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Abstract— Tracking of a translating mass in polyhedral 

billiard is very interesting problem in control system. In this 

paper we have simulated the two masses translating in plane 

with four walls. Due to the discontinuous dynamics arising 

from non smooth impact, the tracking problem is formulated 

within a hybrid system framework and a Lyapunov function 

is given, which decreases during flow (continuous motion) 

and remains constant across jumps (impacts of the 

masses)[1]. Simulations of the model using classical control 

law have represented the relation between time of 

convergence and gain matrix. 
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I. INTRODUCTION 

Control of dynamical systems subject to non smooth 

impacts is a relevant problem in several application of 

robotic field and, impacts play a key role in several studies 

including hopping robots, walking robots and juggling 

robots. Several Lyapunov-based solutions to the 

stabilization and tracking problem of systems with non 

smooth impacts have been proposed in the past decade [3], 

[1], [4]. Several additional recent techniques addressing 

tracking control with impacts both from a theoretical and an 

experimental viewpoint are provided in the works [3-6] and 

references therein.  

A new stable discontinuous control algorithm is 

designed to regulate the system onto the constraint surface 

in finite time. The approach is unique in the sense that the 

control algorithm does not explicitly depend on the impact 

model and also the controller includes a potential term 

which assures return of the system onto the surface in the 

event of loss of contact due to unknown disturbances. 
Further, the non smooth model for the constrained dynamics 

and subsequent non smooth analysis depicts the natural 

behavior of the contact problem for Euler–Lagrange 

systems. 

The authors of [1] cast this problem within the 

framework  for hybrid dynamical systems and propose a 

novel control strategy which is capable of inducing decrease 

of a suitable Lyapunov function during flows and non- 

increase during jumps. This type of approach is somewhat 

new in the area as most of the existing Lyapunov-based 

results treat the impacts as events which locally increase the 

Lyapunov function and resort to weak stability concepts. 
Instead, they design a Lyapunov function and the arising 

control law which do not increase at the impact times 

because it computes the tracking error based on a mirrored 

image of the reference, whenever this is convenient to keep 

the tracking error small. The resulting controller selects 

which mass to track based on the closest reference among 

all the possible reflections given by the billiard boundaries. 

In this paper we have shown only classical 

approach for tracking without using the concept of mirror 

image of the reference and for this model relation between 

convergence time and feedback gain is checked.  

Notation. The Euclidean norm of a vector is 

denoted by|   |  The distance between two sets    and    is 

given by|     |  where      and        and it is 

denoted by         . The distance between a point s and a 

set S is denoted by  | |and it is equal to    { }   . Given a 

vector      , we will consider   [  
     

  ]
 
 where the 

sub vectors         , belongs to   . For any given 

function            is the vector *
  

   
 

  

   
+
 

 〈     〉 

denotes the scalar product between the vectors    and   . 

II. THE DYNAMICS 

We consider the motion of two translating masses Z and X 

on a geographical region defined by a closed convex 

polyhedron with the origin in its interior and not necessarily 

compact. Each boundary of the polyhedron can be 

associated to a constraint of the form        denoting the 

subset of the state space in which the motion subset is 

allowed, where      is such that | | characterizes the 

distance of the boundary {    |      } from the origin, 

while 
 

| |
  is a unit vector orthogonal to the boundary 

characterizing its orientation, as shown in Figure 1. 

Masses Z and X move within the geographical 

region as long as no boundary of the polyhedron is active 

(namely when the position of a mass is on the boundary and 

the velocity vector has normal component to the boundary in 

the same direction as  ). The instant a boundary is active, 

the mass motion is not compatible with the direction 

forbidden by the active boundary and the state is reset to a 

new value. 

 
Fig. 1: A Closed, Convex, Not Necessarily Compact 

Polyhedron with the Origin in Its Interior 

Figure 1 is illustrative of the setup, where we represented a 

simple polyhedron defined by one boundary only. We 

loosely call billiard the geographical region, to enlighten the 

fact that the dynamics of Z and X resembles the behavior of 

two balls moving on a billiard and impacting on its 

boundaries. 
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Denoting by   *
  
  

+     and   *
  

  
+     respectively 

the state of Z and X, the continuous-time dynamics can be 

given as follows 

           {
  ̇    

  ̇      
}                           (1a) 

           {
  ̇    

  ̇        
}                     (1b) 

Where           are continuous functions 

possibly modeling nonlinear factors affection the 

acceleration of the translating masses. When a mass impacts 

a boundary, the position remains unchanged while the 

velocity   is reflected in a direction that is determined by 

the mass velocity and the boundary orientation. In 

particular, 

                                            (2) 

Where      is a transformation that inverts only 

the component of   normal to the active boundary, defined 

by 

                                        (3a) 

     
 

| |
[
  *

   
  

+

  ]                           (3b) 

where      is the rotation matrix that maps   to 

the base { ||   }  ,*
  
   

+
 

| |
 

 

| |
-, thus decomposing 

  to directions tangential  || and normal    to the 

boundary *
  
   

+ inverts the normal direction     and 

             is the inverse rotation that completes the 

transformation by mapping    to the original base. Note 

that 〈 ||   〉    and      | |. During impacts the 

position   of the mass remains unchanged, thus      for 

      (on the boundary), which can be rewritten in the 

following form, useful for control design: 
                                            (4) 

where       
 

| | 
  

Fact 1: 

                                       
Based on (4) and Fact 1, the impulsive dynamics of  and   

at impacts is summarized by the following equation. 

       {
             

        
}                         (5)           

Where the dynamics of Z arises from using      and 

     and the dynamics of   arises from the identities 

      and     .  For simplicity of exposition, to write the 

impact model of   and  , we use 

 ̃        (         )   ̃    [     |  ]                                   

(6) 

The model arising from the combination of 

continuous motion and impacts is hybrid, meaning that the 

behavior of the two translating masses cannot be reduced to 

a continuous motion only, or to an impulsive behavior only 

(there are intervals of time in which the ball moves 

continuously). We have to generalize this hybrid dynamics 

to a polyhedron having N boundaries, using the hybrid 

system framework. We will consider the goal of finding a 

control input   that guarantees the asymptotic convergence 

of the potion    of the controlled system to the position    

of the system. 

 

III. CLASSICAL APPROACH 

A naïve approach to the solution of the tracking problem is 

to adopt classical methods for the case without impacts, by 

defining a control input that enforces asymptotic 

convergence to zero of the     dynamics or, equivalently, 

asymptotic stability of the set    {     |    } in the 

absence of impacts. Here we note that the interaction 

between the continuous dynamics and the impacts dynamics 

allows for a no unique behavior of the translating masses 

from some specific configurations of the state vectors of 

  and    Indeed, for a geographical region defined by one 

boundary,   ,*
  
  

+    |        -   when the state 

vector characterizes a position   on the boundary,     
   and a velocity   with null normal component to the 

boundary,        both the continuous dynamics and the 

impacts dynamics can be triggered, with the former 

enforcing sliding along the boundary while the latter 

enforcing an infinite sequence of impacts on the boundary, 

each of them resetting the velocity to         To avoid 

this kind of phenomena, we restrict the trajectories of Z to a 

compact set   that excludes that set of points, given by 

    ,*
  
  

+    |              -        (7) 

Thus, trajectories of   within   do not present a 

nonunique behavior, and the same holds for   as long as its 

trajectories remain close to the trajectories of    
Restricting the state space of   and   to       

      the idea of tracking the exogenous system can 

be mathematically characterized by using a new Lyapunov 

function     
        , given by (7) which extends 

the quadratic measure of the mismatch between   and   and 

by casting the tracking problem to the stabilization problem 

of the set  

                                    (8) 

where    {     |   } intuitively characterize 

state pairs of   and   that perfectly match (the case of   ). 

Note that   is a compact set that can be considered as the 

generalization of the set     used in the case without 

impacts around (7). Thus, considering the Lyapunov 

function     
         defined by 

                                               (9) 

where         for any given        such that the 

matrix 

    *
          

 
+                                      (10) 

satisfies              
                             (11) 

 and the feedback input 

                                           (12) 

guarantees exponential convergence of   to  , as 

long as impacts never occur. In fact, looking at (1), we have 

 ̇                         on             
when impacts (5) are considered, the control law (9) does 

not anymore guarantee stability or convergence. 

Consider     in (10) and    in (9), and consider a matrix 

  [
      
      

]    with           ,  and a matrix gain 

       such that for some      

   
                                         (13) 

The particular structure of    guarantees that 

   does not increase at jumps. Theorem 1 can be established 

by applying hybrid Lyapunov and LaSalle like tools [1-3] to 
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the following hybrid system, which models the interaction 

between   and    

{
 

 
 ̇                 

 ̇        
 ̇                 

 ̇               

                                           (14) 

Where     ,     

The idea is then to asymptotically stabilize the set 

  by a feedback,   constructed on  ,    and designed to 

make V decrease along the solutions of the system, namely 

using the fact that   is a Lyapunov function for   and the 

important feature that the stabilization of the set   is 

equivalent to the solution of the tracking problem.  

Now for solution to the inequality (11), select         

such that  ̅  [
  

      
] is Hurwitz matrix, and take 

 ̅  *
    

    
+    solution to  ̅  ̅    ̅̅ ̅̅     Then, (11) is 

satisfied by    [
      
      

]          [    |    ] 

IV. LOCAL TRACKING WITH MANY BOUNDARY 

A geographical region defined by a polyhedron with many 

boundaries is given by   {    |     〈       

  〉   } where each       characterizes a boundary 

   ,*  
  
+    |   

     -, and   {     },   ,is 

an index set. From Section III, we recover the assumption 

on the state-space of   and   that guarantees the absence 

of the “sliding vs. impacts” phenomena characterized by (7). 

Mathematically, with many boundaries, the corresponding 

set of defective points to be excluded is given by 

   ⋃ (*  
  
+    |   

        
     )          (15) 

Another source of no uniqueness in the behavior of 

  and   is given by corners points (namely any point 

        for       and    ).Excluding these points is 

important for the feasibility of the tracking algorithm. In 

fact, suppose that   and   impact together the point s at the 

intersection two boundaries,  and  .Then, nondeterministic 

ally,   may follow the impact dynamics enforced by  , 

while   may follow the one from  , thus showing that a 

solution to the tracking problem cannot be achieved. 

Mathematically, this set of points is given by 

   ⋃ (*  
  
+    |   

      
         )          (16) 

Thus, we restrict the trajectories of   to the compact set 

                                           (17) 

V. SIMULATION EXAMPLE 

We consider a billiard with four boundaries defined by 

[  |  |  |  ]  [   
  

|  
  

 |   
 
  |    

 
] and a simple dynamics for 

  given by   ̇     and   ̇   . 

Using P and K given by 

          *
     |     

     |     
+        and         [    |    ]       (18) 

 
Fig. 2: 3D Billiard Visualization Using MATLAB 

VRBUILD2.EXE 

 
Fig. 3: Positions of Z (GREEN), X (RED) With Classical 

Control Law. 

 
Fig. 4: Relation between Gain Matrix and Time of 

Convergence 

Figure 2 represent 3D billiard visualization using 

MATLAB vrbuild2.exe which define by four wall in which  

green and red moves and impacts. As time goes red ball 

follows green ball. After the first convergence the error 

introduced at every impact with wall and so the mismatch 

increases and system may lose convergence. 

Figure 3 represent trajectories of   and   on the 

billiard from initial state    [       ]  and    
[        ] with control input given by (12) for simulation 

time T = 100. 

If we change the gain matrix  , time can be 

increase or decrease with this particular initial condition. 

This is shown in Figure 4.  
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VI. CONCLUSION 

Due to non linearity arises from the impact with walls 

classical control law does not guarantee global tracking, so 

for global stability we have go for another criteria or logic.  
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