant volume. No work is done; 
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there is a decrease in the internal energy and the entropy of 

the working fluid [5]. 

 
Fig. 1: Pressure – volume and Temperature – entropy 

process diagram of Stirling engine 

 
Fig. 2: Engine arrangement and piston movement diagram 

III. METHODOLOGY 

Mathematical modelling of Gamma type Stirling engine: 

The modelling conducted in this work was for the Gamma-

type engine using the five-volume method [6]. In this 

method, the components of the Stirling engine were divided 

to five separate sections and thermodynamic equations were 

extracted for each unit. Then, appropriate initial conditions 

were considered for the movement of the fluid flow inside 

the components of the engine at the interfaces between cells. 

Finally, the numerically obtained equations were solved 

using the method mentioned below. Figure shows the 

schematic model and the distribution of different 

temperatures at different parts of the engine.  

 
Fig. 3: The Five Volume Model for Simulation 

IV. DEVELOPMENT OF THE EQUATION SET 

The general approach for deriving the equation set is to 

apply the equations of energy and state is to each of the 

components. The resulting equations are linked by applying 

the continuity equation across the entire system. 

 
Fig. 4: Generalised Cell of Adiabatic Process 

Energy equation for the generalised cell can be 

written as 

Rate of heat transfer in to The cell + Net enthalpy converted 

in to the cell = 

Rate of work done in to the surroundings + Rate of increase 

of internal energy in to the cell 

Mathematically equation becomes   

dQ + (Cp Timi - cpTomo) =  dW + cv d (m T)   [1] 

where cp and cv are the specific heats capacity of 

the gas at constant pressure and constant volume 

respectively. This equation is well known classical form of 

the energy equation for non steady flow in which kinematic 

and potential energy term have been neglected. 

The equation of state is given by PV = mRT and Cp − Cv =

R 

Cp =
Rγ

(γ−1)
, Cv =  

R

(γ−1)
   where  γ =  

Cp

Cv
. 

Taking logarithm of both sides of equation and 

differentiating we obtain differential form of the equation of 

state. 
dp

p
+ 

dV

V
=  

dm

m
+  

dV

V
 . 

The total mass of working fluid remains constant, so  

mc + mk + mr + mh + me = M. 

Differentiating the above equation 

dmc +  dmk + dmr +  dmh +  dme  = 0. 

For all heat exchanger cells, since the respective volumes 

and temperature are constant, the differential equation of the 

equation of state reduces to 
dm

m
=  

dp

p
                                 [2] 

Applying above equation to each of three heat exchangers 

and substituting in equation 

dmc +  dme +  dp (
mk

p
+ 

mr

p
+ 

mh

p
) = 0. 

Substituting the gas equation  

dmc + dme +  (
dp

R
) (

Vk

Tk
+  

Vr

Tr
+ 

Vh

Th
) = 0. 

Applying energy to compression space we obtain 

dQc −  CpTc𝑘mck = dWc +  Cvd(mcTc). 

However, the compression space is adiabatic, dQc = 0, 

further more the work done dWc = pdVC, From continuity 

considerations the rate of accumulation of gas dmc is equal 

the mass inflow of gas given by mck 

Thus the equation reduces to 

𝐶𝑝𝑇𝑐𝑘𝑑𝑚𝑐 =  𝑝𝑑𝑉𝑐 + 𝐶𝑣𝑑(𝑚𝑐𝑇𝑐)                        [3]  

Substituting the equation of state and associated ideal gas 

relations 

𝑑𝑚𝑐 = (𝑝𝑑𝑉𝑐 +
𝑉𝑐𝑑𝑝

𝛾
)/(𝑅𝑇𝑐𝑘)                             [4]  

Similarly for the expansion space  

𝑑𝑚𝑒 = (𝑝𝑑𝑉𝑒 +
𝑉𝑒𝑑𝑝

𝛾
)/(𝑅𝑇ℎ𝑒)                             [5]  

Substituting equations and simplifying 
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𝑑𝑝 =  
−𝛾𝑝[(

𝑑𝑉𝑐
𝑇𝑐𝑘

)+ (
𝑑𝑉𝑒
𝑇ℎ𝑒

)]

[
𝑉𝑐

𝑇𝑐𝑘
+𝛾(

𝑉𝑘
𝑇𝑘

+
𝑉𝑟
T𝑟

+
𝑉ℎ
𝑇ℎ

)+ 
𝑉𝑒

𝑇ℎ𝑒
]
                                 [6]                                                                  

From the differential form of the equation of the state we 

can obtain relation  𝑑𝑇𝐶  and 𝑑𝑇𝑒  

𝑑𝑇𝑐 =  𝑇𝑐(𝑑𝑝/𝑝 + 𝑑𝑉𝐶/𝑉𝐶 +  𝑑𝑚𝑐/𝑚𝑐              [7] 

𝑑𝑇𝑒 =  𝑇𝑒𝑑𝑝/𝑝 + 𝑑𝑉𝑒/𝑉𝑒 +  𝑑𝑚𝑒/𝑚𝑒                [8]                                                                     

Applying the energy equation above to each of the heat 

exchangers walls (dw = 0 and T= constant) and substituting 

for the equation of state for heat exchanger cell   (𝑑𝑚 =
𝑑𝑝

𝑝
𝑚 = (𝑑𝑝 𝑣)/𝑅𝑇) . 

𝑑𝑄 + (𝐶𝑝𝑇𝑖𝑚𝑖 − 𝐶𝑝𝑇𝑜𝑚𝑜) = (𝐶𝑃𝑝𝑑𝑉 + 𝐶𝑣𝑉𝑑𝑝)/𝑅   [9] 

In the heat exchanger spaces no work is done, since the 

respective volumes are constant.  

Thus applying eq. (9) to the individual heat 

exchanger spaces we obtain 

𝑑𝑄𝑘 = 𝑉𝑘𝑑𝑝𝐶𝑣/𝑅 − 𝐶𝑝(𝑇𝑐𝑘𝑚𝑐𝑘 − 𝑇𝑘𝑟𝑚𝑘𝑟) 

𝑑𝑄𝑅 = 𝑉𝑟𝑑𝑝𝐶𝑣/𝑅 − 𝐶𝑝(𝑇𝑘𝑟𝑚𝑘𝑟 −  𝑇𝑟ℎ𝑚𝑟ℎ) 

𝑑𝑄ℎ = 𝑉ℎ𝑑𝑝𝐶𝑣/𝑅 − 𝐶𝑝(𝑇𝑟ℎ𝑚𝑟ℎ −  𝑇ℎ𝑒𝑚ℎ𝑒) 

We note that since the heat exchangers are 

isothermal and the regenerator is ideal, we have by 

definition 𝑇𝑘𝑟 =  𝑇𝑘 and  𝑇𝑟ℎ =  𝑇ℎ. 

Finally the total work done by the engine is the 

algebraic sum of the work done by expansion and 

compression spaces. 

𝑊 =  𝑊𝑐 + 𝑊𝑒. 

𝑑𝑊 =  𝑑𝑊𝑐 +  𝑑𝑊𝑒. 

𝑑𝑊 =  𝑝𝑑𝑉𝑐 + 𝑝𝑑𝑉𝑒                          [10]                                                           

 Now, Volume variation according to piston movement 

𝑑 = 1(1 – 𝑐𝑜𝑠𝜑 ) +  0.5𝜆 𝑟 𝑠𝑖𝑛2  𝜑                  [11]                                                                                    

Where λ = r / L and V = d S                                                                                                                          

Volume variation according to displacer movement 

𝑑2 = 𝑟2[1 − 𝑐𝑜𝑠(𝜑 − 𝑑𝜑)] + 0.5𝜆2𝑟2 𝑠𝑖𝑛2(𝜑 − 𝑑𝜑) [12]                                      

Where𝜆2 =  
𝑟2

𝐿2
, and  𝑉2  =  𝑑2 𝑆2                                                                                                                            

The Ideal gas laws are: 

For adiabatic process: 

𝑃𝑉𝛾 =   𝑐𝑜𝑛𝑠𝑡 

A. The Stirling Engine Model:- 

We have used Gamma type of Stirling engine model for our 

research work. We have selected this model due to high 

efficiency, less vibrations, less weight and use in multi-

cylinder engine. 

Specifications Values 

Type Gamma 

Power piston stroke 75mm 

Power piston diameter 84mm 

Displacer stroke 75mm 

Displacer diameter 97mm 

Phase angle 90° 

Standard charge pressure 8 bars 

Working fluid Air 

Working frequency 14Hz 

Heater type Tabular(6mm dia) x 20 

Cooler type Duct(13m𝑚2section area) 

Regenerator material Steel matrix (0.96 porosity) 

Heat absorption temperature 400-550°C 

Heat rejection temperature 40-100°C 

Table 1: Engine Characteristics and Operating conditions. 

[4] 

V. RESULT AND CONCLUSION 

In this section, some general results of the simulated engine 

are presented. The operational conditions of the engine were 

listed in table 1. The variation of total, expansion space, 

compression space volume versus the crank angle is shown 

in fig 1. The compression ratio is the ratio of maximum to 

minimum total volumes, as read, 1825cm3 and 1450cm3, 

respectively. The compression space volume of the working 

gas confined between the top of power piston and bottom of 

displacer piston. It follows that the maximum volume of the 

compression space is larger than that of the expansion space. 

Figure 2 shows the variation of power output 

within the engine cycle according to the crank angle. As 

there is phase difference of 90° between the compression 

and expansion chamber the maximum power output is 

480W when L/D is 1. This result gives the idea about the 

geometry of the cylinders. The optimum value of power 

output is most likely a result of balance between the 

negative effect of pressure drop (specifically, across the 

regenerator ) and the positive effects caused by the increase 

in heat transfer rate due to increase volumetric gas 

exchange, compression and pressure ratio. Power output in 

Stirling engines can be controlled by varying the effective 

stroke length of engine reciprocating components. 

Increasing the swept volume should increase the power 

output of the engine provided that pressure and temperature 

levels are maintained. To achieve a particular swept volume 

the bore to stroke ratio should be about two. So it is shown 

in the graph that the power output is maximum which is 

about 950W when the stroke length is half of the diameter of 

the engine cylinder. 

 
Fig. 1: shows the variation of total, expansion, compression 

volumes versus crank angle within an engine cycle. 

 
Fig. 2: shows the variation of power output for different L/D 

ratios versus crank angle within the engine cycle. 
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