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Abstract— For machining of brittle materials like glass, 

ceramics etc., ultrasonic machining has become very 

popular. Number of engineering and common applications 

require use of glass fiber reinforced plastic (GFRP) and it is 

essential to machine features in this material for use. In this 

work, full factorial design of experiments (DoE) based 

investigation is conducted to study the effect of process 

parameters on ultrasonic drilling of GFRP. The control 

parameters selected include amplitude, pressure and 

thickness of the GFRP sheet being machined. Three levels 

of each of these parameters are selected giving 3
3
 = 27 trials. 

The material removal rate (MRR), overcut (OC), taper, top 

delamination and bottom delamination produced on the 

GFRP while slitting are measured as response parameters. 

Ultrasonic machining has number of process parameters and 

is not a simple process to control and get desired machining 

results. Grey relational analysis is applied to the 

experimental data to obtain the best combination of input 

parameters for different cutting conditions like roughing, 

semi-finishing and finishing. Parameter combinations are 

given grades using grey relational analysis (GRA) process 

and the optimum combination is suggested for various 

requirements of machining in terms of roughing, semi-

finishing and finishing.   
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I. INTRODUCTION 

Traditional ceramics and glasses are extensively used to 

manufacture many products. GFRP material has gained 

popularity in many applications too. GFRP has been widely 

adopted as functional as well as structural engineering 

materials [1]. Ultrasonic machining offers a solution to the 

expanding need for machining brittle materials and for 

increasing complex operations to provide intricate shapes 

and workpiece profiles. This machining process is non-

thermal, non-chemical, creates no change in the 

microstructure, chemical or physical properties of the 

workpiece and offers virtually stress-free machined surfaces. 

It is therefore used extensively in machining hard and brittle 

materials that are difficult to cut by other conventional 

methods [2]. Generation of holes in GFRP is required in 

number of applications in automobiles, aerospace, furniture 

etc. In order to produce these components, ultrasonic 

drilling is a good method. For machining to required 

dimensions, the setting of process parameters to appropriate 

value is very essential.  

Optimization of multiple output qualities of a 

process requires the calculation of a single comparison 

parameter and grey relational analysis (GRA) is used to 

integrate and optimize the multiple output qualities of a 

process [3–5]. Many papers have presented this effective 

method and proven its usefulness in various applications [6-

8]. 

In this paper, the experimental data obtained by 

conducting experiments to produce holes using ultrasonic 

process on GFRP is analyzed using grey relational analysis 

to find the optimum process parameters. 

II. ULTRASONIC DRILLING EXPERIMENTS 

Full factorial DoE with replication is used with three control 

factors – amplitude, pressure and thickness of the GFRP 

sheet. The values selected for the low, medium and high 

level for each of the control parameters is mentioned in 

Table I. The amplitude is varied in terms of percentage of 

amplitude delivered at full power by the converter. 

Amplitude Pressure GFRP Thickness 

A1 = 70% P1 = 1 bar t1 =1.3 mm 

A2 = 80% P2 = 2 bar t2 =2 mm 

A3 = 90% P3 = 3 bar t3 = 2.3 mm 

Table 1: Parameters and Their Levels 

Material removal rate (MRR), overcut (OC), taper, 

top delamination factor (TDF) and bottom delamination 

factor (BDF) generated during ultrasonic drilling are taken 

as response parameters representing process behaviour. 

Taper cylindrical sonotrode is designed and manufactured as 

amplitude of propagated sound wave is inversely 

proportional to the cross-sectional area in solids. The shape 

of the tool is designed integral at the end of the sonotrode. 

Sonotrode with and approximate gain of 3 is designed using 

CARD (Computer Aided Resonator Design) software 

The experimental procedure for producing holes in 

GFRP using ultrasonic machining is described as under. 

1) Measure the weight of GFRP sheet of thickness 

corresponding to the trial. 

2) Mount the GFRP sheet in molten wax in petri-dish 

with aluminium foil at its bottom and allow wax to 

cure. 

3) Start slurry circulation and adjust the flow of slurry. 

4) Set the control parameters and start vibrations using 

foot operated switch. 

5) Machining is completed when through cut is obtained. 

6) Machining time is recorded using stop watch. 

7) Switch off slurry pump and clean the workpiece. 

8) Remove workpiece from petri-dish by reheating wax.  

9) Measure the weight of GFRP with the hole and the 

blank cut out during drilling. 

The material removed on weight basis is obtained 

by subtracting the sum of mass of blank and mass of slug 

from the mass of GFRP sheet before machining. The MRR 

is then obtained in terms of volumetric material removal rate 

by taking density of GFRP. The top and bottom diameters of 

each drilled hole were measured using 0.1 micron accuracy 

travelling microscope four times by changing the position. 

Average of these values was taken as the value for top and 

bottom diameters. 
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Table 2: Experimental Results 

The value of OC was determined by halving the 

difference between larger of the top and bottom hole 

diameters and the tool diameter which is 8 mm. Taper was 

obtained by dividing the difference between top and bottom 

diameters by the thickness. The delamination factor is 

measured by taking ratio of maximum diameter of hole to 

sum of the diameter of tool and abrasive particle size. The 

experimental results are listed in Table II. 

III. GRA OPTIMIZATION 

A. GRA Procedure 

GRA is an effective method for solving the complicated 

interrelationship among the multiple designated 

performance characteristics. It also provides an efficient and 

effective solution to multi-input and discrete data problems. 

In this method, the complex multiple response optimization 

problem can be simplified into optimization of single 

response grey relational grade. The procedure for 

determining the grey relational grade is shown in flow chart 

Figure 5 [9]. 

 
Fig. 1. Steps to Determine GRG 

If the number of experiments is “m” and the 

number of response (i.e. performance characteristics) is “n 

then the i
th 

experiment can be expressed as Yi = (yi1, yi2, ….., 

yij, ….., yin) in decision matrix form, where yij is the 

performance value (or measure of performance) of response 

j (j = 1, 2, ….., n) for experiment i (i = 1, 2, ….., m). The 

general form of decision matrix D is given as, 
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The term Yi can be translated into the comparability 

sequence Xi = (xi1, xi2… xij… xin) where xij is the normalized 

value of yij for the response j (j = 1, 2… n) of experiment i (i 

= 1, 2… m). After normalization, decision matrix D 

becomes normalization matrix D’ is given as follows. 

























mnmjml

inijil

njl

xxx

xxx

xxx

D

......

...............

......

...............

......

'

111

 

The normalized values xij are determined by use of 

following equation. These are for beneficial type, non-

beneficial type and target value type responses. 

1) If the expectancy of the response is larger-the-better 

(i.e. beneficial response), then it is expressed by 

Equation 1. 

 

(1) 

2) If the expectancy of the response is smaller-the-better 

(i.e. non-beneficial response), then it si determined by 

using Equation 2. 

 

(2) 

3) If the expectancy of the response is nominal-the-best 

(i.e. closer to the desired value or target value), then it is 

expressed by Equation 3. 

 

                                       (3) 

where Yj
*
 is closer to the desired value of j

th 
response. 

In comparability sequence all performance values 

are scaled to [0, 1]. For a response j of experiment i, if the 

value xij is equal to 1 or nearer to 1 then the value for any 

experiment, then the performance of experiment i is 

considered as best for the response j. The reference 

sequence X is defined as  (x1, x2, ….., xj, ….., xn) = (1, 1, ….., 

1, …..,, 1), where xj is the reference value for j
th

 response 

and it aims to find the experiment whose comparability 

sequence is closest to the reference sequence. 

Grey relational coefficient is used for determining 

how close xij is to xj. The larger the grey relational 

coefficient, the closer xij and xj are. The grey relational 

coefficient can be calculated using Eq. 4-Eq. 7. 
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                                   (4) 

For i = 1, 2… m and  j = 1, 2... n        

Where,    = the grey relational coefficient  

 
   (5) 

 

(6) 

 
(7) 

 
The purpose of distinguishing coefficient is to 

expand or compressed the range of the grey relational 

coefficient. Different distinguishing coefficient may lead to 

different solution results. Generally a value of 0.5 for 

distinguishing coefficient is preferred. 

The measurement formula for quantification in 

grey relational space is called grey relational grade. A grey 

relational grade (grey relational degree) is a weighted sum 

of grey relational coefficients and it can be calculated using 

Equation 8. 

ijwi
n

j j  .
1 

  i = 1, 2… m and j = 1, 2… n           (8) 

where i is the grey relational grade between 

comparability sequence Xi and reference sequence Xn.  It 

represents correlation between the reference sequence and 

the comparability sequence, wj is the weight of response j 

and depends on decision maker’s judgment.  

B. Optimization Using Grey Analysis 

As discussed in section A  step 1, an ideal sequence (Xij = 1, 

j = 1, 2 . . . 9) for MRR, OC, taper and delaminations are 

generated as shown in Table III which also shows the 

experimentally obtained values of these response 

parameters. Equation 1 is applied for MRR and Equation 2 

for OC and taper both of which should be minimized. Grey 

relational coefficients are calculated taking value of 

distinguishing coefficient as 0.5 using Equation 4-Equation 

7. Table IV shows the grey relational coefficients for each of 

the measured responses for ultrasonic drilling of GFRP. 

Ultrasonic machining may be used for rough cutting where 

accuracy may not be as important as the MRR. It can also be 

used for semi-finishing where equal weight has to be given 

to all response parameters. USM can be used to obtain final 

component by finish cutting using small weights for MRR 

and relatively higher importance to dimensional accuracy in 

terms of OC, taper, top delamination factor and bottom 

delamination factor. Grey optimization is conducted for all 

the three cutting scenarios. In case of optimization for rough 

cutting, value of 0.40 is selected as weight for MRR and 

overcut, taper, top delamination factor and bottom 

delamination factor are given a weight of 0.15 each. In case 

of semi-finish cutting, to balance between MRR and 

overcut, taper, top delamination factor and bottom 

delamination factor simultaneously, MRR is assigned a 

weight of 0.2 and overcut, taper, top delamination factor and 

bottom delamination factor are given weightage of 0.2 each. 

In case of finishing cuts, for dimensional accuracy 30% 

weightage is given to overcut, 30% weightage is given to 

taper, 15% weightage is given to top delamination factor,  

15%  weightage is given to bottom delamination factor and 

only 10% weightage is given to MRR. These weights are 

used to calculate grey relational grade using Equation 8 and 

its order as shown for roughing case in Table IV for 

ultrasonic drilling of GFRP. 

Similar to roughing case, grey relational grades are 

found for semi-finishing and finishing cases as well and 

given ranks in descending order of the grade. These results 

are listed in Table V. 

 
Table 3: Sequence of Performance Characteristics After Data Pre-Processing 
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IV. RESULTS & DISCUSSION 

From the listing of grey relational grades in Table V it is 

observed that for ultrasonic drilling of GFRP, in case of 

roughing as well as semi-finishing the best rank is attributed 

to DOE serial 8 which relates to lowest thickness and 

intermediate pressure and maximum amplitude. While in 

case of finishing the best rank is attributed to DOE serial 1 

which is the combination of lowest thickness, lowest 

pressure and lowest amplitude.  

This is matching with the experimental findings 

and subsequent analysis showing that MRR is higher for 

lower thickness values and higher pressure and amplitude 

values. In case of finishing operations the effective 

contribution of MRR to the grade is lower as compared to 

the combined effect of OC and taper which leads to 

combination being selected as the best with lowest pressure 

and amplitude. These combinations are indicated in bold in 

Table V. 

V. CONCLUSION 

Following major conclusions can be drawn from the attempt 

to apply GRA to ultrasonic drilling of GFRP,  

1) GRA transforms decision making involving multiple 

performance objectives into a decision regarding single 

performance indicator denoted by the grey relational 

grade using suitable weights. 

2) Weights should be carefully decided based on the 

machining performance required. 

3) The optimum combination of control variables can be 

selected by ranking the parameter combinations using 

GRA procedure. 

4) The combination of lowest thickness, intermediate 

pressure and highest amplitude is found optimum for 

roughing and semi-finishing. 

The combination of lowest thickness, lowest 

pressure and lowest amplitude is found optimum for 

finishing. 

 
Table. 4: Grey Relational Coefficients & Grey Relational 

Grades for Roughing 

 
Table 5: Grey Relational Grades for Various Ultrasonic 

Drilling Conditions 
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