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Abstract— Information about the relative stability of a
control system is of paramount importance for any design
problem. In this paper two algebraic criteria for the relative
stability analysis of linear time-invariant systems are
formulated. When the relative stability analysis is done
based on the damping ratio, characteristic equations with
complex coefficients arise. These complex coefficients are
used in two different ways to form the Modified Routh’s
tables for the two schemes named as Sign Pair Criterion |
and Sign Pair Criterion Il It is found that the proposed
algorithms offer computational simplicity compared to other
algebraic methods and is illustrated with suitable examples.
Keywords: damping ratio, characteristic equations, algebraic
methods

|I. INTRODUCTION

Once the system is found to be stable, it is important to
determine how stable it is and this degree of stability is a
measure of relative stability. Relative stability analysis can
be done based on damping margin and damped frequency of
oscillation in time domain analysis as presented by Hwang
&Tripathi [1]. In frequency domain, the analysis is done
based on gain margin and phase margin as discussed in
Nagrath & Gopal [2].When the relative stability analysis is
done in time domain, characteristic equations with complex
coefficients arise. Then the normal Routh’s algorithm
cannot be applied.

To analyse the stability of complex polynomials the
generalized Routh-Hurwitz method was investigated in [3] -
[7]. Frank [3] and Agashe [4] developed a new Routh like
algorithm to determine the number of RHP roots in the
complex case. Benidir and Picinbono [5] proposed an
extended Routh table which considers singular cases of
vanishing leading array element. By adding intermediate
rows in the Routh array, Shyan and Jason [6] developed a
tabular column ,which is also a complicated one. Adel [7]
has done the stability analysis of complex polynomials using
the J-fraction expansion , Hurwitz Matrix determinant and
also generalized Routh’s Array.

Hwang & Tripathi [1] suggested an algebraic
method using complex conjugates to convert complex
coefficient equations to real coefficient equations for
relative stability analysis The same method was proposed
for the analysis of relative damping margin in the literature
[8] which is a complicated one for computation.

Here the complex coefficients are used in two
different ways to form the Modified Routh’s tables for the
two schemes named as Sign Pair Criterion | (SPC I) and
Sign Pair Criterion II (SPC II). The beauty of the Routh’s
algorithm lies in finding the relative stability of the system
without determining the roots of the system.

The first approach, formation of Routh’s Table is
done by retaining the ‘j’ terms of the complex coefficients
and the stability analysis is done using Sign Pair Criterion |
(SPC 1) . The proof is given in [9].

The second scheme, a geometrical procedure is
presented which is named as Sign Pair Criterion Il (SPC II)
and is formulated with the help of ‘Modified Routh’s table’
after separating the real and imaginary parts of the
characteristic equation by substituting s=’jo’. Applying
Routh—Hurwitz criterion, the number of the roots of F(s)=0
having positive real part can be revealed. The proof for SPC
Il is given in [10]. Then by the use of the proposed schemes
relative stability is analyzed in a most simple way regardless
of the order of the system .The computational simplicity is
illustrated with examples.

Il. PROPOSED SCHEMES

A. Sign Pair Criterion I (SPC I):

With all the coefficients positive, the characteristic equation
C(s) can be written as,
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The first two rows of Routh-like table are written a shown
below :)
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Applying the standard Routh multiplication rule
[2], the subsequent elements of Routh-like table are
computed and the table is computed as given below:
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Using the first column elements, sign pairs are formed as

o P " o P s
.2 J— B — o 4 P — g -

= | 4 7 — | Tq4 34 7 — LTz -
' L 3 __|7 ' AET RN | £ TN

E i R
P o= [ |

g = W Terd e v s
According to the first scheme SPC I, it is
ascertained that each element of all the pairs has to maintain
the same sign for the roots of characteristic equation to lie
on the left hand side of s-plane for stability. The proof of the
criterion is given in [9].

B. Sign Pair Criterion 11 (SPC I1):

In this paper, another scheme is proposed for the analysis of
stability of a given linear time - invariant system. With the
substitution of s =jo ¥ = ., the real and imaginary parts
of the characteristic equations £} = are extracted
separately and their coefficients are entered suitably in the
first-two rows of Routh-like table to observe the system
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stability.  The formulated stability criterion is termed as
‘Sign Pair Criterion-II" (SPC-11). In this procedure, it can be
noted that the Routh-like table

Contains only real elements. Let

Clsd=s"+la +7b 5™t g, +by 05"+ + oy +b 0= 0
Substituting of s = jo ,

Clhe) = Gead® + (o, + j b 0Ged™ ™t + (o + jb0Gal ™t +

i S # S
w0 —_,i-\'.il:h-,I =0 w0 —_,i-\'.il:h-,I =0
= R{w) + jIHw) =0

Blw) = (Apw™ + 4, 0"+ A4, 0™+ + 4]
Nw) = (Bpw"+ B, ™+ B,w™ "+ +B,)

Using the coefficients of above polynomials, the
second form of Routh-like table can be formulated as
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Algorithm for the proposed approach

1) If the first element in the first row is negative,
multiply the full row elements by -1.

2) If the first element in the second row is zero,
interchange first and second rows and multiply all

elements in the second rowby — ~1.

3) Follow the Common Routh’s multiplication rule to
get the complete table with ‘2n+1’ rows.

4) If any element of the first column starting from
third, comes zero, it is replaced by a small value
+0.01.

5) If all the elements in a row become zero, then the
auxiliary polynomial is formed using the previous
row elements and differentiated once; the
coefficients  of this modified polynomial are
entered instead of zeros and the table is completed
by applying the Routh multiplication rule.

6) Get ‘n’ sign pairs using the first column elements
starting from second row.

The sign pairs are developed as

P, = (Byp.cp)

P, =(figo) ..
According to the second scheme SPC I, it is

ascertained that each element of all the pairs has to

maintain the same sign for the roots of characteristic

equation to lie on the left hand side of s-plane for stability.

The proof of the criterion is given in [10].

F, = (dp.ep)
= 1

I1l. RELATIVE STABILITY ANALYSIS

A. Analysis Based On Damping Ratio:

The transient response of a system having a good margin of
absolute stability may possess unsatisfactory oscillations

with poor damping ratio. These oscillations may be
prevented by specifying the roots of the characteristic

equation to lie in a sector region in the left-half of s -plane
like that shown in Figure 1 [11].

jo
stable
7 l >
Fig. 1: Region of Relative Stability in the S-Plane

If all the roots of the characteristic equation are
expected to lie on the marked region of Figure 1, then the
transient response will have damping margin, greater than or
equal to S8 orcos (80 —gin @ or cos (90-0).This
indicates that, greater the relative stability margin, the fewer
will be the number of oscillations and they decay to a
specified level from an initial position.

To investigate the above situation, the
characteristic equation with positive real coefficients is
transformed into another characteristic equation possessing
complex coefficients. This is obtained by substituting
s=3_8s=35_6 s=5LwhereS isa new variable.
Thus, the resulting equation,

i ) I . " o n—
Cl5LB) = aglcos nB + jsinn@)5" + 0,57 " +
s . "
oot Gy g boos8 + jsindlS +a, =0
Where _nf = &™ = cosnb + | sin né

It can be observed that the equation has complex
coefficients and the proposed algebraic stability criteria
SPC-1 and SPC-II can easily be applied for investigation of
stability.

B. [Illustrations:

Example 1
Check whether the given characteristics equation has a
damping ratio 8=0.5. )
Cls) = s¥ 4+ 45 +ds+ 3 =0
Since, &= sin 0, 9=7t/§_
s=5L E = 5{cos 307 + j sin 307)
) = (~05 +;0.867)5% + (2 42 43) 52 +
(2v3+2)5+3=0
CE =8+ (2 — 3464087 + (0 — j4)S + (-15—j2.6) =0

Routh-like table as per SPC-I

+1 —j3.464 0 —j2.6
+2 —jd -15

—j1.464 0.73 —j2.6
—j3 -5

+2.22 —j2.6

+0.83

From the first column, the three pairs are formed as
P, = (+1, +2), P, = (-j1.464, -j5) and P; = (+2.22, +0.83)
Since all the elements in each pair have the same
sign, the above pairs satisfy SPC-I.
Application of SPC-II
By substituting s=’jo’ in the equation
Cljw) = R{w) + jl{w) = 0
= (-2+4w-15) +j (e’ + 3464 07 —2.6) =0
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Routh-like table as per SPC-II

] -2 4 —-15
-1 3484 0 —2.6
-2 4 —-1.3

+1484 | 075
+5 -3
+2.2 —2.6

+0.83

The three pairs formed from the above first column
are
Py = (-1, -2), P, = (+1.464, +5) and P; = (+2.2, +0.83).

Since all the elements in each pair have the same
sign, the above pairs satisfy SPC-II.
Verification: The location of roots are as follows.

4G R S e fooeeees B

| ; i (05 +j0366 ;
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Fig. 2: Location of Roots

For the first root (-3),

g =20, 7 = cos(80 — 6] =cos0 =1
For the second root (-0.5+j 0.866 ),
o o - - -
9 = ton """ | = = ;= sl —'-__I
& O ] 30 { =cos30 — &

=cos60 =0.5
For the third root (-0.5 - 0.866 ),
6 =180 — tan~* [— | = 150'

“0.BEE S
6 = 180 — tan~* (—— ) = 150'
DLEGE
7 =cos(80 — &) = cos(—60)=0.5
It is verified that all the roots have damping ratio
greater than or equal to 0.5 and the application of SPC—I and
SPC-II are found to be simpler than that given in [11].

IV. CONCLUSION

In this paper, the relative stability analysis of a time
invariant continuous system has been performed with the
help of the proposed SPC-I and SPC-Il. The transient
response behavior of a linear time-invariant continuous
system having absolute stability has been carried-out based
on damping ratio.The proposed algebraic criteria are simple
and direct in application compared to other schemes .
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