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Abstract— In this work, we have demonstrated a simple and
robust means to implement the modeling of discontinuous
fields with FEM technique. The FEM is used to study the
crack modeling in isotopic and FGM. Issues pertaining to
the selection of nodes for enrichment, computation of the
enrichment functions, array-allocation for the enriched nodal
degree of freedom, mesh-geometry interactions, and
assembly of global stiffness matrix and external force vector
are addressed. This study has provided the capability and
revealed ease by which discontinuous fields through the
partition of unity framework can be incorporated within a
standard finite element package.
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I. INTRODUCTION

Fracture mechanics is a set of theories describing the
behaviour of solids or structures with geometrical
discontinuity at the scale of structure. The discontinuity
features may be in the form of line discontinuities in two-
dimensional media (such as plates, and shells) and surface
discontinuities in three-dimensional media. Fracture
mechanics has now evolved into a nature discipline of
science and engineering materials. One of the important
impacts of fracture mechanics is the establishment of a new
design philosophy: damage tolerance design methodology,
which has ‘now become the industry standard in design
specially in aircraft industry.

Fracture mechanics can be divided into linear
elastic fracture mechanics (LEFM) and elastic-plastic
Fracture mechanics (EPFM). EPFM gives excellent result
for brittle-elastic materials like high-strength steel, glass, ice
concrete and so on. However, for ductile material like low-
carbon steel, stainless steel, certain aluminum alloys,
polymers, plasticity will always precede fracture.

In order to establish the methods of stress analysis
for cracks in elastic solids, it is convenient to define three
basic cases of loading of elements with cracks or cases of
crack growth.

Mode I: Opening mode: Normal stresses give rise to the
opening mode. The displacement of the crack surfaces is
perpendicular to the plane of the crack.

Mode Il: Sliding mode: Normal stresses results in this mode.
The displacement of the crack surfaces is in the plane of the
crack and perpendicular to the leading edge of the crack.
Mode-I1l: Tearing mode: This type of mode is caused by
out-of-plane shear. Crack surface displacements are in the
plane of the crack and parallel to the leading edge of the
crack. Each of these three modes corresponds to a
particular type of stress field in the vicinity of the crack tip.
Since the stress fields under service conditions are very
complex, the superimposition of the three modes describes
the general case of cracking.

A. Functionally Graded Materials:

Functionally graded materials (FGMs), also called as
heterogeneous materials are a new generation of engineering
materials, wherein the properties gradually changes with
position. The variation in property in the material is caused
by the chemical composition, size and shape of the material
at any particular position. Nitride steel, for instance, could
be also regarded as a FGM. Modern FGMs are constructed
for complex requirements, such as the heat shield of a rocket
or implants for humans. The gradual transition between the
heat or corrosion resistant outer layer (often made of a
ceramic material) and the tough metallic base material
increases in most cases the life time of the component.

B. The Extended Finite Element Method (Xfem):

Finite element method is the most popular and widely used
technique for the Computational analysis of engineering
problems. The procedures involved in the finite Element
method are: the formulation of the problem in displacement,
variational or weighted residual form, the finite element
discretization and the effective solution of the resulting
system of equations. These basic steps are the same for
almost all kinds of problems and the final result is a
complete numerical process implemented on the digital
computer. The computational time and effort is involved in
the following: The formulation and the numerical
integration of the finite element matrices, the assemblage of
the element matrices into the complete finite element system
matrices and the numerical solution of the system
equilibrium equations.

Il. LITERATURE REVIEW

Kim and Paulino [1] determined fracture parameters in
functionally graded material (FGM) assemblages of
arbitrary geometry with stationary cracks by using Finite
Element Method. Graded finite elements were developed
where the elastic moduli are smooth functions of spatial co-
ordinates which are integrated into the element stiffness
matrix.

Shim, Paulino and Dodds [2] described the effect
of material gradation (parallel to the crack plane) on stress
intensity factors and K-dominance, i.e. the dominance of the
singular region, of fracture specimens; SE (T), SE (B) and C
(T). They investigated the extent of K-dominance by
comparing the actual stress field with the Williams’
asymptotic stress field.

Araujo, Bittencourt, Roehl and Martha [3]
developed numerical procedures to estimate fracture
parameters both in linear-elastic and elastic-plastic analysis.
They used three methods to evaluate fracture parameters:
Displacement Correlation Technique, Modified Crack
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Closure Method, and J-integral evaluation accomplished by
means of Equivalent Domain Integrals.

Raju and Shivakumar [4] used equivalent domain
integral (EDI) method for calculating J-integrals for two
dimensional cracked elastic bodies. The details of the
method and its implementation were presented for
isoparametric elements.

Dolbow and M. Gosz [5] considered the plane
problem of an arbitrarily oriented crack in an FGM and
presented an interaction energy integral method for
extracting the mixed-mode stress intensity factors at the
crack tips. The formulation is restricted to cracks in linearly
elastic, isotropic bodies with smoothly varying elastic
moduli.

Jin, Paulino and Dodds [6] described an
investigation of elastic-plastic crack growth in
ceramic/metal functionally graded materials (FGMs). The
study employed a phenomenological, cohesive zone model
proposed by the authors and simulates crack growth by the
gradual degradation of cohesive surfaces ahead of the crack
front.

I11. INTERACTION INTEGRAL FORMULATION

The interaction integral (M-integral) is derived from the
path-independent J-integral [7] for two admissible states of a
cracked elastic orthotropic FGM. For the sake of numerical
efficiency using a domain-based method such as the FEM,
the contour integral is transformed into an equivalent
domain integral (EDI) [8].

IV. WORK METHODOLOGY (FINITE ELEMENT METHOD)

A. Weak Formulation:

Weak formulation is done to convert strong form into weak
form so as order of differential operator within the domain
part is reduced.

JW[RD]dD +jw R,]dD =0
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B. Discretization and Finite Element Approximation
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Where [N] is shape function matrix and Ni may be
called shape, basis or interpolation functions. Shape function
defines of value of field variable varies with distance in a
direction with known d.o.f (degree of freedom).

For Rectangular Linear 4 node element values of
shape function at different node no. is given as below
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C. Development of Elemental Equation:
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Here mapping of element is done from natural co-
ordinate system to Cartesian co-ordinate by using the
following equation

All rights reserved by www.ijsrd.com 422



Study of crack initiation in FGM SE(T) Specimen using Finite Element Method

(1JSRD/Vol. 4/1ssue 10/2016/099)

[N, ) (6N, )
OX _ 0
[ox |y ]os
| ON | | ON, |
L oy | L on | 69
Where J is the Jacobian matrix
[ x Y, |
|—6N1 aNZ aNnne_H ' ' ’
| - = H X, Y, |
[3]= e o . -
|aNl aNZ aNnne || |
Lan on on J| |
anne ynneJ
6.10
D. Assembly:

The assembly
connectivity:

is carried by considering the nodal

nem nbety

SWFTKI{Y = > w3 {fY

[GK1{A}={GF} -

E. Applying Boundary Conditions:

[GK{a}={GF} N
Where GK is the global stiffness matrix and GF is the global
force matrix.

A i$ the nodal vector of displacement {u, v, w}.

F. Generalized Isoparametric Formulation:

In a standard parametric finite element formulation,
displacements and co-ordinates are interpolated from the
element nodal values. Similarly, material properties can also
be interpolated from the element nodal values using shape
functions. The general approach is illustrated as follows:
Displacements (u, v):e.g.

u=2>Nu,
‘ 6.13
Co-ordinates (X, y): e.g.
x=2 N "X,
i 6.14
Material properties (E; v)
E=3 N "E.
v = Z N mi‘/i
i 6.15

Where N NN "iand N ™ are shape functions

corresponding to node i, and the summation is done over the
element nodal points. Since the element formulation adopted
here is fully Isoparametric, then

N=N'=N"=N" 6.16

In this approach, material properties at each
Gaussian integration point are interpolated from the nodal
material properties of the element using isoparametric shape
functions, which are the same for spatial co-ordinates and
displacements.

Fig. 6.1: Finite Element mesh and Equivalent Domain used
in present study

Number of node in x-direction nnx=24
Number of node in y-direction nny=48

Fig 6.1 represents the finite element mesh used in
the present study. In present study number of nodes in x-
direction nnx=24 and number of node in y-direction nny=48
and total number of element nne=1081.

G. Computer Implementation:

The task of incorporating the X-FEM capabilities within a

general purpose finite element program can be broken down

into following subcategories:

1) Input data ( crack geometry , enrichment , crack
growth law )

2) Nodal degree of freedom

3) Mesh geometry interaction ( nodal enrichment and
element partitioning )

4) Assembly procedure

5) post processing

V. RESULTS AND DISCUSSIONS

Now considering an FGM made from Alumina (Al203)-
Nickel (Ni). A V-notch crack (through out thickness)is
present on the ceramic face, the Al203 — Ni FGM having
following material properties [15]:

Eo=360 GPa,

Vo=0.2

no=150GPa and

Kico=2 MPaym

For the metal face, and

E1=200 GPa,

v1=1/3

w=75GPa and

Kic1=100 MPavm

A. Validation:

For the validation of the result a two dimensional SE(T)
specimen are considered which having width w=5mm and
height h=30mm and tensile load is applied on the lower and
upper end and the node at x=w and y=0 having x-degree of
freedom equal to zero. Considering homogeneous material
E=1x 103 and v=0.3. 1IN load is applied and the stress
intensity factors are calculated at different crack length as
shown in Table 1.
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Crack Stress Intelzfity Factor "
Le(r;g;]th Present Ewalt_js and variation
Method Wanhill [19]

0.5 1.5009 1.4837 1.09
15 3.6725 3.6040 1.9
2.5 7.8171 7.9223 1.4
3.5 19.1949 19.8134 3.1

Table 1: Values of Kl at various crack length

The values of the stress intensity factors Kl from
the present results giving very good agreement from the
empirical relation given by Ewalds and Wanhill.
Validation:

Shim et al [2] performed single edge tensile SE(T),
for the functionally graded materials. Fig 7.1(a) shows a
AL203 SE (T)specimen having an edge crack length ‘a’
located in a finite two dimensional plate having width (w)=5
and height (h)=30.

Ha

SE(T)
—FX
(a)

Fig. 7.1: Specimens having material gradation in the x1
direction.
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Fig. 7.2: Effect of material gradation on Kl for SE(T)
specimen at various crack lengths :(a)present result (b)
Shim et al [2].

Fig. 7.2 shows the effect of material gradation on
stress intensity factor for mode-1 for single edge tensile
specimen. The KI is normalized by Khom -and plotted
against material gradation A=In (E2/El)/w. As the value of
material gradation changes the difference between Kl and
Khom increases. When the crack is on stiffer side (A<0) —the
value of Kl is greater than Khom except the a/w=0.1. On the
other hand when crack is on the softer side (A>0) the KI
values decreases in comparison to Khom.

VI. CONCLUSIONS

The crack parameters such as Kl and K-dominance region
are very sensitive to material gradation. The KI changes by
varying the material gradation and crack length. At short
crack length, when crack is on stiffer side, the value of KI
decreases while for same gradation the Kl values are higher
for the higher crack length. So the Kl values are sensitive to

material gradation. Similarly the K-dominance regions are
also sensitive to crack geometry and crack length.
The crack growth rate retards for functionally
graded materials in comparison to homogeneous materials.
Poisson’s ratio can not be ignored during analysis
because it has some effect on Stress Intensity Factor KI.

VIl. SCOPE FOR FUTURE WORK

1) Analysis of cracked FGM plate can be done for
different kinds of loading like fatigue, thermal,
electrical and magnetic loading etc. and it can also be
done for combination of different loading conditions.

2) A study can also be done for:

— different material combinations for
applications

—  for different modes of failure

—  for different crack geometries

3) The work can also be done to determine crack
deflection in FGMs

The program can be extended for generalized loading.

particular

REFERENCES

[1] Jeong-Ho Kim and Glaucio H. Paulino(2002), Finite
element evaluation of mixed mode stress intensity
factors in functionally graded materials vol.53

[2] Shim, Glaucio, Dodds (2006), Effect of material
gradation on K-dominance of fracture specimen,
Engineering Fracture Mechanics, vol.73.

[3] T. Denyse de Araujo, T.N. Bittencourt, D. Roehl, and
L.F.Martha (2000),Numerical estimation of fracture
parameters in elastic and elastic-plastic analysis,
European Congress on Computational Methods in
Applied Sciences and Engineering.

[4] Raju and K. N. Shivakumar(1990),An equivalent
domain integral method in the two-dimensional
analysis of mixed mode crack problem, Engineering
Fracture Mechanics, vol.37.

[5] Dolbow, M. Gosz(2002) ,0On the computation of
mixed-mode stress intensity factors in functionally
graded materials, International Journal of Solids and
Structures Vol.39.

[6] Zhi-He Jin, Glaucio H. Paulino, Robert H. Dodds
(2003),Cohesive fracture modeling of elastic—plastic
crack growth in functionally graded materials, |,
Engineering Fracture Mechanics, vol.70.

[7]1 Anlas, Lambros, Santare (2002), Dominance of
asymptotic crack tip field in elastic functionally graded
materials, International Journal of Fracture vol.115.

[8] Editorial, Fracture of functionally graded materials,
Engineering Fracture Mechanics 69 2002) pp.1519—
1520.

All rights reserved by www.ijsrd.com 424



