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Abstract— The concept of paracompactness is one of the
most useful generalizations of compactness that has been
discovered in recent years. It is particularly useful for
applications in topology and differential geometry. In metric
spaces, cone metric spaces play very important role in real
analysis, fuzzy theory, computer science, and some other
research areas as well as in general topology. It is well
known that any metric space is paracompact. In this paper, a
theorem which states that prove that every cone metric space
with paracompact hausdorff space is normal.
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I. INTRODUCTION

The idea of using metric spaces in a systematic fashion goes
back to Fréchet [1] and is justified by its great success. Not
all metric spaces are compact. As far as paracompactness is
considered, we know that Stone's theorem [2] with the
statement that any metric space is paracompact. Ornstein [3]
and Rudin [4] gave two different proofs of Stone's theorem.

A. Definition:

Let E be a real Banach space. A nonempty convex closed
subset PCE is called a cone in E if it satisfies:
— P isclosed, nonempty and P£{0}.
— abe R, ab>0and x,ye P imply that ax+bye P.
— Xe& Pand-xe Pimplythat x =0.
The space E can be partially ordered by the cone P
C E that is, x<y if and only if y-x € P Also we write x<y if
y-X€ int P where int P denotes the interior of P
In the following we always suppose that E is a real
Banach space, P is a cone in E and < is partial ordering with
respect to P

B. Definition:

Let X be a nonempty set. Assume that the mapping
d:XxX—E satisfies

— 0<d(x,y) for all x,ye X and d(x,y) =0 if and only x

=Y.
- d(x,y) = d(y,x) for all x,ye X.
- d(x,y)< d(x,2)+ d(z,y) for all x,y,z€ X.
Then d is called a cone metric on X and (X,d) is

called a cone metric space

C. Definition:

Let (X,d) be a cone metric space, xe X and {x,} a sequence
in X. Then{x,} is said to be convergent to xe X whenever
for every ce E with 0<c there is N such that for all n>N,

d(Xn,X)<C that is, N —"—> 00X, =X.

D. Definition:

The sequence {x,} is called a Cauchy sequence in X
whenever for every ceE with 0<c there is N such that for all
m,n>N d(Xp,Xm)<C.

E. Definition:

The Metric space (X, d) is a complete cone metric space if
every Cauchy sequence is convergent.

F. Definition:

A subset A of a cone metric space X is compact if any open
covering of A has a finite sub-covering. This is equivalent to
the statement that any sequence x = (.X,) of points in A has a
convergent subsequence whose limit is in A.

G. Definition:

A topological space X is Hausdorff if for any x, y € X with
X #y there exist open sets U containing x and V containing y
suchthatUnV =0

H. Definition:

A topological space is called regular if for every point x and
each closed set V not containing x, there exist disjoint open
sets U, and U, such that x € U, and V c U..

|. Definition:

A topological space is normal if for every pair of disjoint
closed sets V1 and V2 there exist disjoint open sets U1 and
U2 with Vi c Ui.

J. Definition:

A topological space is locally compact if every point has a
neighbourhood whose closure is compact.

K. Definition:

A cover is said to be locally finite if each point has a
neighborhood intersecting only a finite number of elements
in the cover.

L. Definition:

A paracompactness of a metric space X means that every
open cover of X has a locally finite open refinement that
covers X.

M. Lemma:
Let (X, d) be a cone metric spaces with a normal cone and
let |||.||| be an equivalent monotone norm. Define p : X xX

— [0, ) by p(X, y) =[[|ld(X, Y)|||- Then p is a metric on X and
the following statements hold:
— (X, d) is complete if and only if (X, p) is complete;
— The sequence {x,} in X is convergent in (X, d) if
and only if {x,} is convergent in (X, p).
N. Proof

It is easy to see that p is a metric on X . To prove (i),
suppose that (X, d) is complete and {x,} is a p-Cauchy

sequence in X. Then we have (note that ||.||| and || || are
equivalent)
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0=m, nL)oop(Xm,Xn) =m,n—" 500 ||
d(Xm,Xn)Ill =m, nLOO”d (Xm ' Xn )”

Hence we get {x,} is Cauchy sequence in (X, d).
Since (X, d) is complete then there exists x € X such that
lim,_.. d(X, x) =0.

Hence N—™ 500 p(Xy X) = N—"5 oo ||/d(X,

i

%)= n—"—o0d (X, X,)| =0.

Therefore {x,} is convergent in (X, p). Similar
argument shows that the completeness of (X, p) implies
that (X, d) is complete. (ii) immediately follows from the

equivalence of |||.||| and || || This completes the proof.

O. Remark:

The above Lemma is essential because it contains the fact
that each topological property on metric spaces transfer on
cone topology and so as a special case we have the
following result which improves the corresponding result

P. Proposition:

Every metric space is Hausdorff, in particular R" is
Hausdorff (forn > 1).

Q. Proof:

Let (X, d) be a metric space and let x, y € X with X £y.
Letr =d(x, y). Let U =B(x; r/2) and V = B(y; r/2).

Thenx €U,y e V.

WeclaimuUn V=0.

If not there exists z € U n V. But then d(x, z) < r/2 and
d(z,y) <r/2

sowe getr=d(x,y)<d(x,z) +d(z,y)<r/2+r/2ie.r<r,a
contradiction.

Hence U n V =@ and X is Hausdorff.

R. Theorem:

Let (X, d) be a cone metric space. Then X is a paracompact
space.

S. Proof

We consider the identity mapping on X . Precisely,l : (X, p)
— (X, d) by I (x) = x, where p is as defined in the above
lemma and definition of cone metric topology we deduce
that 1 is a homeomorphism and so, note that (X, p) is
paracompact by [2], is paracompact and the result follows.

T. Theorem:

Let (X, d) be a cone metric space. Every paracompact
Hausdorff space S is normal.

U. Proof:

First one proves regularity. Let a be a point of S and let B be
a closed set of Y disjoint from a. The Hausdorff condition
enables us to chose, for each b in B, an open set U, about b
whose closure is disjoint from a. Cover S by the open sets
Uy along with the open set S — B; take a locally finite open
refinement C that covers S. Form the subcollection R of C
consisting of every element of C that intersects B. Then R

covers B. Furthermore, if D € R. Then D is disjoint from a.

For D intersects B. So it lies in some set U, whose closure
is disjoint from a.

Let V =UperD then v is an open set in S
containing B. Because R is locally finite.

V = Uper D. So that Vis disjoint from a.
Thus regularity is proved

Now given closed A, B, s.t. AN B =@; Forallb €

B there exists open set U, such that Al U, = @: {U,} b E
B. B covers X.
Let {W,} a = J be a locally finite refinement.

LetI ={a €]/ W,nB # @}Then {W,} a € J covers B.

The set V is the set of all union of {W,} a € J, For
all a there exists b belongs to B such that W, is the subset of
Up
Therefore the closure of W, is the subset of U,

This impliesthat AN W, = @
Hence X is normal.

V. Theorem:

Let (X, d) be a cone metric space. Every closed subspace of
a paracompact space is paracompact.

W. Proof

Let X be paracompact and F is the subspace of X . To show
that F is paracompact, let G be an open cover of F . For
every SE G, the set S U (X \ F ) is open in X . It follows
that the family U = {G U (X\F): S € G} is an open cover of
X . Let V be a locally finite open refinement of U. Then the

family{R n F: R € V} is a locally finite open refinement of
the cover G of F .
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II. CONCLUSION

The paracompact, cone metric spaces and Hausdorff spaces
are the most important tools in topology. In future we have
to investigate more ideas in paracompactness and hausdorff
space field.
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