IJSRD - International Journal for Scientific Research & Development| Vol. 5, Issue 05, 2017 | ISSN (online): 2321-0613

Generalized Quasilinearization for PBVP for Hybrid Caputo Fractional

Differential Equations

Radhika V
Research Scholar, Roll No.PP MAT 0137,
Department of Mathematics, Rayalaseema University, Kurnool, Andhra Pradesh, India

&

Assistant Professor, Department of Mathematics, Gayatri Vidya Parishad College for Degree and
PG Courses (Autonomous), Visakhapatnam, Andhra Pradesh, India

Abstract—In this paper we study the method of Generalized
Quasilinearization for PBVP for Caputo fractional
differential equations with fixed moments of impulse
through the solutions of linear IVPs. In order to prove this
result we use the weakened assumption of C%-continuity in
place of local Holder continuity.

Keywords: Hybrid Caputo Fractional Differential Equations,
Generalized Quasilinearization, Existence

AMS Subject Classification. 34K07, 34A08.

|I. INTRODUCTION

At present, there has been a significant amount of work done
in the theory of fractional differential equations and a
number of researchers are concentrating in this promising
area due to its significant potential in applications related to
Fluid Flow, Dynamical Processes in Self-Similar and Porous
Structures, Diffusive Transport, Electrical Networks,
Probability and Statistics, Control Theory of Dynamical
Systems, Viscoelasticity, Electrochemistry of Corrosion,
Optics and Signal Processing and many more areas. The
works of Kilbas et al[2], Podlubny[1], Lakshmikantham et
al[3] and the references [4-9] bear testimony to the
continued interest in this area.

A lot of scope for the development of the theory of
hybrid systems or impulsive differential systems has come
due to the invaluable contribution of Lakshmikantham et
al[10]. This is due to the fact that many evolution processes
are characterized by the fact that they experience a change
of state in a very short duration of time. This abrupt change
can be considered as short term perturbations whose
duration is negligible, that is these perturbations act
instantaneously in the form of impulses. Hence hybrid
systems form a better model to represent physical
phenomena.

Combining these two areas of interest, the study of
hybrid fractional differential equation or fractional
differential equation with impulses have been initiated.
Some of the papers in these areas are [14-20]. The method
of quasilinearization [11] is a flexible mechanism that gives
a sequence of iterations that converge quadratically to a
solution. This technique has been fruitfullly utilized to
obtain unique solutions of fractional differential equation
with impulses. But in this case the function on the right hand
side satisfies holder continuity. This hypothesis had been
weakened to continuity and existence results for the
impulsive or hybrid fractional differential equation through
monotone iterative technique and quasilinearization have
been studied [16,17,18,19,20]. In this paper, we develop the
method of generalized quasilinearization for PBVP for

hybrid Caputo fractional differential equations with the
weakened hypothesis of C ¢ -continuity.

The basic results that are needed to prove our main result are
presented in this section. We begin with the definition of
c, _continuity, R-L fractional derivative, Caputo fractional
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derivative and proceed to state a lemma with the weakened
hypothesis of ¢ continuity. This lemma is essential in
proving the basic differential inequality results. All these
results are from [14].

As observed above, the comparison theorems [3],
in fractional differential equations set-up require Holder
continuity. Although this requirement is used to develop
iterative techniques such as the monotone iterative technique
and the method of quasilinearization, there is no feasible
way to check whether the functions involved are Holder
continuous. To avoid this situation, it has been shown in
[14] that comparison results can be proved under the weaker
condition of c, _continuity. Lemma 2.3.1 in [3] is essential

in establishing the comparison theorems, a detailed proof of
this result under the weaker hypothesis was given in [14].
The basic differential inequality theorem, required
comparison theorems and the lemma which are proved in
[14] all are stated below.

We begin with the definition of the class
C,I0.T1P]

A. Definition 2.1

m is said to be c, continuous if meC,[0,T]P] that is
meC[0,T1P]aNd (t_0)*m@)ecro,T1,p] With p+g=1

B. Definition 2.2

For meC,I0,TLP], the Riemann-Liouville derivative of
m(t) is defined as

(21)

qQ - 1 d ‘ p-1
D m(t)—maj(t—s) m(s)ds.

We next state a lemma that is vital for our main result.
C. Lemma2.3
Let meC,I0,TLP], Suppose that for any t <[o,T], we
havem(t;)= 0 andm(t)< 0 for o <t <t , then it follows that
D'm(t,) > 0. (2.2)
It had been shown in [15] that results proved for

Riemann-Liouville fractional differential equation hold for
Caputo fractional differential equation but the converse is
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not true. Hence we state the following required results using
Riemann-Liouville fractional differential equation.

We next state the fundamental fractional
differential inequality result in the set up of Riemann-
Liouville fractional derivative, with a weaker hypothesis
from [14].

D. Theorem 2.4

Let VW eC 0, TLP], feCl0,TIxP,P] and iy pov(e) < £, v(t))
and  (i)Dw(t) > f(t,w(t), 0<t<T, With one of the
inequalities (i) or (ii)being strict. Then ., where
VO = v(t)(t-0)"" |, and o =yt — 0yt s implies that
v(t) <w(t), 0<t<T. (2.3)
The next result deals with the inequality theorem
for non strict inequalities.

E. Theorem 2.5

Let v,weC [[0,T],P], feC[0,T]xP,P] and(i) Dv(t) < f (t,v(t))
and (ii)D(t) = f(t,w(t)), 0<t<T. Assume f satisfies
the Lipschitz condition
ft,x)— f(ty)<L(x—y), x>y, L>0. (2.4)
Then, where v = y(tyt-o0)°|_, and

w® = w(t)(t—0)"|_,, IMplies v(t) <w(t), te[o,T]-
We now define a ¢ *-continuous function.

F. Definition 2.6
u is said to be c ¢ continuous that is y e c[o, 71, p] iff the

Caputo derivative of u denoted by <py exists and satisfies
j(t—s)’“u’(s)ds (25)
r(l-aq)g

We note that the Caputo and Riemann-Liouville
derivatives are related as follows:
“DOX(t) = DU[X(t) - X(t,)]. (2.6)

We choose to work with the Caputo fractional
derivative, since the initial conditions for fractional
differential equations are of the same form as those of
ordinary differential equations. Further, the Caputo
fractional derivative of a constant is zero, which is useful in
our work. Consider the IVP for the Caputo fractional
differential equation given by
‘D= f(t,x), x(0) =X,

for g<gq<1, f eCo0, T]1xP",P"].

If xeciqoT],p"] satisfies (2.7) then it also
satisfies the Volterra fractional integral

1
I'(a)

foro<t<T.

We now state the comparison theorem for the
Caputo fractional differential equation using the same
weaker hypothesis. As the proof is similar to that of
Theorem 2.4.3 in [3], we omit it.

G. Theorem 2.7
Assume that m < cfo, T1,p] @Nd°p'm) < g(t.m(t), 0<t<T,
Where g < cro, T1xP,p]. Let r(t) be the maximal
solution of the IVP
‘D% =g(t,u), u@) =u,,

ve<w,

‘D(t) =

(2.7)

(2.8)

x(t) = x, +

I(t—s)q’lf(s,x(s))ds,

(2.9)

existing on [o, 7] such that m (o) < uD_Then we have
m(t)<r(), 0<t<T.

I1l.  IMPULSIVE FRACTIONAL DIFFERENTIAL EQUATIONS

In this section, we begin with the basic definitions given in
[15], where in the existence and stability results for hybrid
Caputo fractional differential equation with fixed moments
of impulse are studied.

A. Definition 3.1

Let o<y <t <..<t <.. aNd t - S k— o . Then we say

that ncpc p xpr ey 1 hog t1xp e 08 C ) -
continuous on (t .t IxP" and forany xep"

lim h(t,y)=h(t,x)

(ty)= (1 x)

existsfor x =12, n—1.

B. Definition 3.2
Let ooy <t <..<t <. and ¢ o @Sk . Then we say that

hepcip xp",p"] If hit_,t]xP" —p" IS C" - continuous
on (¢t ]xp"andforany xep"

lim h(t,y)=h(t;,x)

(ty)> (%)
existsfor k =1,2,.., n—1.

Consider the hybrid Caputo fractional differential

system defined by

( ‘Dix = f(t,x),t=t,,
Jx(tk*) =1, (x(t)), k=123,., n-1,t=t,, 3.1)
|

x(0) = x(T),

where ¢ c pcI xR",R"], 1, :R" >R",tel=[0,T]
k=12,.., n-1.
C. Definition 3.3

By a solution of the system (3.1) we mean a pc®
continuous function < pc *[p0, 73, p "] SUch that

[ % (tt,, %), 0<t<t,

X, (6, x )t <t<t,

3.2)

X, (Lt x )t <t<t.,,

|
|
|
|
|
x(t) = J
|
|
|
{xnl(t,t“, X, )Wt  <t<T,
Whereg < <, <..<t <t =tand x (t,t,,x) IS the
solution of the PBVP of the fractional differential equation
[ D% = f(t,x),
(X = x(t) = T (x(t ).
We begin by proving the basic differential
inequality results in this setup, and we use the Theorem 2.4,
Theorem 2.5 and Theorem 2.7 in [14] and the relation (2.6)

between R-L and Caputo fractional derivatives. We observe
that the fore mentioned theorems yield the required result
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over each sub-interval (¢ ¢, 1, provided the corresponding

hypothesis is satisfied.
Now we state the basic differential inequality result
in this set up from [15].

D. Theorem 3.4
Let uw ¢ pc 0, T1,P] with

( *D(t) < f(t V() t=t,,
V) <1 (v(t), k=123, n-1,t=t,,
v(0) < v(T),
and
( ‘Dw(t) = f(t,w(t), t=t,,
w(t,) =1, (w(t)), k=123,.., n-1t=t,
w(0) = w(T),
Where fepcixp",p"] and f satisfies the

hypothesis ¢ (¢, x)— f(t,y) < L(x-y), x> y,L>0and Ik is a
monotonically nondecreasing function of x. Then v, < w,
implies that v(t) < w(t), te[0,T]-

IV. GENERALIZED QUASILINEARIZATION

In this section, we obtain a solution for the PBVP for hybrid
Caputo fractional differential equation through the solutions
of linear I\VPs.

We consider the
differential equation given by

hybrid Caputo fractional

J + ‘DY = f(t,x)+g(t,x),t=t, 1)
X(t)) =1, (x(t,), k =1,23,.., n-L,t =t,,
x(0) = x(T),
Where ¢ gcpcofoTixp. Pl 1P »p TOr each

k=123,.. n-1-
We begin with the definition of natural lower and
upper solutions for (4.1).
A. Definition 4.1
@, e PC [0, T],P] are said to be lower and upper solutions

of equation (4.1) if and only if they satisfy the following
inequalities,

( ‘Dia = f(t,a)+g(ta) t=t,,
Ja(tl:): I (x(t), k=123, n-1t=t,
a(0) = a(T), 4.2)
and
[ D' =ftA)+9tB)t=t,,
lﬁ(t;) =1, (Bt) k=123, n-1t=t,
B(0) = B(T), 43)

respectively.

We first state a couple of Lemmas that are
necessary in the proof of our main theorem. The proofs are
parallel to the Lemmas in [18].

B. Lemma4.2

The linear non-homogeneous hybrid Caputo fractional
differential equation

(‘D =M (x=y)+ f(t,y)+g(t y)t=t,
x(t) = L (x(t)), k =1,23,.., n-1,t =t
x(0) = Xx,,
has a unique solution on the interval o, 7.
Proof.
We proceed to prove the theorem in each subinterval.
Let te[o,t,] and consider the Caputo fractional
differential equation
[FD"x =M (x=y)+ f(t,y)+g(t,y),
4[ x(0) = x,.
Then from [2], we have that
X(L0, %,) = X() = %, Ey (M <t—0)“)+j"°(t—s>“ B (M (t-9)") T (s y(s)ds
, te[0,t,] is the unique solution.
Then we have

X(6,0, %) = X(8) = X, E, (M (&, ~0)) + [*(t, )" 'E, (M (t,~5)") f (5, y(s))ds

and x(t) = 1,(x(t,)) = x; (say).
Now we consider the interval (t,,t,] and the Caputo
fractional differential equation
[FDx =M (x=y)+ f(t,y)+g(t,y),
L x(t) = x/".
Thus as earlier, the unique solution is given by,
x(t,t,,X,) = x(t)
=x, E (M (t-t)") + J':(t )t Eoq(M(t=35)") f(s,y(s))ds,te(t,t,].

Then
X(t,, b, %) = X(t,)
= E (M (6= 1))+ [ - 9) (M (5= 9)") F(s,y(sDds, te (8]

and
x(t,) = 1, (x(t,)) = x,.

Then proceeding as earlier, we obtain the unique
solution for the linear non-homogeneous hybrid Caputo
fractional differential equation as

[ x,(t,0,%x,),0<t<t,

‘ X, (L, x ), 1, <t<t,,

\ (4.4
x(t) =J

|

|

X, (tt X )t <t<T.

n

C. Lemma4.3

Suppose that
(i)"’o(t) and p (ty are lower and upper solutions of the

hybrid Caputo fractional differentialequation (4.1)
(ii)Let o, (t) and g (1) be the unique solutions of the linear

non-homogeneous hybrid Caputo fractional differential
equations
(D%, = f(t,a,)+ f (ta,) (o, —a,)+g(tay)+0,(tB,) (@, —a,) t# tk,(4-5)
a,(t) =1, (a,(t,), k=123, n-1,t=t,,
| ,(0) = a,(T),
and
(DB, = £t Bo)+ f,(Lay) (B~ B)+ 9t B+ 0, (6. B) (B, - Bo)t =t (4.6)
Bt)=1,(B(t)) k=123, n-1t=t,
| £,(0) = B,(T).
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(i) I is nondecreasing function in x for each k=1,2,3,...,
n-1.
(i) f: 9 are continuous and Lipschitz on [o, T7.
Then ¢ (t)<a,(t) < £,(t) < B, (t) ON [0, T].
Proof.
Let o (1), p,(t) be a lower and upper solutions of equations
(4.2) and (4.3)
and ¢, (t),p,(t) be the unique solutions of
equations (4.5) and (4.6) respectively.
To prove o (t) < a,(t), t<[0,T]
set p(t) = a, (t)—a,(t) Where te[0,t,]
Then we have
‘Dp(t) =F D, (t) - ‘D, (t)
< f(tay)+g(ta,) —[f(tay)+ f(ta)a, —a,)+9(t,a,)+9,(t B)a, —a,)]
S| fx(t!ao) + gx(tvﬁo) | (ao - Oll)

< Mp (t)
Then
"Dp(t) < Mp (1) (4.7)
also p(0) = o, (0) - «,(0) <0.
Then from the solution of the linear non-

homogeneous hybrid Caputo fractional differential equation,
we get
pP(t) < PO)E, (M (t-0)%),te[0,t,],
Since
p(0) <0
which yields
p(t)<0, te[0t,]
Thus we have
a,(t) < a,(t), te[0,t,],
and therefore we get
a,(t) < a,(t).
from the assumption (iii) we obtain that
a, () < (e, (t) = o, ().
For (<, and consider the Caputo fractional
differential equation
("D“af1 = f(t,ay)+ f(tay) (o, —ay)+ gt ay)+ 9, 5,) (a, —a,),
( a,(t)) = a,(t))
Again setting p(t) = o, (t) —a, (t) s t e (t,.1,]
We Q€L ey = °Doy (1) - “Da, (1), t € (1, 1,]
thatis, °Dp(t) < Mp (t) and p(t) <o.
Working as earlier, we get that p(t) <0, t e (t,,t,].
From which we can conclude that
a,(t) < o (t),te(t,t,]
gives
a,(t,) <a(t,)
and
a, () < 1, (e, (1)) = (1)
Proceeding in a similar fashion over each
subinterval (¢, ¢, ], We can show that
a,(t) < a,(t),te[0,T].
Next to prove g (t) < g, (t), te[0,T]
set p(t) = 4,(t) - B, (1) Where te(o,t]
‘Dp(t)=° DA, (1) - "DUA, (D)

<[ B) + T, (ta)(B,— By) + 9 (L. By)
+0, (6, 8)(By = B -t B,) + 9(t, B,)]
<| f (tay)+ 9, (t By) | (B, — By)

< Mp ()
Then
“DIp(t) < Mp (t) (4.8)
also
p(0) = B,(0) - B,(0) <0
Then from the solution of the linear non-

homogeneous hybrid Caputo fractional differential equation,
we get
p(t) < PO)E,(M (t-0)%), t [0, t,],
since
p(0) <0
which yields
p(t)<0, tel0,t].
Thus we have
B(t) < B (1), te[0, 1],
and therefore we get
A1) < By (L)
from the assumption (iii) we obtain that
Bit)) = 1,(B, (1)) < By (1)

For te(t,t,] and consider the Caputo fractional
differential equation
J“D“ﬁi = (B + F(tiay) (B, = By)+ 9t By) + 9, (1, By) (B, - Bo)
L B.(t)) = Bi(t)

Again setting p(t) = ,(t)— B, (t)» te (t,,t,]

We Gt “pp(t) = “D*4,(1) - D4, (1), t e (t,.L;]

that is, *Dp(t) < Mp (t) and p(ty) <O.

Working as earlier, we get that p(t) <o, t e (t,.t,].

From which we can conclude that

p(t) < ﬂo(t), te (tl,tz].
gives
Bi(ty) < By(t,)
and
B(1;) = 1,(B,(1,)) < By (t,).

Proceeding in a similar fashion over each

subinterval (¢, 1, ], we can show that

B()< B, (1), te[0,T]
Further to  prove o (t)<p,(t), te[0,T]Set
p(t) = a,(t) - 4,(t), Where tefo,t].
Then we have
‘Dp(t) =" D, (t) - ‘DB, (t)
= f(ta)+ gt a)+ f (ta)a, —a,)+ 9, B,)(a, —a,)
—[F(tB,)+ 9t B,) + T, (L) By — By) + 9, (6 By) By — B,)]
< ftag)a, = Bo)+ 9, B )a, — By)+ fL(ta)a, —ay— B+ By)
+9,(t B ) e, —a, = B+ By)
< f (ta)ay— By +a,—ay,— B+ B,)
+0,(t B )y = By ta,—a, = B+ By)
<t ag)+9,(t By | (e, - By)
< Mp (t)
Then
‘Dp(t) < Mp ()
also

(4.9)

P(0) = ,(0) - p,(0) <0
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Then from the solution of the linear non-
homogeneous hybrid Caputo fractional differential equation,
we get

P(t) < pO)E, (M (t-0)%), te[0,t,],
which yields

p(t)<0, tel0,t,].
Thus we have
o, (t) < B, (t),te[0,t,],
and therefore we get
a, (t) < B, ().

from the assumption (iii) we obtain that

a, () = 1 (ay (1) < 1,(B, (1)) = B.()

For (<., and consider the Caputo fractional

differential equation
(*D%, = f(t,ay)+ f (tay) (e, —a,)+ gt a,)+9,(tB,) (a,—a,)
%L a,(t) = a,(t)
and
‘DU = f(L B+ F(tay) (B Bo)+ 9t By)+ 0, (t B,) (B, - By).
Bi(t]) = Bi(t)
Again setting p(t) = o, (t) - B,(t)» te(t,t,]
we get *Dp(t) = °D %, (t) - ‘DB, (1), te(t,t,]
thatis, =pep(ty < mp () and p(t) <o.
Working as earlier, we get that p(t) <o, t < (t,,t,].
From which we can conclude that
a, (1) < B, (1), te (t,1,]

(
)
(

gives
a,(t,) < By (t,)
and
a,(t;) < 1, (e, (,)) < 1,(B,(1,)) = B,(L).
Proceeding in a similar fashion over each
subinterval (¢, .7, we can show that (1) < (1), t [0, T]2Nd

() < o, (1) < B,() < ,(t)) hold.
Thus we have 4 (t) < a,(t) < £,(t) < 4, (1), t [0, T]
We now state the main result of our paper.

D. Theorem 4.4

Assume that

(i)ao'ﬂo < PC “[o, T], p] be respectively natural lower and

upper solutions of the PBVP for the hybrid Caputo
fractional differential equation (12) such that »_(t) < g, (t),
te[0,T]

(iLett gcpcopo T1xr.RT @D £ (t,x), g, (t x) €Xists, fand
g are nondecreasing and nonincreasing functions apply
for each . o, 77 such that

(02 Tt y)+ f,Ey)(x—y)and g(t,x) < g(t,y)+0,(t Y)(x=y) x2 y
and
[fEx)-fty) <L Ix-yl

t,x)— t, <L -y
I_1€Pand|9x( )=t y)IsL, Ix-y| Lep

(i) I, isincreasing and Lipschitz in x for each
k=123..n-1.
Then there exist monotone sequences {4 }.{z, }
such that , , , 5 4
to the unique solution , - = x of PBVP (4.1) on o 1; and

the convergence is quadratic.

n — o Uniformly and monotonically

Proof.
Consider the linear hybrid Caputo fractional differential
equation given by,
“ankﬂ = f(ta)+ f (ta,) (o, —a)+9(t,a,)+09,.(B8)(a,, —a)t=+t,
a )= (e (), k=123, n-1t=t
[ a,,,0) =a/(T).

(4.10)
and
(DB = LAY+ F(La) By —B)+ (LA +0,(LA) (B~ BT,
J Bt = 1B (), k=123, n-1t=t,
| Brn®) = B,(T).
(4.11)

Then it follows from Lemma 4.2 that the linear
hybrid fractional differential equations (4.10) and (4.11)
have unique solutions o and g, respectively, whenever

a, and g, are known lower and upper solutions of the

hybrid caputo fractional differential equation (4.1).
Further by setting k = 0 in the above system and
apply Lemma 4.3, we obtain that o <o, < g, < 8, ON [0,T]
We now claim that
ay<a < <a <a, <P, <P<p<pon0T] (412)
Since the result is already proved for n=0, we
assume that the result holds for n=k and prove it for
n =k +1, this means that
a <o <p < B (4-13)
where , and ; are solutions of the hybrid Caputo
fractional differential equation
(D, = f(t,a, )+ f (ta, ) (@ —a )+ ata, )+9,(t B ) (e, —a ) t#t,
a, (t) =1, (e, (), k=123, n-1t=t,
| @, (0) = a, ,(T).
(4.14)
and
(DB = f(t. A )+ F(ta ) (B - B)+ 9t B )+ 0, (LB ) (B, - Bt =y,
Bt =1,(B () k=123, n-1,t=t,
| £(©) = f,,(T).
(4.15)
Now, using the relations (4.12), (4.13) and the
hypothesis (ii), we get,
¢ ank =fta )+ fta)(@,-2)+9t o)
+9, (AL (e, —ay)
< f(tea)+a(tap)
and
a, () < (e, ) <1, (2 ()
since I, is an increasing function for each k.

This yields that ¢, is a lower solution of (4.1) and
further by Lemma 4.2, we obtain that ¢, , is a unique
solution of (4.14) on [, 17 and hence an application of the
Lemma 4.3 yields that o, < ex,,, ON o 1]

Similarly, it can be shown that £, is an upper

solution of (4.1) and by Lemma 4.2, that S, ., is a unique
solution of (4.15) on [0, T] and hence an application of the
Lemma 4.3 gives that p.<p ON[OT]-

Further working in the lines of the Lemma 4.3, we
obtain that @y, < B, ON[0,T]
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Hence by the principle of mathematical induction,
we deduce the relation (4.12) and our claim holds. Clearly
the sequences are piecewise uniformly bounded by relation
(4.12), this also yields that the sequences {<p<, } and {
°pp, } are also piecewise uniformly bounded. By Lemma
2.3.2 in [3] we obtain that the sequences { } and { s } are
equicontinuous in each subinterval « 1 and therefore by

using Ascoli-Arzela Theorem, we conclude that there is a
subsequence that converges uniformly on each subinterval
t,.t,,,]. Now since I is a continuous function (as lipschitz

implies continuity) for each k, this convergence also holds at
end points. Thus we obtain a sequence of piecewise c-
continuous functions {, (1)} that converge uniformly to
p(ty on each subinterval ( ¢ .1 and further | (4 (1)

converges uniformly to | (o). Similarly, the sequence of
iterations { g (t)} converge uniformly to r(t) in each

subinterval (t,,t, 7 and further 1 (g, (t7)) converges
uniformly to | (r(t;)).

Consider the corresponding hybrid Volterra
fractional integrals, we can show that p and r are
solutions of the PBVP(4.1)

Since ¢ g, exists and is bounded on [0, T], we
obtain that f and g are Lipschitz and hence the solution is
unique.

Thus p=x=r on [0, TI.

Next, our aim is to show that this convergence is
quadratic.

Set

P = X—a
Thusfor t =t ,
‘Dp,., =" D'x- "D,
=ftx)+gtx)-f(te,)-gta,)-[f(ta)-9,tL)] (a,,-a,)

<f&p,+9, &) p, +Lf (tea)+9,t B8P~ P,)
Where , <s<x and x<p < g,

n+1

Now using the increasing nature of ¢ and the
decreasing nature of g, We get that for  » t,,
‘Dp,,, < f(t,X)p, +9,EX)p, - f,(ta,)p, -9, 5,)p,

+ L ta) P+ 9, B8P
<LIp,lo+Mp,.,

where M = Max(M,,M,) With | (t,a)|<M,,

10,4 1<M, and L= max |11, |

fort=t, is Lipschitz for each k,
Poa () = X(t) — e, (1) = 1, (x(1) — 1 (@, 4 ()

<K p,.a(t)
() < Kp (1), t= 1t
Since  (0)=0, We arrive at the hybrid Caputo

fractional differential equation. Thus we have the hybrid
Caputo fractional differential equation

, since |,

Therefore p

Cqunéfl_LIp |0+'\/Ipn+1 tk'
P (t) =K, p(t), k=123..n
Pai(0) = 0.

Now using the solution of the linear non
homogeneous fractional differential equation on each
subinterval, we getfor ; c ; ¢ -

)= Ky KKK, ELP B e e, (M, 1))
T'(qg+1) '
E,(M(t, —t,)")... E, (M (t,, —t)") + K, KK,
L
L P, Io( -t)'E (M(tz—tl)")Eq(M(ta—tz)q) ..... Eq(M(tm—tk)")
r'(q+1)
+ Ky Ky L, |°(3—t)" Eqo(M(t; —t,)") E,(M (1, —t,)") +
‘r(g+1)
Llp,ls
Ky E M (t, —t E (M(t, 6 —t
F(q+l)( t ) E (Mt —t, )M E (M (t,., —t)")
Llp,ls
+ﬁ(tk+17tk)q (M (tk+1 k)q)
Ll Py |§ v E M K.E (M q
s 1)121( o) E (Mt ) )1‘[ JM (- 1))
<Ll Lipal §| E _.[M@D* ]HK E,(M (1)) (since t,~t,, =1)
Traeps o b
< Llpb Z' K K e K LEG (M AT Eg (M (D))
r(q+1) =t ¢ o
LI P, lo <&
—— 3 K[E (M (1)1 lqu('\/l(l) )
1_‘(q+l) j=1
Kt mnalp,p
Tr+1 *° e
where
K =K,..K,
and
N .
Q=>1E, (M )]’
j=1
Thus

[P,a() <
r(
This implies the quadratic convergence of the
sequence ¢, «y; -

Similarly, we can prove the quadratic convergence
of the sequence ¢ (), to the solution x(t) of PBVP (4.1).

2
D QE, (M*)|p,

E. Remark

It can be observed that if we set I, =0 for all k, then

PBVP(4.1) reduces to Caputo fractional differential equation
and generalized quasilinearization for there equations has
been studied in [13].
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