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Abstract— In this paper, the significance of wavelet
transform in the processing of non-stationary signals has been
highlighted. It covers the main definitions and properties of
wavelet and wavelet transform and focuses on signal
processing applications. For non-stationary signal, Wavelet
transform provides simultaneous localization in time and
frequency domain.
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. INTRODUCTION

The concept of wavelet was introduced by Jean Morlet, a
French Geophysicist, in the beginning of eighties. The work
of Alex Grossmann, a theoretical physicist, and Meyer, a
Mathematician, provided sound base around the subject. I.
Daubechies and Mallat contributed very much to the theory
of wavelet and established connection between wavelet and
signal processing[1],[2],[7],[8],[9]. The Fourier transform
fails to analyze the non-stationary signals with respect to
frequency and time simultaneously. To achieve this purpose,
Short Time Fourier Transform (STFT) is used. In STFT, the
signal is divided into many small parts where each part is
stationary. Then each part is viewed by a appropriately
chosen window function and the time- frequency
representation of the signal is obtained. But due to
Heisenberg’s uncertainty principle, one can not know what
spectral component exists at what instances of time. One can
know only the time intervals in which certain band of
frequencies exist, which is a resolution problem.

By using Continuous Wavelet Transform  ( CWT
), the resolution problem of STFT is overcome [3]. Thus, we
see that wavelet is very important tool for analyzing the
signal. Wavelet is also used in wave propagation, data
compression, image processing, computer graphics and in
many more applications.

Il. FOURIER TRANSFORM
Let 12 denote the space of all square-summable bi-infinite
sequences, i.e., { ¢k } € I ifand only if

Yie=—alcil? < o0
and let L2(0,2m) be the space of all 2r-periodic square
integrable functions x(t) with

M@ dt <oo
then any x(t) € L?(0,2m) can be represented as

21)  X(t) = Xi-— cp ™
the series in (2.1) is known as Fourier series where the
constants

Ck = i fOZ"x(t) et dt, are called the Fourier coefficients
of x(t) and the series in (2.1) is convergent in L?(0,27), i.e.

lim, S5 (®) = Ty cue™ [t =0

I1l. INTEGRAL FOURIER TRANSFORM

1) The Fourier Transform of a function x(t) € LXR) is
given by

2 ) =(Fx)m = [7 e™™ x(t) dt
If x(t) €LYR) and its Fourier transform % is also in

~

LY(R) ,then we can recover x from % via operator F!
x() =(F12)(0) = 5- [~ e™ £ (n) dn
FLis the inverse Fourier transform of % .
2) If x(t) € LA(R) , then its truncations
_ (x(t) for|t]<m

t) =
X0 { 0 otherwise
wherem= 1,2 --- arein LY(R) n L%R), so that %, €
L2(R) , then

x =timg,

€ 12 (R)

Lm.t. .
="M x() et dt

where li.m. means “limit in the mean”’[4].

IV. WAVELET

A wavelet means small wave which decays quickly. Suppose
we choose a function ¥(t) € L?(R) to be a wavelet, then ¥
should satisfy the following conditions
(4.1) JZ w(®dtdt= 0
42 [P dt < o and
~ 12
43 [ % dn < o
(admissibility condition)

This ¥ provides a kind of basis to L%(R) by its

dilation and translation. That’s why it is also called mother

wavelet. The wavelets are the functions
Wap(t) = lal ™2 W( =2 ),abER, 2% 0
where ‘a’ is known as scaling parameter which measures the
degree of compression and ‘b’ is the translation parameter
which determines the time location of the wavelet. If |a| < 1
then W, corresponds to the compression of the mother
wavelet and has higher frequency and if |a| > 1, then W,phas
larger time width than W(t) and has low frequency.
Wavelet Series:
Suppose a function ¥(t) € L?(R) has unit length, then
Wjk(t) = 2//2 §(2ix k), jk € Z also have unit length
e, [l = 19l =1
If function W (t) € L?(R) is an orthonormal wavelet , then the
family { W;«(t) } is an orthnormal basis of L?(R) and every
x(t) € L2(R) can be written as

(4.4) X(®) = Xik=—n dix Pik(t)
where the series in (4.4) is convergent in L2(R) w.r.to norm.
This series representation of x(t) in (4.4) is called wavelet
series and the wavelet coefficients are given by

(4.5) dix = <x(t), Yjx(® >

Integral Wavelet Transform:
Let x(t) € L2(R), then the integral wavelet transform of x(t)
relative to the basis wavelet W is given by

46)  (Wwx) (ba) =lal™/2 [7 x()¥(=>) dt
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where ‘a’ is the scale parameter and ‘b’ is the translation
parameter.

V. SIGNAL PROCESSING

A. Stationary Signal:

Signals whose frequency content do not change with time are
known as stationary signals.

B. Non-Stationary Signal:

Signals whose frequency content change with time are known
as non- stationary signals.

C. Signal Processing:

Consider a stationary signal x(t) = Cos 2rtnit + Cos 2mnat +
Cos 2mnst which have frequency contents ni, nz, ns at all
times. Its Fourier transform will give three spikes at
frequencies n1, nz, nz . But if the signal is non-stationary i.e.
it has frequency n; at any time and n; after few seconds and
ns after next few seconds then its Fourier transform will also
give three spikes at frequencies ni, nz, n3. Thus for stationary
and non-stationary signals frequency and amplitude
representations will be the same. No one will be able to know
that when, which frequency component exists .In such cases,
Fourier transform fails to analyze the signal with respect to
frequency and time simultaneously. To overcome this
problem, Short Time Fourier Transform ( STFT )[5] is used.
We divide the non-stationary signal into many small parts and
view these parts through narrow windows, narrow enough so
that the parts of the signal seen from these windows are really
stationary and take their Fourier transform. Thus, in STFT,
the signal is divided into many parts where each part is
stationary. A window function ‘w’ is chosen such that the
width of the window function is equal to the length of each
part of the signal where its stationarity is valid and the
Fourier transform of that part is calculated.
(5.1) STFT™x(z,n)=/"_ x(t). w(t — 1).e"2""tdt
In this way, the time- frequency representation of the signal
is obtained. Consider the ability of the STFT to discriminate
between two pure sinusoids of x(t). Suppose the Fourier
transform of the window function w(t) be w(n). Then define
the band — width An as

_ [n*w|*dn
(52) (An )2 = fIvT/I—Zdn
where the denominator is the energy of w(t). Two sinusoids
will be discriminated only if they are more than An apart.
Thus, resolution in frequency of the STFT analysis is given
by An. Similarly, the resolution in time At is given as

o _ JtAw®|*dt
(5.3) (a9 = [lw(o)|? at

where, denominator is again the energy of w(t). Thus, two
pulses in time can be discriminated only if they are more than
At apart. According to the Heisenberg uncertainty principle,
1
An At = i
The resolution in time and frequency cannot be arbitrarily
small. Once the window has been chosen, the time and
frequency resolution given by (5.3) and (5.2) is fixed over the
entire time-frequency plane, since the same window is used
for all frequencies. Thus by STFT, the components of the
signal can be analyzed either with good time resolution or
with frequency resolution but not the both simultaneously.

The resolution limitation of STFT can be overcome by letting
the resolutions A n and A t vary in the time- frequency plane
in order to obtain a multi-resolution analysis. This is done by
choosing a mother wavelet W(t) and taking continuous
wavelet transform of the signal x(t).

(We)(b,2) = lal™/2 [7 x()¥(=2) dt
Here also as in STFT , the signal is multiplied by the wavelet
function and the transform is computed separately for
different segments of the time domain signal. In this method
the width of the window is changed as the transform is
computed for every single spectral component. The
transformed signal is a function of two variable, scale
parameter ‘a’ and the translation parameter ‘b’. Scale
parameter ‘a’ is defined as 1/n and b as time. High scale
corresponds to a non-detailed global view and low scale
corresponds to a detailed view of the signal x(t). In wavelet
transform, instead of time-frequency representation , we get
time-scale representation of the signal. Scale a > 1 dilates
the signal whereas a < 1 compresses the signal. In this
way different resolutions at different frequencies are obtained

[61.[2]

VI. CONCLUSION

In this paper, we have tried to show how Wavelet Transform
works. It has been shown that a non-stationary signal is
resolved well with high precision in time-frequency domain
simultaneously using wavelet transform.
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