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Abstract— The current paper describes how quaternions are 

used successfully and effectively in simulations of 

unmanned aerial vehicles (UAVs) and satellite motion 

through definition of the UAV airframe or satellite body as a 

rigid body. By such means the authors try to raise interest 

among students and scientists in the mathematical formalism 

of quaternions that was very popular more than 100 years 

ago, but was replaced by vectors and matrices. Nevertheless, 

quaternions benefits make them valuable in numerous tasks, 

among others the numerical integration of rigid body motion 

dynamics equations.Simulations, part of the current project, 

can be viewed on http://ialms.net/sim/ web address. 
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I. INTRODUCTION 

“Quaternions come from Hamilton after his really good 

work had been done; and, though beautifully ingenious, 

have been an unmixed evil to those who have touched them 

in any way, including Clerk Maxwell.” 

- Lord Kelvin (1892). Letter to Hayward quoted by 

S. P. Thompson (1910), The life of William Thompson, 

Baron Kelvin of Largs. Macmillan, London, vol. II, p. 1070. 

The current paper describes how quaternions are 

used in theoretical mechanics and specifically in the 

numerical integration of rigid body motion, a fundamental 

part of the simulation of unmanned aerial vehicles and 

satellites motion, whose airframe or body is defined as a 

rigid body. Simulations, part of the current project, can be 

viewed on http://ialms.net/sim/ web address. 

Quaternions were introduced in the year of 1844 by 

William Rowan Hamilton (Hamilton, 1844).  From then on, 

quite a few years have passed, but after an extensive survey 

and research in the field of 3D rigid body simulations, it 

became clear that applications of simulation systems in 

mechanics using stereoscopic 3D-real-time visualization 

almost do not exist, and the few existing ones are not 

available online, nor they are platform independent. 

II. STEREOSCOPY THROUGH QUATERNIONS 

When simulating a physical process that has space 

significant features, it because clear that stereoscopic 

visualization is rather important and beneficial to the viewer. 

To realize a full-featured stereoscopic 3D-core and 3D-

mechanics model for simulations of interactive real-time 

processes a utilization of appropriate mathematical means is 

required. This mathematical machinery is needed to carry 

out the calculations accompanying the stereoscopic 3D 

graphics, to visualize the simulated processes and to 

implement the functionality of the numerical integration. 

Many questions in studying the UAV motion require good 

spatial perception of the studied physical problem. The 

stereoscopy imaging is the technique, through which an 

illusion of depth is presented in a flat two dimensional 

image. This approach requires a thorough and high 

performance mathematical machinery for the purpose of 

calculating the two simultaneous stereo 3D images in real-

time during the interactive simulations. 

Stereoscopy is a technology that presents to each 

eye a different image, namely a different and appropriate 

projection of the observed scene in accordance to the 

position of the eye in space. The first stereoscopic 

experiments in the modern times started around 1850 (the 

same period the quaternions were introduced). The two 

images are often slightly different from each other. There is 

still one source of depth information not presented through 

stereoscopy – the focus source, because the two images are 

still flat. There are stereoscopic displays and monitors 

implementing diverse technologies. These are used for 

example in laboratories and research centres. These 

monitors are expensive and not appropriate for use by 

everyone and everywhere, because it is presumed a purchase 

of such a display for each user or for each workplace. 

Another expensive stereoscopic solution is the head-

mounted display, which involves a separate miniature LCD 

or OLED display in front of each eye. For a thorough 

overview of stereoscopic technologies please read 

(Zabunov, 2012). 

The preferred technology for stereoscopic 

visualization is still anaglyph glasses (Figure 1). This is the 

only low cost solution having in mind the present state of 

computer monitors technology. 

 
Fig. 1: Anaglyph red-cyan stereoscopic 3D glasses 

III. QUATERNIONS UTILIZED 

A brief overview of the utilized quaternions mathematical 

machinery follows, disclosing the implementation of 

quaternions in the process of stereoscopic 3D dynamic 

simulations of rigid bodies. As mentioned earlier, 

quaternions were introduced in modern mathematics around 

1844 by W. Hamilton. The vectors and vector analysis 

followed as a product of simplification of the quaternion 

algebra. Concretely, for the purpose of here described 

simulations, quaternions prove very effective and efficient 
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for achieving high performance and accuracy of the 

performed calculations. 

Why quaternions? In order to present spatial 

rotations the rigorous method is to use vector algebra and 

vector analysis coupled with matrix algebra and matrix 

analysis. The rotation matrix presents spatial rotations 

(Zabunov, 2010). It is a 9-scalar algebraic object that not 

only requires numerous calculations, but also suffers from 

rapid degradation due to numerical error accumulation. This 

degradation leads to cumulative errors and distortion of the 

orthogonality of the rotation matrix. The simulated rigid 

bodies deform in unacceptable degrees. The normalization 

of the rotation matrix to orthogonality is, again, a 

computationally intensive procedure. The first suggestion 

that may come to mind is to use a reduction model of the 

rotation matrix. There are numerous such models that utilize 

the redundancy of information in the rotation matrix and 

minimize the 9 scalars to the only three degrees of freedom 

inherent to spatial rotations. Maybe the most notable such 

reduction is the Euler angles model. There are only three 

variables – three angles describing the finite rotation, but 

from this point on the drawbacks start to take advantage. 

The transformations from Euler angles to other presentations 

are slow and the gimbal lock inherent to Euler angles is an 

obstacle. Quaternions have four elements, but do not have 

gimbal lock and also calculations using them are fast. 

Transformations between the rotation quaternion and the 

rotation matrix are also fast and normalizing a quaternion to 

unit quaternions is easy. The accumulated error grows 

slower. All these benefits place quaternions as the preferred 

spatial rotation presentation and calculatory method. 

A concise overview of the utilized quaternion 

functionality follows. The quaternions have three 

operations: addition, scalar multiplication, and quaternion 

multiplication. To define the product of two quaternions 

requires a choice of basis: 

kji ˆ,ˆ,ˆ,1  

)0,0,0,1(1 , )0,0,1,0(ˆ i , )0,1,0,0(ˆ j , )1,0,0,0(ˆ k  

To distinguish quaternions form matrix-presented vectors 

(lowercase in bold) a special notation is used as observed in 

the basis above. So, a quaternion is presented by its four 

scalar elements ),,,( zyxw  using the basis: 

),,,(],[ˆˆˆˆ zyxwwwzyxw  vvkjiq  

The basis element 1 is the identity element. Multiplication 

by 1 does not change the quaternion. Quaternion 

multiplication is defined by defining the products of the 

basis elements and then the general product is defined using 

the distributive law: 

1ˆˆ̂ˆˆˆˆˆˆ  kjikkjjii  

This very equation Hamilton engraved on the Royal Canal 

Bridge. It holds all the essence of quaternions. From it the 

diverse combinations of basis products follow: 

















jik

ikj

kkkkjijiji

ˆˆˆ

ˆˆˆ

ˆˆ)1(ˆˆˆ̂)1(ˆ̂ˆ̂
 

















jki

ijk

kkkkkkjikij

ˆˆˆ

ˆˆˆ

ˆˆ)1(ˆˆˆˆˆ̂ˆˆˆ

 

The products are summarized in a table below. 

 

Quaternion Basis Multiplication 

 

right multiplier 

 

left multiplier 

 

1  

 

î  

 

ĵ  

 

k̂  

1  1  î  ĵ  k̂  

î  î  1  k̂  ĵ  

ĵ  ĵ  k̂  1  î  

k̂  k̂  ĵ  î  1  

Table 1: Quaternion basis multiplication. 

General multiplication of two quaternions looks like this: 

)ˆˆˆ)(ˆˆˆ(ˆˆ kjikjiqq zyxwzyxw   

],[ˆˆ vvvvvvvvvvvvqq  wwwwwwww

]2,[2ˆ 22222
vvvvq wwww   

Notice that the quaternions product is non-commutative: 

qqqq ˆˆˆˆ   

The quaternion conjugate is an important term and is 

extensively utilized in the described simulations: 

],[ˆˆˆˆ ~
vkjiq  wzyxw ..(1) 

222222~~ ]0,[],[ˆˆˆˆ zyxwwwwww  vvvvvqqqq

~~~ ˆˆ)ˆˆ( qppq   

Quaternion norm plays an important role in quaternions 

normalization and is used to keep a unit rotation quaternion 

stable: 

2222~~ ˆˆˆˆˆ zyxw  qqqqq  

pqpqqpqp ˆˆˆˆˆˆˆˆ   

The unit quaternion is also called the versor of a quaternion: 

q

q
nq ˆ

ˆ
ˆ  , the unit quaternion has a unit norm 1ˆ qn . 

So far, the non-commutative product is observed 

and this principle helps make the connection to rotation 

matrixes easy, because the finite rotations are naturally 

expressed by algebraic systems with non-commutative 

products. This is so, because finite rotations are non-

commutative – their order matters. 

Hence, a reciprocal of a quaternion (quaternion 

inverse) depends on the side on which the multiplication is 
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performed - left or right multiplication yields left or right 

reciprocal: 

(...)ˆˆ(...) 1 
rqq  and (...)(...)ˆˆ 1 

qql  

1
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q
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But from the above equation (1.), about the product of 

quaternion q̂  with its conjugate, we have that this product is 

commutative,  hence 
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The reciprocal of a versor is its conjugate: 
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To achieve the major goal of implementing quaternions in 

the described simulations, a spatial rotation is to be 

presented by the means of a rotation quaternion. The latter is 

defined as follows: 











2
sin,

2
cosˆ


nqR  

n  is a unit vector specifying the axis of rotation and   is 

the angle of rotation. An important property of the rotation 

quaternion is that it is a versor: 

  11
2

sin
2

cos
2

sin
2

cosˆˆˆ 2222222~ 


zyxRRR qqq

 

~1 ˆˆ RR qq  
 

It is easily proven that rotation of vector v  using a rotation 

quaternion is performed by the following formula: 

~ˆˆˆ RR qvq , where quaternion ],0[ˆ vv   

The reverse rotation by angle   generates a rotation 

quaternion that is the conjugate of Rq̂ . Applying two 

consecutive rotations yields: 

~~~~ ˆˆˆ)ˆˆ(ˆˆˆˆˆˆˆˆ tvtqpvqppqvqp  , where the new composite 

rotation is qpt ˆˆˆ  . 

Notice that non-commutativity of quaternion multiplications 

is in consent with the non-commutativity of spatial rotations. 

IV. CONCLUSION 

The powerful visualization of stereo 3D interactive 

simulations is a fruitful means of simulating UAV motion 

for reaching or research purposes on a personal computer 

independently of place, platform or technical equipment. 

The presented project utilizes the modern technologies in 

order to deliver the potential of stereoscopic imaging into 

UAV and satellite simulation. Thus the presented 

simulations disclose the hardly understandable details of the 

mechanics phenomena to students and researchers. The 

depicted approach also yields an implementation with 

extremely low price thus guaranteeing access from broad 

multitude of viewers. 
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