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Abstract— This paper investigates the steady flow of a 

reactive variable viscous fluid in porous cylindrical pipe.  

To measure the governing equation we used dimensionless 

variables. To obtain the threshold values for the flow 

parameters, Numerical simulation was terminated under 

discussion.  Regular perturbation techniques were hired to 

acquire an approximate solution of the resulting 

dimensionless non-linear equations. We were studied and 

reported about the effect of viscous heating and permeability 

parameters on the steady flow. 
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I. INTRODUCTION 

The study of steady flow of a reactive variable viscous fluid 

in a porous cylindrical pipe with an isothermal wall under 

Arrhenius kinetics and to report the effect of porosity and 

heating parameters on velocity and temperature of the flow. 

It is important in many physiological flows and engineering 

applications such as magneto-hydrodynamic (MHD) 

generators, arterial blood flow petroleum engineering and 

many more. 

 Several authors have studied about the effect of 

viscous heating and permeability parameters on the steady 

flow. To mention just a few, [1] investigated different 

reactive flows have been modeled generally by extending 

the Navier-Stokes equations to include the appropriate 

chemical reactions and forces. Mahmood and Ali [2] 

investigated the thermal ignition and heat transfer in a 

reactive variable viscosity fluid are extremely useful in 

order to ensure safety of lives and mass transfer is studied 

by Nityananda Senapati and Rajendra Kumar Dhal [3]. 

Radiation and heat transfer effects on a MHD non – 

Newtonian unsteady flow in a porous medium with slip 

conditions are investigated by Gbadeyan and Dada [4]. The 

fluid is assumed not to absorb its own emitted radiation but 

that of the boundaries. The effect of buoyancy, heat source, 

thermal radiation and chemical reaction are taken into 

account embedded with slip boundary condition, varying 

temperature and concentration. The combine effect of a 

transverse magnetic field and radiative heat transfer to 

unsteady flow of a conducting optically third order fluid 

through a channel filled with saturated porous medium and 

non – uniform temperature is investigated by Hala 

Kahtanhamdi and Ahmed M. Abdulhadi [5]. Abdul-Hakeem 

and Sathiyanathan [6] presented analytical solution for two-

dimensional oscillatory flow of an incompressible viscous 

fluid, through a highly porous medium bounded by an 

infinite vertical plate Jha. Several researchers have worked 

on reactive variable viscosity flow with different non-porous 

channels [7] [8] [10] [11] and porous channels [12] [13] [14]  

[15]  arriving at various results by different authors such as 

Darcy H, A. C. Srivastava, s. Whitaker, M. R. Mackley, 

Mikinde O. D and so on. 

 After the survey of literature, it clearly observed 

that the viscous heating parameter has effect on the 

temperature and velocity profiles of the flow. The presence 

of pores on the geometry of the problem also has effect on 

the temperature and velocity of the fluid. Increase in 

permeability parameter increases the velocity of the fluid 

which is in agreement with the results of [11] [15]. The 

temperature is also enhanced than when there is no porosity. 

It could be said that the temperature of the fluid can be 

controlled by varying the viscous heating parameter and the 

thermal conductivity in order to minimize their effects and 

maximize the flow system efficiency. 

II. MATHEMATICAL FORMULATION OF THE FORMULA 

The work on steady flow of a reactive viscosity fluid in a 

porous cylindrical pipe with an isothermal wall was 

extended to include permeability in the momentum equation 

under Arrhenius kinetics [12]. The respective dimensional 

form of the energy and momentum equations with the 

boundary conditions are given as 
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 Here, µ0, Q, C0, A, E, R, T, G are the fluid 

reference viscosity, heat of reaction, initial concentration of 

the reactant species, rate of constant, activation energy, 

universal gas constant, absolute temperature and constant 

axial pressure gradient respectively, the last term 
μ

k1
 u̅ in the 

left hand side of Equation (2) is the porosity force, k1 is the 

Darcy permeability [11] [12] and k is the thermal 

conductivity. The viscosity of the fluid is of the Arrhenius 

form given as 

µ = µ0 e
E

RT          (4) 

 Here, μ0, E, R, and T are as defined. Figure 1 

showed the geometry of the steady flow in a cylindrical 

pipe. The fluid is supposed to be viscous, incompressible 

and reactive, flowing steadily in the z-direction with r̅ = a, 

and u̅ = 0 at the wall. The temperature of the cylindrical wall 

is also assumed to be constant i.e. T = T0 (isothermal) 

throughout the flow. 
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The dimensionless form of the governing equations is 

acquired as: 
1

r

d

dr
(r 

dθ

dr
) + λ e

θ

1+ϵθ + λ β e
−θ

1+ϵθ (
du

dr
)

2

= 0       (5) 

1

r

d

dr
(r e

−θ

1+ϵθ 
du

dr
) + δ e

−θ

1+ϵθ u = -1       (6) 

with dimensionless boundary condition 

u (1) = θ (1) = 0,      
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Where δ = 
a2

k1
 is the dimensionless porosity (permeability) 

parameter. 

For all fuels of absorption, suppose the parameter ∈ is small. 

Using activation energy asymptotic and for ∈<< 1, 

Equations (5) and (6) are simplified to give 

 
Fig. 1: Geometry of steady flow 
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Where Equations (8) and (9) illustrate the temperature and 

velocity equations respectively 

III. METHOD OF SOLUTION 

The coupled nonlinear ordinary differential Equations (8) 

and (9), with the dimensionless boundary conditions (7), 

made it difficult to acquire exact solution. Since the 

cylindrical coordinate has singularity at r = 0, regular 

perturbation techniques were hired to acquire an 

approximate solution of the resulting dimensionless non-

linear equations. It is better to take a power series expansion 

in the Frank-Kamenetskii parameter λ, and for easy 

research, the solution to Equations (8) and (9) is assumed to 

be in the form 

u (r) = ∑ λi ∞
i=1 ui = u0 (r) + λ u1 (r) + λ2 u2 (r) + λ3 u3 (r) + ….. 

         (10) 

θ (r) = ∑ λi ∞
i=1  θ i = θ0 (r) + λ θ 1 (r) + λ2 θ 2 (r) + λ3 θ 3 (r) +….                 

        (11) 

Substituting Equations (10) and (11) into (8) and (9) using 

the dimensionless boundary conditions (7), we have 

θ (r) = λ (α4 + α5 r2 + α6 r4 + α7 r6 + α8 r8) + λ2 (α12+ α13 r2 + 

α14 r4) + λ3 (α18 + α19 r2 + α20 r4)    (12) 

u (r) = α1 + α2 r2 + α3 r4 + λ (α9+ α10 r2 + α11 r4) + λ2 (α12+ α13 

r2 + α14 r4)      (13) 

All the constants are defined in Appendix A. 

IV. RESULT AND DISCUSSION 

In this paper, we studied the steady flow of a reactive 

viscosity fluid in a porous cylindrical pipe. 

Figure 2: Plots of θ (r) against r for different values of 

heating parameter (β) when δ = 0.0 and 

λ = 0.5. 

 
Fig. 2: Effect of the viscous heating parameters in fluid 

temperature θ (β = 0.0), θ (β = 1.0), θ (β = 2.0). 

 It is observed that the maximum temperature 

appeared at the centre of the cylindrical pipe and it 

decreases towards the boundary of the pipe. A critical 

comparison of Figure 2 showed that in the presence of 

porosity parameter, the temperature of the fluid is a bit 

enhanced than when there is no porosity parameter. This 

implies that heat is added to the system as a result of the 

pores or voids in the flow. 

Figure 3:  Plots of θ (r) against r for different values of 

heating parameter (β) when δ = 0.5 and λ = 0.5. 

 
Fig. 3: Effect of the temperature profile in the presence of 

permeability parameter      θ (β = 0.0), θ(β = 1.0), θ(β = 2.0) 

 It is observed that the fluid temperature increases 

with increasing values of viscous heating parameter β. A 

critical comparison of Figure 3 showed that in the presence 

of porosity parameter, the temperature of the fluid is a bit 

enhanced than when there is no porosity parameter. This 

implies that heat is added to the system as a result of the 

pores or voids in the flow. 

Figure 4: Plots of u (r) against r for different values of 

heating parameter (β) when δ = 0.0 and 

λ = 0.5. 
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Fig. 4: Effect of Viscous Heating Parameter 

u (β = 0.0), u(β = 10.0), u(β = 20.0). 

In Figure 4, velocity increases with increasing values of the 

viscous heating parameter β. 

Figure 5:  Plots of u(r) against r for different values of 

heating parameter (β) when δ = 0.5 and λ = 0.5. 

 
Fig. 5: Effect of Viscous Heating Parameter 

u (β = 0.0), u(β = 10.0), u(β = 20.0). 

It is observed that the velocity of the flow in the presence of 

permeability parameter and the velocity increases with 

increasing viscous heating parameter. 

Figure 6:  Plots of u (r) against r for different values of 

permeability parameter (δ) when β = 0.0 and λ = 0.5. 

 
Fig. 6: Effect of Viscous Heating Parameter with Different 

Values of Permeability Parameter 

u (δ = 0.0), u(δ = 0.5), u(δ = 1.0). 

Permeability is the measure of the material’s ability to 

permit liquid or gas through its pores or voids. Filters made 

of soil and earth dams are very much based upon the 

permeability of a saturated soil under load. Permeability is a 

part of the proportionality constant in Darcy’s law. Darcy’s 

law relates the flow rate and fluid properties to the pressure 

gradient applied to the porous medium. This supports that as 

permeability increases velocity should also increase. 

V. CONCLUSION 

In this paper, we observed that the flow of a reactive 

viscosity fluid in a porous cylindrical pipe has effect on the 

temperature and velocity profiles of the flow. The geometry 

of the problem also has effect on the temperature and 

velocity of the fluid in the presence of pores. Increase in 

permeability parameter increases the velocity of the fluid. 

When there is no porosity then the temperature is also 

enhanced. From the work, the temperature of the fluid is 

controlled   by varying the viscous heating parameter and 

the thermal conductivity in order to minimize their effects 

and maximize the flow system efficiency. The effect of 

viscous heating and permeability parameters were studied 

and reported. 

APPENDIX A 
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And we use similar method for α14, α15, α16, α17, α18, α19, α20. 
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