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Abstract—This investigation deals with a general queueing
model with vacation by using the method of entropy
maximization. The probability distribution and other
measures of performance have obtained for GE/G/1 and
MX/G/1 vacation models of non-exhaustive service. The
special cases have been analyzed in such models. The steady
state queue size distribution of the number of customers in the
system is obtained. In special cases we deduce the results for
particular distributions. The numerical examples for
illustration purpose are provided for special cases.
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I. INTRODUCTION

To predict the investigation of computer network
performance, the queueing models have played important
role in the form of mathematical modeling. The classical
analysis of queueing theory fails to give exact solutions for
models having general distributions for input and service
processes. By using the concept of maximization entropy
principle, we are in the position to provide the approximate
results for queue size distributions in terms of operational
mean values of computer network. The application of
maximization entropy models is not limited to computer
network. It is the important technique in Statistical
mechanics, Bio-Statistics and its modeling which can be
successfully applied to analyze the congestion situations of
day-to-day as well as industrial organizations.

The origin of entropy and maximum entropy
principle as a measure of the amount of uncertainty is due to
Shannon (1948). Jaynes (1968) extended this principle in the
different situations. Shore and Johnson (1980) explained
axiomatic derivation of the principle of maximum entropy in
the system modeling. The elementary models of queueing
theory such as M/G/1 and G/M/1 with the help of maximum
entropy principle were introduced by EI-Affendi and
Kouvatsos (1983). Guiasu (1986) analyzed a probabilistic
model for an M/G/1 queueing system in a maximum entropy
condition. He obtained mean queue size distribution by using
the expected number of customers given by Pollaczek
Khinchine formula. The maximum entropy analysis of
queues and queueing networks was established by Wu
(1988). Wu (1992) obtained a maximum entropy analysis of
open queueing networks with group arrivals. The maximum
entropy analysis for Mx/G/1 queueing system at equilibrium
state was presented by Jain (1998). Jain and Dhakad (2002)
established queue size distribution for G/G/1 model by using
principle of maximum entropy. Kouvatsos and Awan (2003)
considered entropy maximization for open queueing
networks with priorities and blocking.

In vacation queueing model, the server goes on
vacation for some random interval of time when the system
becomes idle. If at the end of vacation, there are customers in
the system, the server provides service immediately;
otherwise, a new vacation starts immediately. A new arrival

to the system has to wait in the queue for the completion of
the current service or vacation. Many authors analyzed the
queueing models with vacation. Kehson and Servi (1986)
determined oscillating random walk models for GI/G/1
vacation system with Bernoulli schedules. Lee at el. (1992)
studied on a batch service queue with single vacation. Takagi
(1994) analyzed M/G/1/K/N queue with server vacations and
exhaustive service. Machihara (1996) considered a pre-
emptive priority queue as a model with server vacation. Li
et al. (1997) discussed reliability analysis of M/G/1 queueing
systems with server breakdowns and vacations. The transient
solution for M/G/1 queue with server vacations was obtained
by Tang (1997). Alfa (2003) described vacation models in
discrete time. Gray et al. (2000) studied a vacation queueing
model with service breakdown. Srinivasan et al. (2003)
presented computation of queue length probabilities for bulk
service queues with vacation and feed back. Wang et al.
(2005) considered maximum entropy analysis to the N policy
M/G/1 queueing system with server breakdowns and general
startup times. Principle of maximum entropy for G/G/1
gueue with vacation under N-policy determined by Jain and
Jain (2006). Ke (2007) studied batch arrival queues under
vacation  policies with  server  breakdowns and
startup/closedown times. Wang et al. (2011) analyzed
comparative analysis of a randomized N policy queue.
Maurya (2013) derived maximum entropy Analysis of
MX/(G1,G2)/1 retrial queueing model with second phase
optional service and Bernoulli vacation schedule. Jain et al.
(2013) discussed multiple vacation policy for MX/Hk/1
gueue with un-reliable server.

In this paper, we consider the GE/G/1 vacation and
MX/G/1 vacation (non — exhaustive) models to present the
probability distribution of the possible states. We obtain
queue size distribution in steady state, by using maximum
entropy principle. The numerical results are also
supplemented for special cases.

Il. THE PRINCIPLE OF MAXIMUM ENTROPY

We consider the finite discrete case of Shannon’s entropy (cf.
Guiasu,1986) as follows:

n
Let H(p) =H, (P, Py Py) =- D P l0g py
k=1
(D)
where H (p) is the amount of uncertainty contained by the
probability distribution p = (p;, P,,..., P,) and is defined

as system’s entropy function. Shannon’s entropy has the
following property

H(p)=H,(p, P, P,) < H,(A/n,2/n .., 1/n)
with equality iff , (k=1,2,...,n).
The above relation shows that the uniform distribution is the
most uncertain, when no constraint is imposed on the
probability distribution. We consider the vacation (non-
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exhaustive service) models and evaluate the queue size
distribution with the help of maximum entropy principle.
We have used following notations:

A Mean arrival rate of the customers.
7, Mean service rate of the customers.
Ay Average rate of groups arrivals.

n Number of customers in the system.

P, Steady- state probability distribution of number

of customers in the system.

P, Probability of system being empty.
L Average queue length.
P Traffic intensity.
E(v) Average vacation time.
E(v ?) Second moments of vacation time.
CY2 Coefficient of variation of customers inter-
arrival time.
c? Coefficient of variation of service time.

% The average group size.

We apply maximum entropy principle, to obtain Pn as
follows:

Max{->" P, log P, }

n=1

subject to constraint

o)
> nP, =L
3

By using the Lagrange’s multipliers corresponding to above
constraints, we obtain Lagrange’s function, which can be
used to find queue size distribution by using the approach as
discussed in Jain [1998]. For analysis purpose, the following
theorems are useful.

A. Theorem:

Let L be the expected number of customers in the system.
Then by using PME, the probability distribution, for the
number of customers in the system is

o (- P (L -1+ PD)“’

n

(n>1)

where Pb=1-p

B. Proof:
We maximize the discrete countable entropy given by
(1)subject to constraints (2) and (3). We have (cf. Jain, 1998)
Pn=exp (-a—pn) (o>0,p>0) (n=1,2,...)
...(6)
Introducing (5) into (2), we get

@-P ) —exp(- B)}

expl-al=

ST e )
(7

which implies

- P) - exp (- B)hexp (- pn)
' exp (- /)
...(8)
(L-1+P,))
and exp(-p)= ——

...(9)
By using equations (7) and (8), the theorem is established.

I11. QUEUE SIZE DISTRIBUTION FOR GE/G/1 VACATION
MODEL

We consider GE/G/1 queueing system with vacation. We
assume that the inter-arrival time, service times and vacation
times are i.i.d. random variables, which are also independent
of each other. At the end of a busy period, the server goes on
vacation for time with first and second moments and
respectively. The average number of customers (L) for
GE/G/1 vacation (non-exhaustive service) model is given by
(cf. Wu, 1992)

b)) il -2 plrcy)

2E(V) 2(1-p)
...(10)
Equation (5) gives
2 n-1
pnz—p (L-r) , where P, =1— p
Ln
..(11)

From equations (10) and (11), we get

pz[/lE(Vz)+ pilcy -1)+p/+ Cf)_p}

n-1

ey 2- p)
” JEW?) pted -1+ p /i)Y
2E(V) 2(1-p)

...(12)

A. Some Special Cases:

1) Substituting = 1/ 2 And = 1/2 In Equation (12), We
Have:

Z[AE(V 2) p(9p—8)Jn_1
P +

o _ 2E(V)  12(1- p)
' ZE(V2)+p(4—3p) '
2E(V)  12(1-p)
..(13)
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2) We Put =0 And =0 In Equation (12), Yield:

(ETH)

b - 2E(V) 2
2EWV?) oY
(zEW)+2]
..(14)

3) InThis Case =1 And =1 Equation (12), Gives:
n-1
(ZEV?)  p(4p-3)
2E(V)  4(1-p)

EVE) Y
(zew>+4a—pJ

...(15)

IV. QUEUE SIZE DISTRIBUTION FOR MX/G/1 VACATION
MODEL

The average number of customers (L) for MX/G/1 vacation
(non-exhaustive service) model is given by (cf. Wu, 1992)

C2,EWV?) pci-1)+2p/p

9
2E(V) 2(1- p)
...(16)
Equations (11) and (16) give

z[ﬂgE(Vz) p2<CYZ_1)+2p/p ]
P + - p

n-1

o 2E(V) 2(1- p)
| lgE(V2)+p2(CY2—1)+2p/p '
2E(V) 2(1-p)
..(17)

A. Some Special Cases:
Substituting =1/ 2 in equation (17), we obtain

z[ﬁgE(Vz)_‘r ,0(3p,0_4p+4)}
26(v)  4p(t-p)
(%E(Vz)+ pl4- pp)}n
2E(v)  4p(1-p)
..(18)
B. Putting =0 In Equation (17), We Get:

z[ﬂgE(Vz)_’_ p(pp_2p+2)J

n-1

n-1

2E(V) 2p(t-p)

’%E(Vz)+ p(2-pp) n
2E(V)  2p@-p)
...(19)

C. When =1 Equation (17), Gives:

> /%E(VZ)+ p(-p+ pp)
2E(V) pd-p)

2,E(V?) p
[ 2e() p(l—pJ

V. NUMERICAL RESULTS

n-1

p =

n

n

...(20)

In this section, we present the numerical results to evaluate
queue size distribution by using analytical results derived in
previous section. To demonstrate the effect of the arrival rate
(A1), on probabilities, by varying traffic intensity (p) are

presented in tables 1-2. For fixed parameters CY2 =1,
AE(V ?)
2E(V)
results for GE/G/1 model are summarized in table 1. Table 2,
display results by varying o and fixed values CY2 = 0.003

e EV*)= 0.1 and K= 2 for M¥/G/1 model.
2E(V)

C?=3.4,

; = 0.28 and varying p, the numerical

0
P

Po

0.4 0.5 0.6 0.7 0.8

0.58022 | 0.50674 | 0.38702 | 0.27148 | 0.16956
0 9 4 5 8
0.23677 | 0.25167 | 0.23926 | 0.19561 | 0.13991
1 6 7 8 2
0.09662 | 0.12499 | 0.14301 | 0.14095 | 0.11544
0 4 6 2 3
0.03942 | 0.06207 | 0.08693 | 0.10156 | 0.09525
8 8 8 2 3
0.01608 | 0.03083 | 0.05284 | 0.07318 | 0.07859
9 1 8 0 4
0.00656 | 0.01531 | 0.03212 | 0.05273 | 0.06484
6 2 6 0 9
0.00267 | 0.00760 | 0.01952 | 0.03799 | 0.05350
9 5 9 4 7
0.00109 | 0.00377 | 0.01187 | 0.02737 | 0.04414
3 7 1 7 9
0.00044 | 0.00187 | 0.00721 | 0.01972 | 0.03642
6 6 6 6 8
Py 0.00018 | 0.00093 | 0.00438 | 0.01421 | 0.03005

2 2 7 4 7
P1 | 0.00007 | 0.00046 | 0.00266 | 0.01024 | 0.02480
0 4 3 7 2 1
P1 | 0.00003 | 0.00023 | 0.00162 | 0.00737 | 0.02046
1 0 0 1 9 3
P: | 0.00001 | 0.00011 | 0.00098 | 0.00531 | 0.01688
2 2 4 5 7 4
P | 0.00000 | 0.00005 | 0.00059 | 0.00383 | 0.01393
3 5 7 9 1 1
P; | 0.00000 | 0.00002 | 0.00036 | 0.00276 | 0.01149
4 2 8 4 1 5
P; | 0.00000 | 0.00001 | 0.00022 | 0.00198 | 0.00948
5 1 4 1 9 5
Table 1: The effect of traffic intensity (p) on probabilities

for GE/G/1 vacation model (C; =1, C? = 3.4, AE(V?)
2E(V)

P1

P2

P3

P4

Ps

Ps

P7

Ps

= 0.28).
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0.4 0.5 0.6 0.7 0.8

0.12968 | 0.18512 | 0.23209 | 0.25536 | 0.23664
8 0 8 3 1
0.09793 | 0.03510 | 0.16735 | 0.18710 | 0.18262
5 1 8 6 1
0.07395 | 0.09859 | 0.12067 | 0.13709 | 0.14093
7 6 7 4 3
0.05584 | 0.07195 | 0.08701 | 0.10044 | 0.10876
9 5 7 9 1
0.04217 | 0.05251 | 0.06274 | 0.00736 | 0.08393
5 3 5 0 4
0.03184 | 0.03832 | 0.04524 | 0.05392 | 0.06477
9 4 3 7 4
0.02405 | 0.02796 | 0.02366 | 0.03951 | 0.04998
1 9 4 3 7
0.01371 | 0.02041 | 0.02352 | 0.02895 | 0.03857
6 2 4 1 6
0.01013 | 0.01499 | 0.01696 | 0.02121 | 0.02977
5 6 2 3 0
P 0.00782 | 0.01087 | 0.01223 | 0.01554 | 0.02297
2 1 1 3 4
P, | 0.00590 | 0.00793 | 0.00881 | 0.01138 | 0.01773
0 7 4 9 8 0
P, | 0.00446 | 0.00579 | 0.00635 | 0.00834 | 0.01368
1 0 0 9 9 3
P1 | 0.00336 | 0.00422 | 0.00458 | 0.00611 | 0.01055
2 8 6 6 4 9
P1 | 0.00254 | 0.00308 | 0.00330 | 0.00498 | 0.00814
3 4 4 7 0 9
P1 | 0.00192 | 0.00225 | 0.00171 | 0.00328 | 0.00628
4 1 1 9 2 9
P, | 0.00145 | 0.00119 | 0.00124 | 0.00176 | 0.00374
5 1 9 0 2 5
Table 2: The effect of traffic intensity (p) on probabilities

Po

P1

P2

Ps

P4

Ps

Ps

P7

Ps

: A,EV?
for MX/G/1  vacation model (C? = 0.003 ,Q: 0.1,
2E(V)
K=2).

VI. CONCLUSION

In this paper, we have analyzed GE/G/1 and MX/G/1
vacation queueing models with non-exhaustive service by
employing the principle of entropy maximization technique.
Explicit expressions are derived for the queue size
distribution of the system subject to constraints expressed in
terms of mean arrival rate, mean service rate, mean number
of customers in the system, square coefficient of variation of
arrival time, service time and first and second moments of
vacation time. Some particular cases are deduced by setting
appropriate parameters. Numerical results are obtained for
illustration purpose, which demonstrate the validity of
analytical results. The performance indices of GE/G/1 and
MX/G/1 vacation queue discussed may be applicable for
networking mechanism in modern telecommunication
system, computer and manufacturing systems, etc.
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