
IJSRD - International Journal for Scientific Research & Development| Vol. 3, Issue 05, 2015 | ISSN (online): 2321-0613 

 

All rights reserved by www.ijsrd.com 1223 

Stress Smoothing along Polygonal Boundaries 
Premanand Shenoy

1
 Babunarayan K S

2
 Katta Venkataramana

3 

1
Research Scholar 

2,3
Professor 

1,2,3
Department of

 
Civil Engineering 

1,2,3
National Institute of Technology Karnataka, Surathkal, Mangalore  India

Abstract— Finite Element Analysis applied to Solid 

Mechanics problems, leads to uniform Stresses to be 

throughout the element. This results in    disparities at the 

intersection of elements along the edges and at nodes 

connecting a number of elements. Hence a smoothing 

technique is required to arrive at an appropriate stress value 

which could be obtained from those values in the vicinity, 

within certain accepted levels of accuracy. Moving Least 

Square Method with Moving Polynomial formulation has 

been conceptualized here to smoothen the stress values 

along the boundary of an area of influence of a node 

connecting a number of elements in a typical 2D elastic 

problem. Its utility to find the stresses at Gauss points along 

the boundary is illustrated and its applicability in 

interpolation is studied. 
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I. INTRODUCTION 

Smoothing is applied usually as a post processing technique 

at the end of Finite Element Analysis procedure to 

determine the value of field variable  at a point of interest , 

in relation to those at a number of points in its 

neighbourhood. The field variable could be deflection, 

strain, stress, magnetic field , elevation or any measurement 

of importance to the investigator. 

Various methods are available to find  or to predict 

the value of field variable at a point of interest in a domain 

from the obtained values in a sub-domain near the point. 

Collocation Method, Least square Method, Galerkin Method 

are some popular methods  used for interpolation. Moving 

Least Square (MLS) Method is a modified version  of  Least 

Square (LS) Method in which  continuous functions are 

reconstructed  from a set of unorganized point samples via 

the calculation of a weighted least squares measure biased 

towards the region around the point at which the 

reconstructed value is requested.    

A. Data smoothing in 1D 

Curve fitting is the process of  finding  a relation between 

dependent and independent variables by a formula in any 

mathematical form.  

x y 

1 650 

2 900 

3 1600 

4 1800 

5 3000 

6 3200 

7 3800 

8 4500 

9 5800 

 10 6100 

Table 1: Given Data 

The relation may be used to predict the value of the 

dependent variable at any point with reasonable amount of  

accuracy.  

Consider a set of Data given in Table 1. , where the 

values y are tabulated against the corresponding values of  x 

 
Fig. 1:  Data Points 

Fig1. Shows the data points plotted in graphical 

form. Fitting a curve in polynomial form with the usual least 

square method to a degree 3, (4 terms) we get the best fit as 

y =  276.66+ 289.49 x + 41.43 x
2
 -1.087 x

3              
  

 
(1) 

 
Fig. 2: Least Square Fit with 4 Terms 

Moving Least Square (MLS) Method is an 

extended version of Least Square (LS) Method in which 

continuous functions are reconstructed from a set of 

unorganized point samples via the calculation of a weighted 

least squares measure biased towards the region around the 

point at which the reconstructed value is requested. It is 

known that this method works well for interpolation. Thus, 

if we decide to fit a polynomial with 3 terms for the data 

values in the region 1 <= x < 4   we get a relation between x 

and y applicable in the region. Likewise, similar 

polynomials can be fitted for the region 4 <=  x < 8  with 5 

data points available in the region and  for the region 8 <=  x 

< 10   with 3 data points available in the region. 

Region 

No. 

Range of 

x 
Function 

1 
1 <= x < 

4 

y = 137.5+ 477.5  x -12.5  x
2
 

( 3 Terms) 

2 4 <=  x < y = - 1917.14 + 1134.29 x - 
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8 42.86  x 
2 
  ( 3 Terms) 

3 
8 <=  x 

<= 10 

y = – 41900+ 9800  x -500  x
2 

( 3 Terms) 

Table. 2:   MLS Fit  Functions 

 
Fig. 3: MLS Fit  for the Data 

B. Concept of Moving Polynomial MLS for Smoothing 

Data 

The accuracy of fitting increases at the data points if higher 

degree polynomials are used for fitting. But the number of 

terms in the polynomial can be selected to a maximum of 

number of data points available in the vicinity. Thus 

selecting polynomials of 4 terms, 5terms and 3 terms for the 

regions 1, 2 and 3 respectively, we get new fitting functions 

for the regions. This may be called   as a Moving 

Polynomial MLS (MPMLS) 

Region 

No. 

Range of 

x 
Function 

1 
1 <= x < 

4 

y = 1800 - 2166.667 x + 1175 

x
2
 -158.333 x

3
 ( 4 Terms) 

2 
4 <=  x < 

8 

y= - 100500 + 68158.332 x- 

16679.1664 x
2 
+ 1791.6667 x

3
 

-70.8333 x
4
 

( 5 Terms) 

3 
8 <=  x 

<= 10 

y = – 41900+ 9800  x -500  x 
 

2  
( 3 Terms) 

Table. 3:    Moving Polynomial MLS Fit  Functions 

 
Fig. 4: MPMLS Fit 

Though the fitting function passes through the 

given data set, the selection of higher degree polynomials 

has the danger of predicting wrong values if   the fitting 

function is used for interpolation between data points. 

C. MLS in 2D Problems 

In 2D problems, the values of field variable s1,s2,s3,....sm  are  

available at definite set of points (x1,y1), (x2,y2), (x3,y3)..., 

(xm,ym). These values are available, usually, within the 

influence area of a node or at the corners of a polygon. We 

need to find a function, which will represent the values of 

stress along this polygonal boundary. This is known as 

boundary stress smoothing function. Since the sides of the 

polygon are common with other neighbouring polygons, 

These stress values are correlated with the values obtained 

using smoothing functions of subsequent polygons. 

 MLS Method a Polynomial Function containing 

‘m’ number of terms is fitted to pass through the function 

values at each of the given ‘n’ number of scattered points. 

The polynomial may contain exactly the same number of 

terms as the number of scattered points. 

  
(2)  

[P] {a} = {s}             (3) 

 Where {a} is a vector of unknown coefficients of 

„m‟ numbers of terms in the polynomial and {s} is the 

vector of known field variables at „n‟ number points in the 

vicinity.  

If m=n, the solution would have been very simple 

in the form 

{a} = [P] 
-1

 {s}         (4) 

Though the solution looks simple, it suffers from 

an inherent property of a possible singularity of [P] which 

makes [P]
-1

 non-existent. The existence of [P]
-1

 depends on 

the distribution of the influencing points scattered in the 

vicinity. For a set of arbitrarily selected points, if x or y co-

ordinates are the same, [P] may turn out to be singular and 

the method will not work straight away. Moreover, if 

, the method fails,  as  the inverse of a non-square matrix 

does not exist. 

When m<n , P is a non square matrix with an order 

n x m. The solution needs to be obtained for n number of 

simultaneous equations to find the values of m number of 

coefficients represented by {a}. 

Multiplying both the sides of Eq.3         by  [P]
T 

[P]
T
 [P] {a} = [P]

T
 {s}                                   (5) 

[P]
T
 [P] is a square matrix of order m x m and we 

can obtain inverse of this.  It can be proved that, the matrix 

will be singular, only if the columns in [P] are linearly 

dependent. Columns can be linearly dependent in cases 

where all the points are on global x axis or on global y axis 

or fall on a straight line or when two points merge. There are 

various methods suggested to avoid the singularity of the 

matrix 

{a} = ( [P]
T
 [P])

-1
   [P]

T
 {s}                  (6) 
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Fig.5  Pascal Triangle for Polynomial Terms 

D. Selection of Polynomial  

In 2D problems, the terms and degree of  the polynomial are 

selected based on Pascal Triangle. In the polynomial 

selected, to have a non-biased representation, equal 

representation is required from the x and y terms in their 

degrees. 

Usually, the type of polynomial selected remains 

the same through out the domain, though values of the 

coefficients keep changing on the move. In finite element 

method or meshfree methods with  a minimum of 3 scatted 

points guaranteed in the neighbourhood, a polynomial of the 

form 

[p] = a1+a2 x+ a3 y                           (7) 
is selected, which remains the same style, though set of 

values of coefficients a1, a2 and a3 keep changing.  

The accuracy of fitting will be better, if the number 

of terms and degree of polynomial are more. This means , 

there is a scope for  using a different type of polynomial at 

every subdomain, every time restraining m <= n. This will 

involve reconstruction of polynomial, not only for a 

different set of coefficients, but also for number of terms 

and coefficients. This will exploit  the advantages of  MLS  

method leading to MPMLS in 2D. 

A weight function is a mathematical device used 

when performing a sum, integral, or average to give some 

elements more "weight" or influence on the result than other 

elements in the same set. They occur frequently in statistics 

and analysis, and are closely related to the concept of a 

measure. Weight functions can be employed in both discrete 

and continuous settings.  There are various types of weight 

functions used in weighted MLS Methods. Cubic Spline 

Weight Function, The Quartic Spline Weight Function, The 

Exponential Weight Function, New Quartic Spline Weight 

Function by Liu et. al. ( 2002) are some of them. 

The basic requirements for weighting function are 

compact support, non-negative definite, and continuous and 

with higher derivatives so as to ensure the uniqueness of  the 

coefficients. The compact support characteristic is the 

essence for MLS. It is obvious   that a relative large support 

domain means more nodes are involved in calculation which 

is approaching the WLS method. 

II. ILLUSTRATION 

 

 
Fig. 6: Sample Problem 

The stress values, in MPa,  s1, s2, s3,.....s11  are 

given at 11 locations in a sub-domain containing 11 

scattered points.  

It may be noticed that x co-ordinates of Points 3 

and 9 are the same, y co-ordinates of  2 and 5 are the same. 

Generally, this problem attempted as a part of a bigger 

domain, will assume a polynomial with 3 terms as minimum 

3 points will be available for interpolation in typical 

triangulated FEM Domain. But there is a possibility of 

using a polynomials containing upto 11 terms for these set 

of values. Thus polynomial fits are made with terms varying 

from 3 to 11, using weighted MLS. Fitting function is 

studied to find its use for extracting the stress value   at an 

intermediate point. 

Surface development of the boundary with the 

stress values as the ordinates is shown in Fig. 7. The aim is 

to fit a curve, as smooth as possible, which will represent the 

stress values along the boundary. 

 
Fig. 7: Aim of Boundary Stress Smoothing Function   
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The solution is attempted with MLS method using 

an appropriate weighting function taking different number 

of terms in the polynomial. Here, since the data at 11 Points 

are available, polynomials from 3 to 11 terms are attempted. 

The following Weighting Function is used for Weighted 

MLS with  the point of interest (54.64, 34.21) 

             (8) 

Where 

                 (9) 

and dist is the distance between the individual data point and 

the point of interest dw is the radius of influence of the sub –

domain. 

With m = 3 

f(x,y) = + 36.27649579   + 0.01333471 x - 0.03391594 y 

(10) 

With m = 4 

f(x,y) = + 9.69427425   + 0.50269835 x + 0.73547957 y - 

0.01409307 xy                    (11) 

With m = 5 

f(x,y) = + 9.94349894 + 0.52431659 x + 0.35839655 y - 

0.00014034 x
2
y + 0.00001402 xy

2
          (12) 

With m = 6 

f(x,y) = + 2.65382519   + 0.88630415 x + 0.53115039 y - 

0.01456376 xy-0 .00337254 x
2 
+ 0.00337921 y

2
   (13) 

With m = 7 

f(x,y) = + 8.15389141   + 0.78449483 x - 0.00066074 y - 

0.00385764 x
2
  +0 .00982873 y

2
 - 0.00003325 x

2
y - 

0.00015986 xy
2 
     (14) 

With m = 8 

f(x,y) = + 5.96838814   +0.85847356 x + 0.07994093 y - 

0.00233641 xy-0 .00444588 x
2
 + 0.00929419 y

2
 - 

0.00001779 x
2
y - 0.00015067 xy

2 
   (15) 

With m = 9 

f(x,y) = + 15.06050144   + 1.54728324 x - 0.81649742 y - 

0.03406718 x
2
 + 0.02957575 y

2
 + 0.00033269 x

3
 -

0.00038384 y
3
 - 0.00042707 x

2
y+0.00044562 xy

2 
          (16) 

With m = 10 

f(x,y) = - 86.54307967   + 5.40179595 x + 4.07009625 y - 

0.08882328 xy - 0.08537555 x
2
 - 0.06932155 y

2
 + 

0.0005373 x
3
 + 0.00052654 y

3
  + 0.00023539 x

2
y + 

0.00070261 xy
2   

        (17) 

With m = 11 

f(x,y) = - 78.96361915   + 5.32852763 x + 1.71967145 y - 

0.08770937 x
2
 +0 .01153016 y

2
 + 0.00055228 x

3
 - 

0.0004538 y
3
 - 0.00098959 x

2
y - 0.00129275 xy

2
 + 

0.00000897 x
3
y + 0.00002512 xy

3     
(18) 

Using these Functions, the accuracy of fitted 

stresses is checked by tabulating the stresses at data points.  

Table 4 shows   stress values at data points for different 

numbers of polynomial terms and Fig. 8 shows surface 

development of boundary stresses at data points 

 
Table 4: Stress Values at Data points Based of different 

Polynomials Functions 

 
Fig. 8: Stress Development along the Boundary for selected Functions 

Variance is a measure of accuracy of fit. For each 

fit, variance is calculated as 

Variance=         (19) 

Fig 9. Shows the Variance Vs Number of Terms in fitting 

function.  It shows the higher the degree of polynomial, 

better is the fit. 
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Fig. 9: Variance 

III. STUDY ON BOUNDARY STRESS SMOOTHING FUNCTIONS 

Fig. 10 shows the Surface plots  made for the values of 

stress using the function for the data range using the 

functions in equations 10 to 18 

 
Fig. 10   Surface Plot of Fitting Functions 

It may be noted that the nature of surface differs 

with the functions, though the boundary values converge to 

more accuracy levels. This shows that the „Boundary Stress 

Smoothing Function‟ is not necessarily a „Surface Stress 

Smoothing Function‟.  As a verification, value of stress at 

the  point (54.64,34.21) is computed using the Boundary 

Stress Smoothing Functions of different degrees, and are 

tabulated in Table  5. 

 
Table 5: Interpolated Stress using Fitting Function 

From Simple Principles of Inverse Distance 

Weightage method, the expected stress value at the point of 

interest  is 35.446 MPa. It is seen that the quality of stress 

values obtained using Boundary Stress Smoothing Function 

deteriorates as higher degree polynomials are used. 

 
Fig. 11: Calculated Stress Values at Intermediate Point 

 
Fig. 12: Error in Interpolation 

Hence it is to be noted that the boundary stress 

smoothing function, though gives higher accuracy with 

increase in polynomial terms, gives abnormal and wrong 

results at polynomial of higher degree, if used as 

interpolating function. 

IV. CONCLUSIONS 

The Conceptualization of Moving Polynomial Moving Least 

Square Method for boundary stress smoothing is explained. 

The accuracy of smoothing function increases with the use 

of more number of terms in the polynomial. The fitted 

function may be safely used to evaluate the stress values at 

Gauss points along the boundary, common to another 

polygon.  The illustration shows the fitting function may not 

be used as an interpolating or extrapolating function to 

recover the values at points inside or outside the polygon, 

away from the boundary, if higher degree polynomials are 

used. A suitable Kringing tool like Inverse Distance 

Weightage Method, Averaging Method, Voronoi Method 

may be employed for interpolation. 
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