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Abstract— Discs with different diametral holes and slots are 

widely used in the construction of automobiles, flywheels, 

clutch plates, saw cutters, missiles, vehicles and ship 

structures. The knowledge of natural frequencies of 

components is of great interest in the study of response of 

structures to various excitations. Hence one of application of 

rotor disc is tile cutter with central hole, fixed at inner edge 

and free at outer edge is topic of interest and its dynamic 

response is investigated by many researchers. This research 

paper presents a brief review of literature on methodologies 

used for analysing the vibration characteristics such as 

natural frequency and mode shapes of circular discs. Till 

now, much of the research work has been conducted on the 

vibration analysis of these types of structures based on 

analytical, numerical and experimental methods. In this 

paper, efforts have been made to review this type of 

literature. Finally summary of review and gaps found for 

future research have been discussed. 
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I. INTRODUCTION 

The vibration analysis of almost every part of a machine 

structure is of major concern to the designer and it is hot 

topic of interest for researchers. The disc, which transmits 

torque from the blades to the shaft of the engine, constitutes 

an important part of the rotary structure. The problem of 

optimizing the disc configuration becomes more significant 

with the ever increasing demand for higher power and 

lighter weight of the structure. The continuing emphasis on 

longer life together with reliable and safe operation in severe 

environments requires greater accuracy and speed in the 

mechanical analysis of the various parts of the turbine, 

especially the rotary disc. In the design of the rotating disc 

certain geometrical restrictions may be imposed on the 

profile of the disc by its functional aspects as well as the 

geometry of other parts of the machine structure. In 

addition, certain behavioural constraints, such as keeping the 

lowest natural frequency of the disc above some specified 

limit, may also be imposed. Hence, the design of the rotor 

will normally require the accurate analysis of several trial 

profiles until the satisfactory one is reached. It is therefore 

essential that the designer has available simple, reliable and 

accurate methods of analysis. 

 Circular discs with holes are extensively used in 

engineering structures [13], e.g. missiles, aircraft and saw 

blades etc., in order to reduce the weight of the whole 

structure, to increase the range of inspection or to satisfy 

other engineering applications, the existence of the hole in a 

circular plate can significantly affect the natural frequencies 

and mode shapes of the structure [37]. Therefore, studying 

the vibrational behavior such as natural frequency and mode 

shapes of circular plate with a central hole i.e. annular plate 

is of great importance. 

II. ANALYTICAL FORMULATION 

Several analytical [43] key parameters which quantify the 

vibrational behavior of discs are described below. 

The classical differential equation of motion for the 

transverse displacement  of a plate is given by 

D4    
∂2

∂t2  = 0                     Eq. (2.1) 

Where D is the flexural rigidity of the structure and is 

defined by 

D = 
Eh3

12 (1−2)
                          Eq. (2.2) 

E is youngs modulus, h is plate thickness,  is poisons ratio, 

 is mass density per unit area of plate, t is time and   is 

laplacian operator. 

 When free vibrations are assumed, the motion is 

assumed, the motion is expressed as 

 = W cos t                      Eq. (2.3) 

Where  circular frequency and W is is a function only of 

the position coordinates. 

 Substituting above equation of motion into 

classical differential equation yields, 

(4 – k4) W = 0                   Eq. (2.4) 

Where K is parameter of convenience defined as, 

K4 = 
 2

D
                          Eq. (2.5) 

Whereas by the theory of linear differential equations, the 

complete solution to above equation can be obtained by 

superimposing the solution to the equations 

2 W1 + k2W1 = 0                  Eq. (2.6) 

2 W2 + k2W2 = 0                 Eq. (2.7) 

 The different boundary conditions possesses for 

circular plates as given by Leissa [43] as, clamped all 

around, simply supported, completely free plates and plates 

with concentrated mass at center. According to such 

boundary conditions the vibrational behavior such as natural 

frequency and mode shapes of plates are different. 

III. EXPERIMENTAL VIBRATION ANALYSIS METHODOLOGY 

Generally two methods of experimental vibration analysis of 

circular discs were used in the available literature. These 

two methods are as follows: 

1) Impact hammer test- In this method, natural frequencies 

of circular discs is detected by hitting the disc with 

impact hammer and response at point of a disc is 

measured by using accelerometer [27]. Also, the output 

of accelerometer is investigated and analyzed by using 

FFT analyzer. 

2) Exciter- This method includes the clamped disc, 

mounted on exciter shaft and different resonances is 

detected by varying the excitation frequency [13]. After 

influence of excitations, mode shapes of dust were 

created on surface of the disc. 
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A. Approaches for Vibration Analysis of Circular Disc 

Much of the research work has been done in the field of 

vibration of circular disc. Few researchers have done 

experimental investigation of different patterns on discs for 

confirmation of the results obtained by theoretical analysis 

with the experimental results. 

IV. LITERATURE SURVEY 

A. Research Methods for Numerical Solution 

The real interest in the vibration analysis of plates was 

started after world war- II. All direct results for fore-

mentioned vibration analysis of plates are presented by 

Leissa [43]. Also, different boundary conditions were 

implemented. Furthermore, a brief comparison among the 

known results for other boundary conditions, estimates of 

additional frequency and mode shapes can be made. Finally, 

the mathematical technique used in the literature to solve the 

problem was pointed out in case more accurate results were 

needed. After this Weisensel G. N. et.al [7] has analyzed the 

results of an extensive literature search and review of 

available sources of numerical natural frequency 

information for stationary circular and annular elastic plates. 

In addition, source information was given regarding the 

specific plate theory, boundary conditions, geometric 

properties and material properties to determine the natural 

frequency. 

1) Differential Quadrature Method: 

Ming-Hung Hsu [1] has discussed an efficient numerical 

approximation technique that called the differential 

quadrature method. Numerical results indicated that the 

accuracy of the calculated results was improved 

significantly by employing the modified differential 

quadrature method. 

2) Dimensional and Thermo Elastic Analysis 

The application of finite element method for the analysis of 

thermo elastic characteristics of a thin circular disk which 

was subjected to a thermal load and an inertia force arising 

due to rotation of the disk is considered [2, 3, 25 & 39]. On 

the basis of the two dimensional thermo elastic theories, the 

axisymmetric problem was formulated in terms of second 

order ordinary differential equation which is solved by FEM 

[45]. 

3) Free Vibration Analysis 

S. Khare and N. D. Mittal [4] and J. kirkhope and G. J. 

Wilson [42] described numerical analysis of free vibration 

of thin circular and annular plate using finite element 

method. Results showed that natural frequency parameter 

increases as the aspect ratio increases except in case of free 

boundary condition, for which it decreases with the aspect 

ratio. An annular element was derived [42] which 

incorporates the number of diametral modes in the 

deflection function. The results in an element having only 

four degrees of freedom, these being the deflections and 

slopes at the inner and outer  radii of the element at an anti-

node of the particular vibration mode. 

4) FEM Method by Rolling and Tensioning 

A method in finite element analysis for estimating natural 

frequencies of a disk tensioned by rolling, without the use of 

eigenvalue analysis was proposed by F. Kuratani, S. Yano 

[5] and Charles B. Ponton [6]. Tensioning is used for 

improving the dynamic stability of circular saws. In this 

method, the natural frequencies after rolling are easily 

estimated from the mode shapes of the disk before rolling 

and the stress distribution after rolling. Ponton developed 

and evaluated finite element models of an industrial saw 

blade while undergoing the effects from rotating and cutting. 

In addition, the effects on the saw blades performance due to 

various numbers and lengths of expansion slots and saw 

blade tensioning were explored [6]. Mechanisms for a saw 

blade under the loads developed from rotation and a load 

case representing the cutting process is also analysed. 

5) In-Plane Flexural Vibration 

The in plane flexural vibration of a thick ring interacting 

with winkler foundation was analysed [26, 35] on the basis 

of the analytical and numerical method. The effect of rotary 

inertia and shear deformation was included. The normal 

frequencies and natural mode shapes of the system vibration 

are determined. Achieved results were discussed and 

compared with an experimental data. L. Pust [26] concerned 

with the theoretical and numerical calculations of the 

flexural vibrations of a bladed disk. 

6) Symmetric and Asymmetric Structural Analysis 

Weiqiang zhao et.al [18] introduced the FEA method for 

cyclic symmetric structures and done a vibration 

characteristics analysis for aero engine compressor blade 

disc coupling system and the Campbell diagram, resonance 

speed and frequencies are obtained accordingly. Combined 

effect of rotating and non-rotating asymmetries on rotor 

under non conservative loading used to avoid self-excited 

vibrations [23]. Result showed that breaking of symmetries 

of the rotating and non-rotating restoring terms has opposite 

effects for the stability behavior of translatory and rotational 

motions. Free vibration analysis of laminated, polar 

orthotropic, circular and annular plates has been discussed 

[38]. The analysis was restricted to axisymmetric free 

vibration of the plates and employed first order shear 

deformation theory for the displacement field, in terms of 

mid plane displacements. 

 C. J. Luo et.al [8] given an analytical nonlinear 

solution for the asymmetric mode vibration of rotating disc 

through a recently developed an accurate plate theory 

instead of von Karman model. Yongchen Pei et.al [9] 

investigated the multi body dynamics of a rotating flexible 

annular thin disk subjected to double slider loading systems. 

Stanislaw Kukla et.al [10] investigated axisymmetric free 

vibration of annular and circular plates of stepped thickness 

with elastic ring supports. Exact solution to the problem is 

obtained by dividing considered plate into annular plates of 

uniform thickness and by using Green’s function method. 

 Eihab M. Abdel-Rahman et.al [11] presented 

numerical procedure to solve the axisymmetric vibration 

problem of statically loaded annular plates. Their results 

show that static deformations have a significant effect on the 

natural frequencies and small effect on the mode shapes of 

the plate. Hassan zaparmand [19] has carried out free 

vibration analysis of thick functionally graded Nano 

composite annular and solid disks with variable thickness 

reinforced by single-walled carbon nanotubes. 

 Natalie Baddour et.al [20] considered the effect of 

in-plane inertia of the disk on the resulting nonlinear 

dynamics and constructed analytical approximate solutions. 
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 D. Zhou et.al [21] considered the effect of 

structural parameters such as plate thickness, length and the 

end condition on eigen frequencies of circular plate. It was 

shown that with the increase of plate thickness, the effect of 

the built-in annulus on eigen frequencies significantly 

increases. 

 Lhoucine Boutahar et.al [22] has modified the rule 

of mixture to take into account the effect of porosity and to 

approximate the material properties assumed to be graded in 

the thickness direction of the examined annular plate. The 

problem was solved by a numerical iterative method. 

Cigdem et.al [24] presented free vibration analysis of 

annular sector plates via conical shell equations. The 

obtained numerical results based on the two numerical 

approaches for annular sector plates were compared with the 

results available in the literature. Hassan bahaloo et.al [27] 

investigated out of plane vibration of functionally graded 

rotating annular disks with a circumferential open crack. 

The in-plane disk stresses are obtained using a semi-

analytical approach. 

 Chi-Hung Huang et.al [28] investigated vibration 

characteristics of thin piezo ceramic annular disks with 

stress-free boundary conditions by theoretical analysis, 

numerical simulation, and experimental measurement. 

 G. V. R. Seshagiri Rao et.al [29] investigated the 

torsional vibration behaviour of circular and circinate plates. 

Result showed that the torsional vibration behaviour of 

circular and circinate plates was totally different compared 

to circular shafts. 

 Xianjie Shi et.al [30] investigated a generalized 

fourier series method proposed for the in-plane vibration 

analysis of annular plates with arbitrary boundary conditions 

along each of its edges. 

 Ranjan and Ghosh [31] investigated effect of 

discrete point masses and patches of distributed masses 

attached at the periphery of the plate on free and forced 

vibration behaviour of a spinning disc. Results showed that 

natural frequencies of thin spinning plate attached to a rigid 

core increase significantly with increase in speed. 

 Myung jo jhung et.al [40] has discussed analytical 

method to determine the modal characteristics of a plate 

submerged in fluid. 

 Hashemi et.al [41] developed a finite element 

formulation for vibration analysis of rotating thick plates. 

The multipole Trefftz method to derive an analytical model 

describing the free vibration of a circular plate with multiple 

circular holes [50] was presented. 

 A power series solution was developed for free 

vibration and damping analysis of viscoelastic functionally 

graded plates with variable thickness on elastic foundations 

[46]. 

 Moving element method is formulated to solve two 

problems for rotating disk subjected to stationary load and 

stationary disk subjected to rotating load. Analytical 

solutions in terms of complex Fourier– Hankel series were 

also presented [47]. Numerical result showed good 

agreement between the numerical method and the analytical 

method. 

 Yu-his huang et.al [48] investigated the transverse 

and planar vibration characteristics of two-layered piezo 

ceramic disks for traction-free boundary conditions by 

theoretical analysis, finite element numerical calculation and 

experimental measurements. 

B. Experimental Analysis Approach 

David Matthews et.al [36] studied natural frequencies and 

mode shapes of a thin steel disc clamped at the edges by two 

steel flanges. Mechanical shaker and impact hammer were 

used to excite the plate to obtain the frequency response 

function of the structure. 

 Numerical technique to model a disc of friction 

clutch and compute the natural frequencies and mode shapes 

was used by Mhaiskar et.al [12]. Natural frequencies were 

calculated for the various parameters. Also the numerical 

approach was applied for the verification. 

 Thakare et.al [13] and Raut et.al [14] demonstrated 

an experimental method to determine the modal 

characteristics of a plate with multiple holes and slots and 

results are verified by finite element analysis with Ansys. 

 Optimization of existing tile cutter for better 

performance in vibration was done[15] by analysing 

vibration characteristics like natural frequency and mode 

shapes of tile cutter with free boundary condition through 

optimization of number of diametral slots, diameter of slot 

end and number of cooling holes. 

 Patil et.al [16] has evaluated the natural frequencies 

in desired frequency ranges of cutter mechanism. Mode 

shapes at various natural frequencies were evaluated using 

FEA and FFT results. CATIA V5 software was used to 

design various existing blades. 

 Hirave S. H. et.al [17] took efforts for vibration 

characteristics of tile cutter used in tile cutting industries 

with free boundary condition but having different conditions 

like enlargement of stress concentration holes, slot end hole 

diameter, numbers of cutting teeth, aspect ratio, effect of 

number and length of cracks, variable radial slit, circular 

concentric slit and thickness. 

 Milad Hemmatnezhad [37] investigated free 

vibration behaviour of annular plates.  An experimental 

modal analysis was performed on free-free annular plate. 

 Natural frequencies and maximum deformation of 

structure of three different materials were used for 

comparative study of the variation in characteristics of the 

structure for various aspect ratios [32]. 

 Hirave et.al [33] analysed vibration characteristics 

of tile cutter used in tile cutting industries with free 

boundary condition but having different conditions like 

enlargement of stress concentration holes, slot end hole 

diameter, numbers of cutting teeth, aspect ratio, effect of 

number and length of cracks, variable radial slit, circular 

concentric slit, thickness by using FEM software. 

 Brake disc plate with central hole, fixed at inner 

edge and free at outer edge was investigated by Gaikwad 

and patil [34]. Result showed that number of nodal diameter 

decreases as natural frequencies increase. Natural frequency 

of disc brakes increases as the disc thickness decreases. 

Natural frequencies of disc brake increases as the brake disc 

holder hole diameter increases. 

 The dynamic response of rotating disk-like 

structures was analysed from the stationary frame [44] 

 A practical understanding of terminology and 

behaviour based in visualizing how a shaft vibrates, and 
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examining issues that affect vibration was presented [49] 

and finally found that cylindrical rotor modes were not 

influenced by gyroscopic effects and remain at a fairly 

constant frequency versus rotor speed. 

V. CONCLUSION 

After an exhaustive survey of literature and methodologies 

used in the vibration analysis of annular discs with inner 

edge clamped and outer edge free, it was found that the 

potential researchers in this field have used various tools and 

methodologies to detect and identify natural frequency and 

mode shapes. The some methodologies have some specific 

advantages over the other. There is a choice before the 

researchers to adopt proper technique. 

 In recent years majority of work related to 

vibration of plates is carried out by finite element methods 

and fewer efforts have been taken for experimentation. 

Majority of authors have focused on circular disc with 

circular holes only.  Less focus was enlightened on annular 

discs with variable radius of location of holes on surface of 

disc. 
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