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Abstract— The ECG signal shows the any abnormalities in 

the heart conditions. The diagnosis of the ECG signal is very 

much difficult for a trained physician as these signals are 

non-stationary. The signal acquisition and its processing can 

be affected by the noise and will lead to a negative 

interpretation of the results and the analysis. The common 

technique that is used for the reduction of noise is the DWT 

thresholding because of its multiresolution analysis which is 

much more efficient than the Fourier based filtering. Here the 

proposed ECG signal denoising is based on VMD. The DWT 

thresholding is applied to each of the VMFs that are 

generated by the VMD. In this work the residue is not 

considered and the signal reconstruction is done by weighted 

summation where the weights are determined the CLS 

algorithm. Another denoising method based on UWT in 

which SWT is used for filtering the noisy signal is also 

proposed in this work. 
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I. INTRODUCTION 

The ECG signal can be interpreted wrongly due to the effect 

of noise in the signal, so the noise should be filtered out 

from the ECG signal. The quality of the ECG signal can be 

improved by pre-processing. The different types of noises 

that affect the ECG signal are the high frequency noise and 

the low frequency noise. The high frequency noise includes 

electromyogram noise, motion artifacts, channel noise and 

powerline interference. The low frequency noise includes 

the baseline wandering which can take place due to the 

coughing and the respiration. 

There are different methods for denoising an ECG 

signal. In all those methods, the methodology employed is to 

detect the noise from the ECG signal and to remove or filter 

it in order to obtain a noise free ECG signal. In the case of 

Empirical Mode Decomposition (EMD), the signal is 

decomposed into the signal mode which is the Intrinsic 

Mode Functions (IMFs) and the residues that are formed are 

auto-adaptive to the input so that specifying a mother 

wavelet and the decomposition level is not needed before 

hand. Usually the denoised IMFs are added simply which 

assigns the high and low frequency components equal 

weights which does not withstand the residue and may lead 

the denoising to be inefficient.  

The inefficiency in signal denoising based on EMD 

is because of two reasons. First, the essential structural 

information about the decomposed signal is contained in the 

IMFs, but as the order of the IMFs increases, their 

frequencies and impact decreases [1]. Therefore, the lower 

order IMFs conveys the fast changing information in the 

signal and the higher order IMFs contains the low frequency 

oscillations which is having less information value. 

Considering this fact, when an unweighted summation of the 

IMFs is done, we are ignoring their different information 

carrying capabilities. Second, the residue brings only little to 

the denoising process during its final reconstruction stage 

when compared to the IMFs. It is because the residue 

conveys only the background information that is varying 

slowly with little structural content. 

The procedure for extracting the IMF, the sifting 

process, used by the EMD finds the low pass 

approximations of a signal progressively and each time 

removing them in order to obtain the IMFs in the successive 

frequency bands. Moreover, the algorithm of the EMD is 

very much sensitive to the noise level in the signal and its 

efficiency depends on two factors such as the how the low 

pass approximations are made and what criterion is used to 

stop the decomposition. 

In this work, EMD is replaced by VMD. The noisy 

signal is decomposed into VMFs by the application of 

VMD. Then DWT thresholding is applied to each of these 

VMFs for denoising and the reconstruction of the filtered 

signal is done by the weighted summation of the denoised 

VMFs. The residue is not considered in the reconstruction of 

the signal. The determination of weight is done by the CLS 

optimization algorithm. This method is then compared with 

another method which uses Undecimated Wavelet 

Transform for denoising the ECG signal. 

II. METHODS 

A. Design of Experiments 

The proposed method 1 based on VMD for the ECG signal 

denoising is shown in Fig. 1. The weighing of VMF by the 

CLS before the final summation and ignoring the residue are 

the main difference that is brought by the proposed method 

1 when compared to other conventional EMD based 

methods. The proposed method 2 based on UWT for the 

ECG signal denoising is shown in Fig. 2. In this method 

SWT is used for the denoising process. 

B. Variational Mode Decomposition 

The VMD is mainly used to generate discrete number of 

sub-signals or modes (uk), that have the sparsity property 

which is specific while the input is reproduced, by 

decomposing a real valued input signal. Here an assumption 

is made that each mode is compact around a central 

pulsation ωk. The center pulsation is determined along with 

the decomposition. For a signal s, the bandwidth of a mode 

uk can be accessed using the following algorithm [1]. 

 To obtain a unilateral frequency spectrum, the analytic 

signal associated with uk is computed by means of the 

Hilbert transform. 

 The mode’s frequency spectrum is shifted to baseband 

by mixing with an exponential which is being tuned to 

the respective center frequency that is estimated. 
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 Using the H1 Gaussian smoothness of the demodulated 

signal, the bandwidth is estimated; for example, the 

squared L2-norm of the gradient. 

 
Fig. 1: Proposed method 1 

All the modes can be found out by the constrained 

variational problem which is defined by 

min(𝑢𝑘, 𝜔𝑘) = {‖∑ 𝜕𝑡 [(𝛿(𝑡) +
𝑗

𝜋𝑡
) ∗ 𝑢𝑘(𝑡)] 𝑒−𝑗𝜔𝑘𝑡

𝑘 ‖
2

}   

(1) 

Subject to, 

∑ 𝑢𝑘 = 𝑠𝑘       (2) 

Where s stands for the signal to decompose, uk is 

the kth mode, ωk is a frequency, δ is the Dirac distribution, t 

is a time, and * denotes convolution. Modes with lower 

frequency components are indicated by higher values of k. 

 
Fig. 2. Proposed Method 2 

C. Discrete Wavelet Transform and Thresholding 

In the signal denoising based on DWT, the input signal is 

decomposed into the wavelet components and by 

thresholding these wavelet components the denoised signal 

can be obtained. The coefficient is set to zero if a coefficient 

is smaller than the threshold value. The denoised signal is 

recovered by performing inverse DWT on the result. Here 

the determination of the optimal threshold value is done by 

minimizing the Stein’s Unbiased Risk Estimator (SURE) 

[2], called SureShrink which was proposed by Donoho and 

Johnstone [3]. It was chosen because its accuracy increases 

with the data size [4]. The minimization of SURE, denoted 

RS(t), is given by [2]: 

𝑅𝑆(𝑡) = 𝑁 + ‖𝑔(𝑦)‖2 + 2∇𝑦 ∙ 𝑔(𝑦      (3) 

Where g is a function in ℜ, y=[y0,y1,…….,yM-1] 

and: 

∇𝑦 ∙ 𝑔(𝑦) = ∑
𝜕𝑔𝑖

𝜕𝑦𝑖

𝑁−1
𝑖=0                          (4) 

As standard soft-thresholding function is used, the 

selected threshold tS is given by: 

𝑡𝑠 = arg min 𝑅𝑠(𝑡)                    (5) 

𝑡 ∈ {𝑦0, 𝑦1, … … … … … , 𝑦𝑁−1}                       (6) 

D. Estimation of Regression Constrained Coefficients for 

Signal Reconstruction 

After decomposition of the noisy signal by VMD, it can be 

represented as a sum of weighted VMFs such that: 

𝑆 = ∑ 𝜑1𝑉𝑀𝐹1
𝑁
𝑗=1 +  𝜑2𝑉𝑀𝐹2 + … … … … … + 𝜑𝑗𝑉𝑀𝐹𝑗  (7) 

Where φ are weights. In the case of Empirical 

Mode Decomposition (EMD), 

𝑆 = ∑ 𝛽1𝐼𝑀𝐹1
𝑁
𝑗=1 + 𝛽2𝐼𝑀𝐹2 +  … … … … … + 𝛽𝑗𝐼𝑀𝐹𝑗  (8) 

The weights for reconstructing the denoised signal 

are estimated by running a least squares with linear equality 

constraint. In the case of EMD, this can be stated as: 

𝑀𝑖𝑛 ((∑ 𝛽1𝐼𝑀𝐹1
𝑁
𝑗=1 +  𝛽2𝐼𝑀𝐹2 + … … … + 𝛽𝑗𝐼𝑀𝐹𝑗) − 𝑆)

2
 (9) 

Subject to, 

∑ 𝛽1
𝑁
𝑗=1 + 𝛽2 + … … … … … + 𝛽𝑗 = 1   (10) 

Similarly, for VMD reconstruction, 

𝑀𝑖𝑛 ((∑ 𝜑1𝑉𝑀𝐹1
𝑁
𝑗=1 + 𝜑2𝑉𝑀𝐹2 + … … … … + 𝜑𝑗𝑉𝑀𝐹𝑗) − 𝑆)

2
 

(11) 

Subject to, 

∑ 𝜑1
𝑁
𝑗=1 + 𝜑2 +  … … … … … + 𝜑𝑗 = 1         (12) 

E. Decimated and Undecimated Wavelet Transform 

If the number n of the wavelet coefficients p is depending on 

the type of the wavelet transform (decimated or 

undecimated), Decimated Wavelet Transform are used. The 

wavelet transform consists of both wavelet coefficient and 

scaling coefficients. The number of data points is same as 

the number of coefficients in p in the decimated wavelet 

transforms [5]. 

Undecimated Wavelet Transform means there is no 

decimation. Undecimated Wavelet Transform is applied on 

both down sampling in the forward wavelet transform and 

up-sampling in the inverse wavelet transform process. 

F. Undecimated Wavelet Transform 

The UDWT has been discovered for various purposes and is 

also known Stationary Wavelet Transform (SWT) or 

Redundant Wavelet Transform. The key point is that it is 

redundant, shift invariant, linear, and it gives a better 

approximation to the continuous wavelet transform than the 

approximation provided by the orthonormal DWT. Unlike 

the DWT, the UDWT does not incorporate the down 

sampling operations. Thus, the approximation coefficients 

(low-frequency coefficients) and detailed coefficients (high-

frequency coefficients) at each level are the same length as 

the original signal. 

The basic algorithm of the conventional UDWT is 

that it applies the transform at each point of the signal and 

saves the detailed coefficients and uses the approximation 

coefficients for the next level [5]. The size of the 

coefficients array does not diminish from level to level. This 

decomposition is further iterated up to level 4. After 

computing the UDWT of the signal, thresholding of the 
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detailed coefficients at all levels is performed by applying 

the universal threshold. The wavelet coefficients are 

subjected to soft thresholding. 

G. Stationary Wavelet Transform 

It is known that the classical DWT suffers a drawback: the 

DWT is not a time-invariant transform. This means that, 

even with periodic signal extension, the DWT of a translated 

version of a signal X is not, in general, the translated version 

of the DWT of X [6]. 

How to restore the translation invariance, which is 

a desirable property lost by the classical DWT? The idea is 

to average some slightly different DWT, called ɛ-decimated 

DWT, to define the Stationary Wavelet Transform (SWT). 

The main application of the SWT is denoising. 

H. ɛ-decimated DWT 

There exists a lot of slightly different ways to handle the 

Discrete Wavelet Transform (DWT). The DWT basic 

computational step is a convolution followed by a 

decimation. The decimation retains even indexed elements. 

But the decimation could be carried out by choosing odd 

indexed elements instead of even indexed elements. This 

choice concerns every step of the decomposition process, so 

at every level we chose odd or even. If we perform all the 

different possible decompositions of the original signal, we 

have 2J different decompositions, for a given maximum 

level J.  

Let us denote by εj=1 or 0 the choice of odd or 

even indexed elements at step j. Every decomposition is 

labeled by a sequence of 0s and 1s: [ε=ε1,………,εJ]. This 

transform is called the ɛ-decimated DWT. One can obtain 

the basis vectors of the ɛ-decimated DWT from those of the 

standard DWT by applying a shift and corresponds to a 

special choice of the origin of the basis functions. 

I. How to calculate the ɛ-decimated DWT: SWT 

It is possible to calculate all the ɛ -decimated DWT for a 

given signal of length N, by computing the approximation 

and detail coefficients for every possible sequence ɛ. We are 

doing these using iterations which is not a good way to 

calculate all the ɛ -decimated DWT, because lot of 

computations is performed many times. So an another way 

is the Stationary Wavelet Transform (SWT). 

The SWT algorithm is very simple and is close to 

the DWT one. More precisely, for level 1, all the ɛ-

decimated DWT (only two at this level) for a given signal 

can be obtained by convolving the signal with the 

appropriate filters as in the DWT case but without 

downsampling. Then the approximation and detail 

coefficients at level 1 are both of size N, which is the signal 

length. 

J. Algorithm 

Given a signal s of length N, the first step of the SWT 

produces, starting from s, two sets of coefficients: 

approximation coefficients cA1 and detail coefficients cD1. 

These vectors are obtained by convolving s with the low-

pass filter LoD for approximation, and with the high-pass 

filter HiD for detail.  

The next step splits the approximation coefficients 

cA1 in two parts using the same scheme, but with modified 

filters obtained by upsampling the filters used for the 

previous step and replacing s by cA1. Then, the SWT 

produces cA2 and cD2. 

The steps are shown in the following Fig. 3 and 

Fig. 4. 

 
Fig. 3: A level 3 SWT Filter Bank 

 
Fig. 4: SWT Filters 

III. RESULTS 

I used ECG records from the MIT-BIH database to evaluate 

the two proposed methods. For the proposed method, I 

considered the Haar wavelet transform.  

The main advantage of wavelet basis is that, 

despite having irregular shape, are able to perfectly 

reconstruct functions with linear and higher order 

polynomial shapes whereas Fourier basis fails to do so. As a 

result, wavelets are able to denoise the particular signals far 

better than conventional filters that are based on Fourier 

transform design and that do not follow the algebraic rules 

obeyed by the wavelets. The wavelet approach to signal 

processing is more of a “decomposition” rather than a filter. 

The reason wavelets are being used more and more is 

because they are capable of deconstructing complex signals 

into basis signals of finite bandwidth, and then 

reconstructing them again with very little loss of 

information. Practically, this means that there is little-to-no 

signal leakage or phase-shifting of the original signal when 

you decompose it. Conventional filters generally have 

problems with signal leakage or phase-shifting that have to 

be dealt with, or at least acknowledged in the output. 

A. Daubechies Wavelets 

Daubechies wavelets are families of wavelets whose inverse 

wavelet transforms are ad-joint of the wavelet transform i.e., 

they are orthogonal. They have maximal number of 

vanishing moments and hence they can represent higher 

degree polynomial functions [7]. With each wavelet type of 

this class, there is a scaling function known as \father 

wavelet" that generates an orthogonal multi-resolution 

analysis. Daubechies orthogonal wavelets D2-D20 (even 

index numbers only) are commonly used. The numbers 

associated with the name refers to the number `N' of 

coefficients. Each wavelet has vanishing moments equal to 

half the number of coefficients. For example, D2 which is 

the Haar wavelet has one vanishing moment, D4 has two, 

etc. The number of vanishing moments is what decides the 

wavelet's ability to represent a signal. For example, D2, with 

one moment, easily encodes polynomials of one coefficient, 

or constant signal components. D4 encodes polynomials 

with two coefficients, i.e. constant and linear signal 
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components etc. The wavelet transform using Daubechies 

wavelets result in progressively finer discrete samplings 

using recurrence relations. Every resolution scale is double 

that of the previous scale. Daubechies derived a family of 

wavelets, the first of which is the Haar wavelet. Since then 

interest in this field has shot up and many variations of 

Daubechies original wavelets have been developed. The 

discrete wavelet transform has applications ranging from 

data compression to signal coding. In this work, Daubechies 

wavelet was used to filter the noisy signal to extract 

information from the signal. 

B. Salient Features of Db6 Wavelet Transform 

The Db6 wavelet transform has a number of advantages: 

 It is conceptually simple. 

 It is fast. 

 It is memory efficient, since it can be calculated in 

place without a temporary array. 

 It is exactly reversible without the edge effects that are 

a problem with other wavelet transforms. 

Based on the above advantages of Db6, we used 

Db6 wavelet transform the proposed methods for the ECG 

signal denoising. 

C. Outputs 

The outputs for the proposed method one, i.e., the denoising 

method based on Variational Mode Decomposition (VMD), 

the Discrete Wavelet Transform (DWT) and Constrained 

Least Square Algorithm (CLS) is discussed first in this 

section. First the VMD is applied to the noisy ECG signal 

that is to be denoised. By the application VMD the noisy 

signal is decomposed into Variational Mode Functions 

(VMFs). Then, DWT thresholding is applied to each 

obtained VMF for denoising and the filtered signal is 

constructed by a weighted summation of the denoised 

VMFs, less the residue, where the weights are determined 

by the constrained least squares (CLS) optimization 

algorithm which is shown in Fig. 5. 

 
Fig. 5: Input signal and Reconstructed signal after weighted 

sum of VMFs, less the residue 

Now we will see the outputs of the proposed 

method two, i.e., the denoising base on the Stationary 

Wavelet Transform (SWT). As can be seen from the Fig. 6 

that the signal is reconstructed is very much near to the 

actual ECG signal after filtering. 

Whole algorithm was simulated in the MATLAB 

for the result analysis and it is found to be very convincing 

in visual aspect. 

 
Fig. 6: Input signal and Reconstructed signal after filtering 

D. Performance Metrics 

The Signal-to-Noise Ratio (SNR), Mean Square Errors 

(MSE) and Peak Signal-to-Noise Ratio (PSNR) are used to 

asses denoising performance. They were defined as: 

𝑆𝑁𝑅 = 10𝑙𝑜𝑔10 (
∑ |𝑦[𝑛]−𝑥[𝑛]|2𝑁

𝑛=1

∑ |𝑥𝑟[𝑛]−𝑥[𝑛]|2𝑁
𝑛=1

)             (13) 

𝑀𝑆𝐸 =  
1

𝑁
∑ (𝑥[𝑛] − 𝑥𝑟[𝑛])2𝑁

𝑛=1                   (14) 

𝑃𝑆𝑁𝑅 = 10𝑙𝑜𝑔10 (
𝐼𝑚𝑎𝑥

2

𝑀𝑆𝐸
)                       (15) 

Where, x[n] denotes the original signal, y[n] means 

the noisy signal, xr[n] is the obtained denoised signal, N is 

the signal length and I2
max is the maximum fluctuation in the 

input. 

The denoising results when using VMD are 

provided in TABLE I. TABLE II lists the results obtained 

by the Undecimated Wavelet Transform i.e., the SWT. The 

tables show that, the SWT algorithm outperformed VMD-

DWT-CLS algorithm. 

Decomposition 

Level 
1 2 3 4 

SNR 

Database 

1 

11.170

8 

10.355

2 
9.1035 5.3331 

PSN

R 

43.340

2 

41.710

5 

39.205

6 

31.664

7 

MSE 0.0036 0.0044 0.0059 0.0140 

SNR 

Database 

2 

0.9311 1.9138 4.9109 3.4691 

PSN

R 

23.262

2 

25.227

5 

31.221

7 

28.338

2 

MSE 0.2119 0.1690 0.0848 0.1181 

SNR 

Database 

3 

24.019

2 

21.668

7 

15.498

4 
9.7587 

PSN

R 
52.814

0 

48.113

0 

35.772

6 

24.293

0 

MSE 0.0021 0.0036 0.0150 0.0562 

SNR 

Database 

4 

5.8177 5.9669 7.5044 6.0642 

PSN

R 

28.274

8 

28.573

2 

31.648

2 

28.767

8 

MSE 0.0416 0.0402 0.0282 0.0393 

Table 1: Proposed Method 1 

Decomposition 

Level 
1 2 3 4 

SNR 

Databas

e 1 

24.802

0 

19.397

7 

15.578

6 

13.437

4 

PSN

R 

72.155

3 

61.346

5 

53.708

4 

49.425

9 

MSE 0.0391 0.1359 0.0018 0.0029 

SNR Databas

e 2 

30.669

0 

25.577

0 

17.433

4 

10.770

1 

PSN 83.063 72.879 56.592 43.265
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R 2 2 0 4 

MSE 0.0470 0.1519 0.0054 0.0251 

SNR 

Databas

e 3 

34.161

7 

28.237

2 

19.940

9 
7.7139 

PSN

R 
72.722

5 

60.873

5 

44.281

0 

19.827

0 

MSE 0.0394 0.1544 0.0057 0.0951 

SNR 

Databas

e 4 

28.609

6 

23.346

0 

14.722

4 

10.027

4 

PSN

R 

72.501

2 

63.974

4 

46.727

3 

37.337

3 

MSE 0.0416 0.1391 0.0056 0.0164 

Table 2: Proposed Method 2 

IV. CONCLUSION 

In this work, we proposed two new methods for the 

denoising of the Electrocardiogram (ECG) signal. The first 

method is the Variational Mode Decomposition (VMD), 

followed by denoising of the obtained mode functions with 

Discrete Wavelet Transform (DWT) thresholding, and final 

signal reconstruction with no residue by weighted 

summation using a Constrained Least Squares (CLS) 

algorithm to find the weights. Comparing this technique 

with the second method that uses Undecimated Wavelet 

Transform i.e., Stationary Wavelet Transform (SWT) 

revealed a substantially better denoising performance, 

particularly in comparison to the performance metrics of the 

two methods. 
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