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I. INTRODUCTION 

At present, there has been a significant amount of work done 

in the theory of fractional differential equations and a 

number of researchers are concentrating in this promising 

area due to its significant potential in applications related to 

Fluid Flow, Dynamical Processes in Self-Similar and Porous 

Structures, Diffusive Transport, Electrical Networks, 

Probability and Statistics, Control Theory of Dynamical 

Systems, Viscoelasticity, Electrochemistry of Corrosion, 

Optics and Signal Processing and many more areas. The 

works of Kilbas et al[2], Podlubny[1], Lakshmikantham et 

al[3] and the references [4-9] bear testimony to the 

continued interest in this area. 

A lot of scope for the development of the theory of 

hybrid systems or impulsive differential systems has come 

due to the invaluable contribution of Lakshmikantham et 

al[10]. This is due to the fact that many evolution processes 

are characterized by the fact that they experience a change 

of state in a very short duration of time. This abrupt change 

can be considered as short term perturbations whose 

duration is negligible, that is these perturbations act 

instantaneously in the form of impulses. Hence hybrid 

systems form a better model to represent physical 

phenomena. 

Combining these two areas of interest, the study of 

hybrid fractional differential equation or fractional 

differential equation with impulses have been initiated. 

Some of the papers in these areas are [14-20]. The method 

of quasilinearization [11] is a flexible mechanism that gives 

a sequence of iterations that converge quadratically to a 

solution. This technique has been fruitfullly utilized to 

obtain unique solutions of fractional differential equation 

with impulses. But in this case the function on the right hand 

side satisfies holder continuity. This hypothesis had been 

weakened to continuity and existence results for the 

impulsive or hybrid fractional differential equation through 

monotone iterative technique and quasilinearization have 

been studied [16,17,18,19,20]. In this paper, we develop the 

method of generalized quasilinearization for PBVP for 

hybrid Caputo fractional differential equations with the 

weakened hypothesis of q
C -continuity. 

II. PRELIMINARIES 

The basic results that are needed to prove our main result are 

presented in this section. We begin with the definition of 


p

C continuity, R-L fractional derivative, Caputo fractional 

derivative and proceed to state a lemma with the weakened 

hypothesis of q
C continuity. This lemma is essential in 

proving the basic differential inequality results. All these 

results are from [14]. 

As observed above, the comparison theorems [3], 

in fractional differential equations set-up require Hölder 

continuity. Although this requirement is used to develop 

iterative techniques such as the monotone iterative technique 

and the method of quasilinearization, there is no feasible 

way to check whether the functions involved are Hölder 

continuous. To avoid this situation, it has been shown in 

[14] that comparison results can be proved under the weaker 

condition of 
p

C continuity. Lemma 2.3.1 in [3] is essential 

in establishing the comparison theorems, a detailed proof of 

this result under the weaker hypothesis was given in [14]. 

The basic differential inequality theorem, required 

comparison theorems and the lemma which are proved in 

[14] all are stated below. 

We begin with the definition of the class 
].],[[0, TC

p

 

A. Definition 2.1 

m is said to be 
p

C  continuous if ]],[[0, TCm
p

  that is 

]],[(0, TCm   and ]],[[0,)(0)( TCtmt
p

  with p+q=1 

B. Definition 2.2 

For ],],[[0, TCm
p

  the Riemann-Liouville derivative of 

m(t) is defined as 

.)()(
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1
=)(

1
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dssmst
dt
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p
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p
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q 





   (2.1) 

We next state a lemma that is vital for our main result. 

C. Lemma 2.3 

Let ],],[[0, TCm
p

  Suppose that for any ][0,
1

Tt  , we 

havem(t1)= 0  andm(t)< 0 for 
1

<0 tt , then it follows that 

0.)(
1
tmD

q      (2.2) 

It had been shown in [15] that results proved for 

Riemann-Liouville fractional differential equation hold for 

Caputo fractional differential equation but the converse is 
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not true. Hence we state the following required results using 

Riemann-Liouville fractional differential equation. 

We next state the fundamental fractional 

differential inequality result in the set up of Riemann-

Liouville fractional derivative, with a weaker hypothesis 

from [14]. 

D. Theorem 2.4 

 Let ],][[0,  ],],[[0,,   TCfTCwv
p

 and ))(,()( )( tvtftvDi
q



and )),(,()()( twtftwDii
q

 ,<0 Tt   with one of the 

inequalities (i) or (ii)being strict. Then ,<
00

wv  where 

0=

10
|0))((=
t

q
ttvv


  and 

0=

10
|0))((=
t

q
ttww


  implies that 

.0  ),(<)( Tttwtv      (2.3) 

The next result deals with the inequality theorem 

for non strict inequalities. 

E. Theorem 2.5 

Let ],][[0,  ],],[[0,,   TCfTCwv
p

 and ))(,()( )( tvtftvDi
q



and )),(,()()( twtftwDii
q

 .<0 Tt   Assume f  satisfies 

the Lipschitz condition 

0.>  ,    ),(),(),( LyxyxLytfxtf    (2.4) 

Then, ,<
00

wv  where 
0=

10
|0))((=
t

q
ttvv


  and 

,|0))((=
0=

10

t

q
ttww


  implies ][0,  ),()( Tttwtv  . 

We now define a q
C -continuous function. 

F. Definition 2.6 

u is said to be q
C  continuous that is ]],[[0, TCu

q
  iff the 

Caputo derivative of u denoted by uD
qc  exists and satisfies 
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We note that the Caputo and Riemann-Liouville 

derivatives are related as follows: 

)].()([=)(
0

txtxDtxD
qqc

                   (2.6) 

We choose to work with the Caputo fractional 

derivative, since the initial conditions for fractional 

differential equations are of the same form as those of 

ordinary differential equations. Further, the Caputo 

fractional derivative of a constant is zero, which is useful in 

our work. Consider the IVP for the Caputo fractional 

differential equation given by 

,=(0)   ),,(=
0

xxxtfxD
qc     (2.7) 

for 1,<<0 q ].,][[0,
nnq

TCf   

If ]],[[0,
nq

TCx   satisfies (2.7) then it also 

satisfies the Volterra fractional integral 
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for .0 Tt   

We now state the comparison theorem for the 

Caputo fractional differential equation using the same 

weaker hypothesis. As the proof is similar to that of 

Theorem 2.4.3 in [3], we omit it. 

G. Theorem 2.7 

Assume that ]],[[0, TCm
q

  and ,0   )),(,()( TttmtgtmD
qc

  

Where ].,][[0,  TCg  Let )(tr  be the maximal 

solution of the IVP 

,=(0)  ),,(=
0

uuutguD
qc     (2.9) 

existing on ][0, T  such that .(0)
0

um  Then we have 

.0   ),()( Tttrtm   

III. IMPULSIVE FRACTIONAL DIFFERENTIAL EQUATIONS 

In this section, we begin with the basic definitions given in 

[15], where in the existence and stability results for hybrid 

Caputo fractional differential equation with fixed moments 

of impulse are studied. 

A. Definition 3.1 

Let ...<<...<<0
21 k

ttt  and 
k

t as k  . Then we say 

that ],[
nn

p
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
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kk
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exists for 1.1,2,...,= nk  

B. Definition 3.2  

Let ...<<...<<0
21 k
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k

t  as k . Then we say that 
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exists for 1.1,2,...,= nk  

Consider the hybrid Caputo fractional differential 

system defined by 


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where ][0,= ,: ],,[ TItIIPCf
nn

k
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 RRRR

1.1,2,...,= nk  

C. Definition 3.3 

By a solution of the system (3.1) we mean a q
PC  

continuous function ]],[[0,
nq
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Where Ttttt
nn

=<...<<0
121



and ),,(



kkk
xttx  is the 

solution of the PBVP of the fractional differential equation 






)).((=)(=

),,(=

kkkk

qc

txItxx

xtfxD  

We begin by proving the basic differential 

inequality results in this setup, and we use the Theorem 2.4, 

Theorem 2.5 and Theorem 2.7 in [14] and the relation (2.6) 

between R-L and Caputo fractional derivatives. We observe 

that the fore mentioned theorems yield the required result 
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over each sub-interval ],(
1kk

tt , provided the corresponding 

hypothesis is satisfied. 

Now we state the basic differential inequality result 

in this set up from [15]. 

D. Theorem 3.4 

Let u,w ]],[[0, TPC
q

  with 



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Where ],[
nn

IPCf   and f satisfies the 

hypothesis 0> , ),(),(),( LyxyxLytfxtf  and Ik is a 

monotonically nondecreasing function of x. Then 
00

< wv  

implies that ][0, ),()( Tttwtv  . 

IV. GENERALIZED QUASILINEARIZATION 

In this section, we obtain a solution for the PBVP for hybrid 

Caputo fractional differential equation through the solutions 

of linear IVPs. 

We consider the hybrid Caputo fractional 

differential equation given by 


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(4.1) 

Where    ; ],,][[0, ,
k

q
ITPCgf  for each 

11,2,3,...,= nk . 

We begin with the definition of natural lower and 

upper solutions for (4.1). 

A. Definition 4.1 

]],[[0,, TPC
q

  are said to be lower and upper solutions 

of equation (4.1) if and only if they satisfy the following 

inequalities, 
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and 
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respectively. 

We first state a couple of Lemmas that are 

necessary in the proof of our main theorem. The proofs are 

parallel to the Lemmas in [18]. 

B. Lemma 4.2 

The linear non-homogeneous hybrid Caputo fractional 

differential equation 
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has a unique solution on the interval ].[0, T  
Proof. 

We proceed to prove the theorem in each subinterval. 

Let ][0,
1

tt   and consider the Caputo fractional 

differential equation 



 

.=(0)

),,(),()(=

0
xx

ytgytfyxMxD
qc

 

Then from [2], we have that 
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Thus as earlier, the unique solution is given by, 
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Then proceeding as earlier, we obtain the unique 

solution for the linear non-homogeneous hybrid Caputo 

fractional differential equation as 
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C. Lemma 4.3 

Suppose that 

(i)
)(

0
t  and )(

0
t  are lower and upper solutions of the 

hybrid Caputo fractional differentialequation (4.1) 

(ii)Let )(
1

t  and )(
1
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non-homogeneous hybrid Caputo fractional differential 
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(iii) k
I  is nondecreasing function in x for each k=1,2,3,...,  

      n-1. 

(iv)
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homogeneous hybrid Caputo fractional differential equation, 

we get 
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tttMEptp
q

q
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and therefore we get 
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from the assumption (iii) we obtain that 
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 ttIt   
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Then from the solution of the linear non-

homogeneous hybrid Caputo fractional differential equation, 

we get 

],[0, ),0)(((0))(
1

tttMEptp
q

q
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which yields 

].[0,  0,)(
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Thus we have 
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from the assumption (iii) we obtain that 
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Again setting )()(=)(
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tttp   , ],(
21
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we get ),( )( =)(
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tDtDtpD
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that is, )()( tMptpD
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  and 0.)(
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
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Working as earlier, we get that ].,( 0,)(
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Proceeding in a similar fashion over each 
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We now state the main result of our paper. 

D. Theorem 4.4 

Assume that 

(i) ]],[[0,,
00

TPC
q

  be respectively natural lower and   

    upper solutions of the PBVP for the hybrid Caputo  

    fractional differential equation (12) such that ),()(
00

tt  
  

    
].[0, Tt   

(ii)Let `],][[0,, RR TPCgf
q  and ),( xtf

x
, ),( xtg

x
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    g are nondecreasing and nonincreasing functions apply  
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2
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xx
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

2
L  

(iii) k
I  is increasing and Lipschitz in x for each  

      1.1,2,3...= nk  

Then there exist monotone sequences {
n

 },{
n

 } 

such that asr
nn

 ,   n uniformly and monotonically 

to the unique solution xr ==  of PBVP (4.1)  on ][0, T  and 

the convergence is quadratic. 

Proof. 

Consider the linear hybrid Caputo fractional differential 

equation given by, 


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and 





















).(=(0)

=1,1,2,3,...,= )),((=)(

, ),( ),(),()( ),(),(=

1

1

111

T

ttnktIt

tttgtgtftfD

kk

kkkkkk

kkkkxkkkkxkk
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(4.11) 

Then it follows from Lemma 4.2 that the linear 

hybrid fractional differential equations (4.10) and (4.11) 

have unique solutions 
1k

  and 
1k

  respectively, whenever 

k
  and 

k
  are known lower and upper solutions of the 

hybrid caputo fractional differential equation (4.1). 

Further by setting 0=k  in the above system and 

apply Lemma 4.3, we obtain that 
0110

   on ][0, T  

We now claim that 

].[0,  ......
011110

Ton
kkkk

 
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(4.12) 

Since the result is already proved for 0=n , we 

assume that the result holds for kn =  and prove it for 

1= kn , this means that 

,
11 


kkkk

     (4.13) 

where 
k

  and 
k

  are solutions of the hybrid Caputo 

fractional differential equation 
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Now, using the relations (4.12), (4.13) and the 

hypothesis (ii), we get, 
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
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
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since 
k

I  is an increasing function for each k. 

This yields that 
k

  is a lower solution of (4.1) and 

further by Lemma 4.2, we obtain that 
1k

  is a unique 

solution of (4.14) on ][0, T  and hence an application of the 

Lemma 4.3 yields that 
1


kk

  on ][0, T  

Similarly, it can be shown that 
k

  is an upper 

solution of (4.1) and by Lemma 4.2, that 
1k

  is a unique 

solution of (4.15) on ][0, T  and hence an application of the 

Lemma 4.3 gives that 
kk

 
1

 on ][0, T . 

Further working in the lines of the Lemma 4.3, we 

obtain that 
11 


kk

  on ][0, T  
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Hence by the principle of mathematical induction, 

we deduce the relation (4.12) and our claim holds. Clearly 

the sequences are piecewise uniformly bounded by relation 

(4.12), this also yields that the sequences {
n

qc
D  } and {

n

qc
D  } are also piecewise uniformly bounded. By Lemma 

2.3.2 in [3] we obtain that the sequences {
n

 } and {
n

 } are 

equicontinuous in each subinterval ],(
1kk

tt  and therefore by 

using Ascoli-Arzela Theorem, we conclude that there is a 

subsequence that converges uniformly on each subinterval 

].,(
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tt  Now since 
k

I  is a continuous function (as lipschitz 

implies continuity) for each k, this convergence also holds at 

end points. Thus we obtain a sequence of piecewise q
C -

continuous functions { )(t
n

 } that converge uniformly to 
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tt  and further ))((

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tI   converges 

uniformly to )).((

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Consider the corresponding hybrid Volterra 

fractional integrals, we can show that   and r  are 

solutions of the PBVP(4.1) 

Since ,
x

f x
g  exists and is bounded on ],[0, T  we 

obtain that f  and g  are Lipschitz and hence the solution is 

unique. 

Thus rx ==  on ].[0, T  

Next, our aim is to show that this convergence is 

quadratic. 

Set 
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Caputo fractional differential equation 
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This implies the quadratic convergence of the 

sequence )}({ t
n

 . 

Similarly, we can prove the quadratic convergence 

of the sequence )}({ t
n

  to the solution )(tx  of PBVP (4.1). 

E. Remark 

It can be observed that if we set 0
k

I  for all k , then 

PBVP(4.1) reduces to Caputo fractional differential equation 

and generalized quasilinearization for there equations has 

been studied in [13]. 
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