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Abstract— Dutta and Choudhury [1] proved the following 

result: If (X, d) is  a complete metric space and  T : X→X  a 

self-mapping satisfying the inequality Ψ(d(Tx, Ty))≤ ψ(d(x, 

y)−φ(d(x, y) where ψ, φ : [0,∞) →[0,∞) are both continuous 

and monotone non-decreasing functions with ψ(t)=  φ(t) = 0 

if and only if t = 0. Then T has a unique fixed point. In this 

paper, we have proved that if we do not assume the conditions 

of continuity on both ψ and φ, still the result is valid. 
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I. INTRODUCTION 

Banach contraction mapping principle is one of the most 

important results of analysis because it is widely used in 

metric fixed point theory. T: X → X where(X, d) is a complete 

metric space is said to be a contraction mapping if 

For all x, y ∈ X, d(Tx, Ty)≤ k d(x, y), where 0 <k<1   (1) 

As per contraction principle, any mapping T which 

satisfies eq. (1) will have a unique fixed point. This 

contraction principle has been generalized by many authors 

in various directions [2-5]. Suzuki [3] has proved a 

generalization of the same principle which characterizes 

metric completeness. Boyd and Wong [4] proved that the 

constant k in eq. (1) can be replaced by the use of an upper 

semi-continuous function. Khan et al. [5] addressed a new 

category of fixed point problems with the help of a control 

function which they called an altering distance function. 

A. Definition 1.1 

(Altering distance function). A function ψ: [0, ∞) → [0, ∞) is 

said to be an altering distance function if it satisfies the 

following properties:  

 ψ(0) = 0 

 ψ is continuous and monotonically non-decreasing. 

B. Theorem 1.2 

Let (X, d) be a complete metric space, let ψ be an altering 

distance function and let f: X→X be a self-mapping which 

satisfies the inequality as given below: 

ψ(d(fx, fy )≤ c ψ(d(x, y) )  for all x, y ∈ X and for 

some 0 <c<1 

Then f possesses a unique fixed point. Several 

researchers used altering distance functions to generalize 

Banach contraction principle. The concept of altering 

distance function has also been introduced in Menger spaces 

[6]. Rhoades [7] used the concept of weakly contractive 

mapping to generalize Banach contraction principle. 

C. Definition 1.3 

(Weakly contractive mapping) A mapping T: X→X, where 

(X, d) is a metric space, is said to be weakly contractive if  

d(Tx, Ty)≤ d(x, y)−φ(d(x, y))    (2) 

Where x, y ∈ X and φ: [0,∞) →[0,∞) is a continuous 

and non-decreasing function such that φ(t)=0 if and only if 

t=0. Note that if one takes φ(t) = kt where 0 <k<1, then eq. 

(2) reduces to eq. (1) 

D. Theorem 1.4 

If T: X→X is a weakly contractive mapping, where (X, d) is 

a complete metric space, then T has a unique fixed point [7]. 

Weakly contractive mappings have been dealt with 

in a number of papers [6-8].  

Dutta and Choudhury [1] proved the following 

result: 

E. Theorem 1.5 

Let (X, d) be a complete metric space and let T: X→X be a 

self-mapping satisfying the inequality 

Ψ (d(Tx, Ty))≤ ψ(d(x, y)−φ(d(x, y) 

Where ψ, φ : [0,∞) →[0,∞) are both continuous and 

monotone non-decreasing functions with ψ(t)=  φ(t) = 0 if and 

only if t = 0. Then T has a unique fixed point. 

In the present work, we have generalized the result 

of Dutta and Choudhury [1] as the continuity conditions of φ 

and ψ have not been assumed. Some other conditions on φ 

and ψ have also been relaxed. 

II. MAIN RESULT 

A. Theorem 2.1 

Let (X, d) be a complete metric space and let T: X→X be a 

self-mapping satisfying the inequality 

ψ (d(Tx, Ty))≤ ψ(d(x, y)−φ(d(x, y) 

Where ψ, φ: [0,∞) →[0,∞) are both  monotone non-

decreasing functions with φ(t) > 0 if t > 0.  

Then T has a unique fixed point. 

1) Proof 

Let x0 be a point in X. 

Define a sequence {xn} by xn+1= Txn 

a) Step 1. d(xn ,xn+1) →0 

ψ (d(xn ,xn+1)) ≤ ψ(d(xn-1,xn))- φ (d(xn-1,xn)) ≤ ψ(d(xn-1,xn)) 

  d(xn ,xn+1) ≤ d(xn-1,xn) for all n, 

Since ψ is non decreasing. 

Thus {d(xn ,xn+1)} is a non-negative decreasing 

sequence of real numbers and therefore it must converge. 

Let d(xn ,xn+1) →r 

Clearly 𝑟 ≥0 

If possible let r >0 

Let tn= d(xn ,xn+1) 

This implies 0< φ(r) ≤ φ(tn) since φ is non 

decreasing. 

Now ψ(d(xn+1,xn+2) ≤ ψ (d(xn ,xn+1))- φ(d(xn ,xn+1)) 

  ψ (tn+1) ≤ ψ(tn) - φ(tn) 

On replacing n by n+1 we have 

ψ (tn+2) ≤ ψ(tn+1) - φ(tn+1) ≤ (ψ(tn) - φ(tn))- φ(tn+1) ≤ ψ(tn) - 2 

φ(r) 

Continuing the above process, we get for an 

arbitrary natural number p, 

ψ (tn+p) ≤ ψ(tn) - p φ(r) 

Which is a contradiction for large p. 

Thus d(xn ,xn+1) →0 
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b) Step 2. The sequence {xn} is Cauchy. 

If possible let {xn} be not Cauchy, then there exists ∈0> 0 such 

that for any N∈ ℕ, we can find n> m≥N such that d(xn, xm) ≥
∈0 

By step 1. There exists n0 such that for all n> n0 

d(xn ,xn+1)< ∈0 

Thus for n0, there exists n1,m1
* where m1

*> n1≥ n0  

such that d(xn1,x m1)≥∈0 

Let m1 be the least such that d(x n1,x m1)≥∈0 so that 

d(x n1,x m-1)< ∈0 

Take N = m1 

Now, we can find m2*> n2> m1 such that d(x n2,x 

m2)≥∈0 

Let m2 be the least such that d(x n2, xm2) ≥∈0 so that 

d(x n2,x m2-1)<∈0 

Continuing this way, we get subsequences (x n-1) and 

(x mk) of (x n) such that d(x nk, x mk)≥∈0 

But d(xnk, xmk-1)< ∈0 

Now 

∈0   d(x nk, x mk)  d(x nk, x mk-1)+d(x mk-1, x mk) 

  d(x nk, x mk) ∈0 

But 

d(x nk, x mk)  d(x nk, x nk+1)+d(x
1kn

,x nk+2)+...d(x mk-1,x mk) 

  d(x nk, x mk) 0 

Which is a contradiction. 

Thus (x n) is Cauchy.  

Now as (X, d) is complete, (x
n

) will be convergent. 

Let x n x 

Now 

𝜓(d(Txn, Tx)   𝜓(d(xn,x)- (d(xn,x))   𝜓(d( xn,x)) 

  d(T xn, Tx)   dxn,x) 

Thus 

Txn Tx 

 x n+1 Tx 

 Tx = x 

So that x is a fixed point of T. 

We now prove the uniqueness of fixed point. 

Let u and v be two fixed points of T. 

𝜓(d(u,v)) =  𝜓(d(Tu,Tv))   𝜓(d(u,v))-  (d(u,v)) 

 - (d(u,v)) ≥ 0 

   (d(u,v))  0 

  (d(u,v)) = 0 

 d(u,v) = 0 

 u = v, this proves the uniqueness. 
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