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Abstract— This work is aimed at the active vibration control 

of a flexible structures using piezoelectric material. A 

cantilever plate structure, which is supported at one end and 

free at another is taken as the flexible structure with 

piezoelectric materials as sensors and actuators. Sensors and 

actuators, which are square in shapes, are embedded to the 

parent structure. The active controller was designed to 

control first three modes of vibration of plate. First, the 

analysis for the transient vibrations in a cantilever plate 

structure was performed which was followed by the analysis 

of the same cantilever plate structure when embedded upon 

with a pair of sensor and actuator. The plate was discretized 

into small square elements (8x8) of identical size (2x2cm) in 

order to assign the different locations to sensors and 

actuators, which were assumed to be of the exact shape of 

the discretized plate elements.  PID and LQG controllers are 

applied for attenuating the global structural vibration and 

comparisons between the both controllers are carried out. 

Key words: Active vibration control, PID, LQG, cantilever 

plate, piezoelectric patches. 

Nomenclature: 

a = half length of the finite element in x direction, m 

A = relative to surface area 

b = half length of the finite element in y direction, m 

C = elastic constant, N/m2 

Cs = piezoelectric sensor capacitance, F 

D = electric displacement vector, C/m2 

e = piezoeletric stress coefficient, C/m2 

E = Young’s modulus, N/m2 

f  = force, N 

h = thickness, m  

K = stiffness matrix 

M = mass matrix 

q = displacement field vector 

qi = nodal displacement field, m 

k = kinetic energy, J 

u = displacement field in x direction, m 

U = potential energy, J 

v = displacement field in y direction, m  

V = volume, m3 

w = displacement field in z direction, m 

W = work, J  

Greek Symbols  
ε = strain field  

σ = stress, N/m 

ν = Poisson ratio  

θu = rotation about u-axis  

ξ = dielectric tensor  

ζ = nodal displacement vector 

Φ = electric potential, Volts  

ω = frequency, rad/s  

ρ = material density, kg/m3 

Subscripts 
a = refers to the actuator  

b = relative to the body 

p=  relative to the plate structure 

s = relative to the sensor 

sa = relative to the sensed voltage in the actuator 

x = relative to x direction 

y=  relative to y direction 

qq = relative to the stiffness  

qΦ = relative to the piezoelectric stiffness 

ΦΦ = relative to the dielectric stiffness  

Superscripts 

e = relative to the element  

S = relative to constant strain  

T = matrix transpose 

I. INTRODUCTION 

Active vibration control is the active application of force in 

an equal and opposite fashion to the forces imposed by 

external vibration. With this application, a precision 

industrial process can be maintained on a platform 

essentially vibration-free. Many precision industrial 

processes cannot take place if the machinery is being 

affected by vibration. For example, the production of 

semiconductor wafers requires that the machines used for 

the photolithography steps be used in an essentially 

vibration-free environment or the sub-micrometer features 

will be blurred. Active vibration control is now also 

commercially available for reducing vibration in helicopters, 

offering better comfort with less weight than traditional 

passive technologies. Vibration control of some structures 

has always been a critical problem for researchers. Smart 

materials, especially piezoelectric materials, have been 

widely used for vibration control of various structures. With 

these materials come control methods that are suited to the 

properties of the smart materials. There are numerous 

controllers, which are employed in the active vibration 

control. Some important of these are Proportional 

integrative differentiate, Linear quadratic regulator, Linear 

quadratic Gaussian and H∞ controllers etc. 

 
Fig.1: Schematic diagram for Active Vibration Control 

http://en.wikipedia.org/wiki/Vibration
http://en.wikipedia.org/wiki/Machinery
http://en.wikipedia.org/wiki/Semiconductor
http://en.wikipedia.org/wiki/Wafer_%28electronics%29
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http://en.wikipedia.org/wiki/Vibration_control
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Vasudevan et. al.[1] presented the optimal control strategy 

based on the full state dynamic observer to control 

vibrations of a beam under limited magnetic field intensity. 

Full state observer based PID and LQR can reduce tip 

deflection response and settling time of free vibration 

oscillations. C.M.A. Vasques[2] studied a comparison 

between the classical control strategies, constant gain and 

amplitude velocity feedback, and optimal control strategies, 

linear quadratic regulator (LQR) and linear quadratic 

Gaussian (LQG) controller, is performed in order to 

investigate their effectiveness to suppress vibrations in 

beams with piezoelectric patches acting as sensors or 

actuators. A one-dimensional finite element of a three-

layered smart beam with two piezoelectric surface layers 

and metallic core is utilized. Caruso G. et al.[3] studied the 

vibration control of an elastic plate, clamped along one side 

and excited by impulsive transversal force acting in 

correspondence of a free corner. A modal model obtained by 

employing a suitable finite-element formulation together 

with a modal reduction, was used in the controller design. 

Qiu Z. C. et al.[4] used piezoelectric ceramics patches as 

sensors and actuators to suppress the vibration of the smart 

flexible clamped plate. A method for optimal placement of 

piezoelectric actuators and sensors on a cantilever plate was 

developed. An experimental setup of piezoelectric smart 

plate was built up. Shimon P. et al.[5] developed an efficient 

controller for vibration reduction in a fully clamped plate 

and an investigation between control methodologies and 

actuators was done. Theoretical and experimental studies 

were undertaken with verifying results. Mukherjee A. et 

al.[6] presented the active vibration control of stiffened 

plates. A stiffened plate finite element with piezoelectric 

effects was formulated. A velocity feedback algorithm was 

employed. Numerical examples for vibration control of 

isotropic and orthotropic stiffened plates were presented. 

Chhabra et. al.[7][8] presented the active vibration control 

of beam like structures with laminated piezoelectric sensor 

and actuator layers bonded on top and bottom surfaces of 

the beam. The contribution of the piezoelectric sensor and 

actuator layers on the mass and stiffness of the beam has 

been considered with modeling of the structure in a state 

space form. The designing of state/output feedback control 

by LQR optimal control approach and Pole placement 

technique are exercised to achieve the desired control. 
Feedback Gain can be find out by using Hybrid 

Multiobjective Genetic Algorithm-Artificial Neural 

Network. Chhabra et. al.[9] showed that active vibration 

control of beam like structures with distributed piezoelectric 

actuator and sensor layers bonded on top and bottom 

surfaces of the beam. Better control effect can be done by 

locating the patches at the different positions. The 

piezoelectric patches are placed on the free end, middle end 

and fixed end. The study is done through simulation in 

MATLAB for various controllers like POF, PID and Pole 

Placement technique. Pradeep et.al.[10][11] studied the 

work deals with the mathematical formulation and the 

computational model for the active vibration control of a 

beam with piezoelectric smart structure. A general scheme 

of analysing and designing piezoelectric smart structures 

with control laws is successfully developed. It has been 

observed that without control the transient response is 

predominant and with control laws, sufficient vibrations 

attenuation can be achieved. Amit et. al. [12] studied the 

basic techniques for analysis of active vibration control 

using piezoelectric sensor and  actuator. A general scheme 

of analyzing and designing piezoelectric smart cantilever 

plate with Neural Network control tuned with LQR 

controller is successfully developed in the study. Varun et. 

al.[13] presented that fuzzy controller for the active 

vibration control in the cantilever beam with collocated 

sensors/actuators. Neeraj et. al.[14] reviewed various 

optimization techniques have been studied for the optimal 

placement of piezoelectric sensors/actuators on a smart 

structure for the purpose of active vibration control. And 

also how these optimization techniques can be implemented 

is studied. Meta-heuristic approaches such as evolutionary 

approach (genetic algorithms), simulated annealing, tabu 

search, swarm intelligence and other recent approaches are 

explained. 

In this paper, an active vibration control system of 

flexible structures by using piezoelectric sensors and 

actuators is demonstrated. A set of vibration control 

equations, sensing equations and actuating equations are 

derived through using the modal theory for piezoelectric 

flexible structures, then the model is converted into the state 

space form; the optimal location of piezoelectric sensors and 

actuators is ascertained by the function of displacement 

deflection. With a control objective of minimizing 

displacement, mode space control techniques is 

implemented on the flexible appendage in a cantilever plate 

configuration utilizing piezoelectric sensor output 

representing structural displacement.  PID and LQG 

controllers are designed to suppress the first three ranks 

modes vibration of the system. PID control technique is less 

effective whereas Linear Quadratic Gaussian (LQG) control 

approach is well suited for the requirements of damping out 

the effect of disturbances as quickly as possible and 

maintaining stability robustness. 

II. METHODOLOGY 

A. Finite Element Method for designing a Cantilever Plate: 

The finite element method theory of a plate has been 

explained as (de Abreu et. al.,[15]): 

 
Fig.2: Coordinate system of a laminated finite element with 

integrated piezoelectric material. 

1) Finite Element Discretization 

The plate is formulated according to Kirchhoff assumption 

(thin plate) and accordingly, the piezoelectric layers are 

considered perfectly bonded together. 



Modeling and Simulation of a Plate with Piezo-Patches as Sensors/Actuators Using LQG Modal Control & Comparison with Classical Controller 

 (IJSRD/Vol. 2/Issue 06/2014/002) 

 

 All rights reserved by www.ijsrd.com 6 

The displacements field u, v, and w along the axes 

x, y and z respectively can be expressed by the Kirchhoff 

hypotheses as shown in Fig. 2 and the equations are as 

follows. 

 
where x and y are the in-plane axes located at the mid-

surface of the plate, and z is along the plate thickness 

direction as seen   Fig. 2 The transverse shear deformation is 

neglected, therefore, the strain field can be written in terms 

of the displacements as: 

 
For isotropic material, the relation between plane stress ( 𝜎 ) 

and strain ( 𝜀 ) is given by: 

{𝜎} = [𝐷]{𝜀}    (3) 

where {𝜎} = {𝜎𝑥 𝜎𝑦 𝜏𝑥𝑦}𝑇 and [D] matrix is:  

(4) 

where  ν  is the Poisson ratio and E  denotes the Young’s 

modulus of the plate.  

A four-node rectangular plate bending element based on 

classical plate theory has been considered as shown in Fig. 

2. Each node of the element possesses three degrees of 

freedom: a displacement w  in the z direction; a rotation 

about x-axis ( θx ); and a rotation about y-axis ( θy ) . 

The displacement function w is assumed to be: 

 
where (see Fig. 1): 

 
The transversal displacement field (w) can be expressed by: 

 (7) 

where the coefficient vector {c} is represented by the 

relation given below: 

 
And 

 
Vector {𝑞𝑖} is defined as a nodal displacement field in the 

rectangular element: 

 
Where, 

 

 
Combining Eqs. (5) and (10) with Eqs. (11.1), (11.2) and 

(11.3)at the four nodal points yields the following matrix 

expression: 

                                   {𝑞𝑖} = [𝑋]{𝑐},      (12)  

Where [x] is a 12x12 matrix given by Eq. (13). 

 
Therefore, the coefficient vector {c}can be computed from 

Eq (12), as: 

 
Substituting Eq. (14) into (7) yields: 

𝑤 = [𝑁𝑤]{𝑞𝑖}      (15)  

Where [𝑁𝑤] is the shape function matrix in the z direction 

given by: 

[𝑁𝑤] = {𝑃}𝑇[𝑋]−1…….(16) 

Substituting Eq. (16) into (2) results in the following 

equation: 

 
Manipulating Eq. (17) it is possible to obtain: 

 
In which 

 The displacement field u, v, and w can be expressed by 

vector{q} as: 

{𝑞} = {𝑤 𝑢 𝑣}𝑇     (20)   

Substituting Eqs. (1.1), (1.2) and (1.3) into (20) yields: 

 
Substituting Eq. (15) into (21) gives the expression below: 

 
where[𝐿𝑀]𝑇  and [𝐻]are given by: 

 
2) Fundamental Formulation of the Piezoelectric 

Phenomena 

In this work the following linear constitutive relations for 

piezoelectric materials are employed: 
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where the superscript S is value measured at constant strain 

and the superscript E is value measured at constant electric 

field, {s} is the stress tensor, {D} is the electric 

displacement vector, {ε} is the strain tensor, {E} is the  

electric field, [CE ] is the elastic constants at constant 

electric field, [e] is the piezoelectric stress coefficients, and 

[𝜉𝑠] is the dielectric tensor at constant mechanical strain.  

The relation between [e] and [d], the piezoelectric strain 

coefficient, is:  

 [℮]=[𝐶𝐸][d]    (26) 

3) Obtaining the Element Matrices 

Hamilton’s principle is used here to derive the finite element 

equations. 

 
where 𝑡1and𝑡2 are two arbitrary instants, k is the kinetic 

energy, U is the potential energy, 𝑊𝑒 denotes the work done 

by electrical forces, and 𝑊𝑚  is the work done by magnetic 

forces, which is negligible for piezoelectric materials. The 

total kinetic energy k and the potential energy U of the 

composite structure are described by the following relations: 

 
Where {q} is the differentiation of {q} with respect to t, {q} 

is given by Eq. (22) and dV is defined by: 

dv = d𝑉𝑃+d𝑉𝑎+d𝑉𝑠  (29) 

Where the subscript p, a and s refer to the plate, actuator and 

sensor elements, respectively, and dVp, dVa, and dVs are 

given by: 

 
The work done by electrical forces and magnetic forces is 

given by: 

 
where D is the electric displacement vector,  fb is the body 

force, fA is the surface force, and 𝜎𝑞  is the surface electrical 

stress.  

Substituting  Eqs. (24) into Eq. (28.2) and substituting Eq. 

(25) into (31.1) yields, respectively: 

 
Substituting  Eqs. (28.1), (31.2), (32), and (33) into (27), 

results: 

 
Substituting  Eqs. (22), (18) and (26) into (33), yields: 

 
Allowing arbitrary variations of {qk } and {Φ}, two 

equilibrium equations written in generalized coordinates are 

now obtained for the k-th element: 

 
where [𝐾𝑒]  is the extended element stiffness matrix and 

[𝑀𝑞𝑞
𝑒 ]  is the element mass matrix.  

Integrating the mechanical stiffness matrix [𝐾𝑞𝑞
𝑒 ]    in the z 

direction yields: 

 
where hi is given by: 

 

 
and [𝐷𝑖] or [𝐷𝑎], [𝐷𝑝] and [𝐷𝑠], for i = 1,2,3, are calculated 

by Eq. (4) for the piezoelectric and plate material properties, 

respectively,and dA is equal to dxdy.  

The element mass matrix is integrated in the z direction 

resulting: 

 
Where  𝜌1 = 𝜌𝑎, 𝜌2 = 𝜌𝑝, 𝜌3 = 𝜌𝑠, and [𝐻𝑖] (for i= 1,2,3) 

are: 

 
The electrical-mechanical coupling stiffness matrix [𝐾𝑒

𝑞ɸ] 

and dielectric stiffness matrix[𝐾𝑒
𝛷𝛷]  are integrated in the z 

direction with respect to the thickness of each piezoelectric 

layer (where dV =  dVa  and dV = dVs), yielding: 
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The Eqs. (39), (40), (41.1), and (41.3) are integrated 

numerically by using the Gauss-quadrature integration 

method: 

 
Where (𝜉, 𝜂) are the Gaussian integration point coordinates 

and 𝑊𝜉  and 𝑊𝜂 are the associated weight factors. 

4) Obtaining the Global Matrices 

Each of these element matrices can be assembled into global 

matrices. The assemblage process to obtain the global 

matrices is written as: 

 
Where  N is the number of finite elements and [𝑇𝑘]is the 

distribution matrix defined by: 

 
where ndof is the number of degrees of freedom of the entire 

structure, and 𝑚𝑘 denotes the index vector containing the 

degrees of freedom (3 dof) of the n-th node (1, 2, 3 or 4 – 

see Fig. 1) in the k-th finite element given by:  

𝑚𝑘 = {3𝑛𝑘 − 2    3𝑛𝑘 − 1    3𝑛𝑘},                (46) 

Considering that 𝑛𝑎 actuators and 𝑛𝑠 sensors are distributed 

in the plate, Eqs. (36.1) and (36.2) can be written in the 

global form: 

 

 
Where [𝑇𝑘]𝑖 is the distribution matrix (Eq. 47) 

which shows the position of the k-th element in the plate 

structure by using zero-one inputs, where the zero input 

means that no piezoelectric actuator/sensor is present, and 

one input means that there is an actuator/sensor in that 

particular element position,  𝑛𝑒𝑖
 is the number of finite 

elements of the i-th piezoelectric actuator/sensor, and {𝜁} is 

the nodal displacement vector of the global structure. 

In the piezoelectric sensor there is no voltage 

applied to the corresponding element (Q = 0), so that the 

electrical potential generated (sensor equation) is calculated 

by using Eq. (48), yielding: 

  
 The total voltage {𝛷} is composed by the voltage { 

𝛷𝑠} that is sensed by the sensor, the voltage {𝛷𝑠𝑎} that is 

sensed by the actuator (see Eq. 49), and by the applied 

voltage { 𝛷𝑎}. Then, {𝛷} can be expressed by the following 

equation: 

{𝛷} = {𝛷𝑠} + {𝛷𝑠𝑎} + {𝛷𝑎}      (50) 

The global dynamic equation can be formed by substituting 

Eq. (49) into Eq. (50) and then into Eq. (47). Thus, moving 

the forces due to actuator together with the mechanical 

forces to the right hand side of the resulting equation, yields: 

[𝑀]{𝜁}̈ + [𝐾∗
𝑞𝑞]{𝜁} = {𝐹} + {𝐹𝑒𝑙}𝑗    (51) 

where [𝐾∗
𝑞𝑞] , and{𝐹𝑒𝑙}  (electrical force) are given by, 

respectively: 

[𝐾𝑞𝑞
∗ ] = [𝐾𝑞𝑞] − [𝐾𝑒𝑙],    (52) 

And  

{𝐹𝑒𝑙}𝑗 = ∑ [𝑇𝑘]𝑗
𝑇[𝐾𝑞𝛷]𝑎𝑗𝛷𝑎𝑗

𝑛𝑒𝑗

𝑘=1 , 𝑓𝑜𝑟 𝑗 = 1,2, … , 𝑛𝑎     (53) 

Where [𝐾𝑒𝑙] is the electric stiffness written as : 

[𝐾𝑒𝑙] ∑ ∑ [𝑇𝑘]𝑖
𝑇[𝐾𝑞𝛷]𝑠𝑖[𝐾𝛷𝛷]𝑠𝑖

−1[𝐾𝛷𝑞]𝑠𝑖[𝑇𝑘]𝑖 +
𝑛𝑠
𝑖=1

𝑛𝑒𝑗

𝑘=1

∑ ∑ [𝑇𝑘]𝑗
𝑇[𝐾𝑞𝛷]𝑎𝑗[𝐾𝛷𝛷]𝑎𝑗

−1[𝐾𝛷𝑞]𝑎𝑗[𝑇𝑘]𝑗

𝑛𝑒𝑗

𝑘=1
𝑛𝑎
𝑗=1    (54) 

The system static equation is written by using Eq. (30) as 

follows: 

{𝜁} = [𝐾𝑞𝑞
∗ ]

−1
({𝐹}) + {𝐹𝑒𝑙}          (55) 

B. Full state feedback modal control: 

Full state feedback modal control as explained by (S.L. 

Schulz et al. [16]) as follows: 

For the full state feedback modal control, relationship 

between electric charges and modal state variables is given 

by the following expression: 

 

where {𝑋𝑚} is the vector of the state space variables 

composed by the modal variable vector {𝜂 =
{𝜂1, 𝜂2, … , 𝜂𝑛}𝑇}and the respective time derivatives{�̇� =
{�̇�1, �̇�2, … , �̇�𝑛}𝑇} .[Φ] is a matrix, which is organized in such 

a way that each column contains an eigenvector, obtained 

from the eigen value–eigenvector problem 

[[𝐾] − [𝛺][𝑀]][𝛷] = {0},         (58) 

Where [Ω] is a diagonal matrix.  
[𝛺] = 𝑑𝑖𝑎𝑔(𝜔1

2, 𝜔2
2, … , 𝜔𝑛

2),        (59) 

where (𝜔1
2, 𝜔2

2, … , 𝜔𝑛
2) are the square values of circular 

frequencies, and the matrix [𝛷] = [{𝛷1}, {𝛷2}, … , {𝛷𝑛}] 
contains in each column [𝛷𝑖] = [{𝛷1}, {𝛷2}, … , {𝛷𝑛}]𝑇, the 

eigenvector corresponding to the eigenvalue 𝜔1
2. Taking into 

account Eq.(61), the following equation of motion is 

obtained: 

[𝐼]{�̈�} + [𝛬]{�̇�} + [𝛺]{𝜂} =

[[𝛷]𝑇[𝑀][𝛷]]
−1

[𝛷]𝑇[𝐹]{𝑢}           (60) 

where [I] is the identity matrix and [Λ] a diagonal matrix 

with the diagonal terms defined as 

{2𝜉1𝜔1, 2𝜉2𝜔2, 2𝜉3𝜔3, … ,2𝜉𝑛𝜔𝑛}, where𝜉𝑖 is the damping 

ratio of the ith mode shape. The equations, in the state space 

form, become: 

 
where matrices [𝐴𝑚], [𝐵𝑢𝑚

], [𝐶𝑚], [𝐷𝑚] and [𝐵𝑢𝑚
∗ ] are 

defined as follows: 
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[Cm] and [Dm] can be defined according to the desired output 

variables (modal state space variables, control forces, 

acceleration, etc.).  

III. LINEAR QUADRATIC GAUSSIAN CONTROLLER 

More general problem is LQG problem that deals with 

optimization of a quadratic performance measure for 

stochastic system (i.e. noise problem is also taken in the 

LQG problems). 

LQG problem statement: 

Consider the stochastic system 

{�̇�𝑚}  =  [𝐴𝑚]{𝑋𝑚} +  [𝐵𝑢𝑚
]{𝑢} + [Г𝑚]{𝑤𝑚}     (63) 

Where ([𝐴𝑚]{𝑋𝑚}) are the number of states with n x 1 

matrix, ([𝐵𝑢𝑚
]{𝑢}) are number of inputs with m x 1 matrix 

and ([Г𝑚]{𝑤𝑚}) is noise input with r x 1 matrix. 

In the case of optimal control, the following 

Lyapunov quadratic functional, to be minimized, is defined: 

𝐽𝑚 = (
1

2
) ∫ ({𝑋𝑚}𝑇[𝑄𝑚]{𝑋𝑚} + {𝑢𝑇}[𝑅𝑚]{𝑢})𝑑𝑡

∞

0
    (64) 

Then, the following equations hold: 

 
Modal weighting matrices [𝑄𝑚]and[𝑅𝑚] are related to the 

well known traditional weighting matrices [Q] and [R], 

respectively, by 

[𝑄𝑚] = [[𝛷]−𝑇[𝑄][𝛷]−1] and[𝑅𝑚] = [[𝛷]−𝑇[R] [𝛷]−1] 
(66) 

The input forces are defined by the relation: 

 

Where [𝐾𝑚] , the modal gain matrix, is given by [𝐾𝑚] =

[[𝑅𝑚]−1[𝐵𝑢𝑚
]

𝑇
[𝑆𝑚]] ; and obtained solving the following  

Ricatti equation in the modal state space: 

 

�̂�𝑚 is the estimated modal state obtained from Kalman 

Filter (KF) 

[Minimizes the Performance Index] 

 
Where tr is trace value of performance index. 

 
[𝐿] is computed as follows: 

 
Block Diagram of LQG controller:  

 
Fig.4:  The inner structure of the LQG closed-loop system 

The LQG separation properly: 

From equation (70), 

 

Transformation from {𝑌𝑚𝑠
} to {𝑢𝑠} can be derived as 

 

After multiplying by –[𝐾𝑚] on both sides, 

 

Eigen values of ([𝐴𝑚] − [𝐿][𝐶𝑚])  should be 5 to 10 

times([𝐴𝑚] − [𝐵𝑢𝑚
][𝐾𝑚]), to get better performance.( 

Wodek K. Gawronski[17]) 

Loop Gain of the LQG problem:  
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IV. PID CONTROLLER 

A proportional-integral-derivative controller (PID 

controller) is a control loop feedback 

mechanism (controller) widely used in industrial control 

systems. A PID controller calculates an error value as the 

difference between a measured process variable and a 

desired setpoint. The controller attempts to minimize 

the error by adjusting the process through use of a 

manipulated variable. 

The PID controller algorithm involves three separate 

constant parameters, and is accordingly sometimes 

called three-term control: the proportional, 

the integral and derivative values,denoted P, I, and D. Simpl

y put, these values can be interpreted in terms of 

time: P depends on the present error, I on the accumulation 

of past errors, and D is a prediction of future errors, based 

on current rate of change. The weighted sum of these three 

actions is used to adjust the process via a control element 

such as the position of a control valve, a damper, or the 

power supplied to a heating element. The response of the 

controller can be described in terms of the responsiveness of 

the controller to an error, the degree to which the 

controller overshoots the setpoint, and the degree of system 

oscillation. 

 
Fig. 3: Block Diagram of PID controller 

Some applications may require using only one or 

two actions to provide the appropriate system control. This 

is achieved by setting the other parameters to zero. A PID 

controller will be called a PI, PD, P or I controller in the 

absence of the respective control actions. PI controllers are 

fairly common, since derivative action is sensitive to 

measurement noise, whereas the absence of an integral term 

may prevent the system from reaching its target value due to 

the control action. 

PID Controller Theory: 

The PID control scheme is named after its three correcting 

terms, whose sum constitutes the manipulated variable 

(MV). The proportional, integral, and derivative terms are 

summed to calculate the output of the PID controller. 

Defining  as the controller output, the final form of 

the PID algorithm is: 

𝑢(𝑡) = 𝑀𝑉(𝑡) =  𝐾𝑝𝑒(𝑡) +  𝐾𝑖 ∫ 𝑒(𝜏)𝑑𝜏 +  𝐾𝑑
𝑡

0

𝑑

𝑑𝑡
𝑒(𝑡)  (76)                

where 

Kp: Proportional gain, a tuning parameter 

Ki: Integral gain, a tuning parameter 

Kd: Derivative gain, a tuning parameter 

e: Error = SP- PV 

t: Time or instantaneous time (the present) 

τ: Variable of integration; takes on values from time 0 to the 

present . 

Parameter Plate

Length (L) 160/1000 m

Breadth (B) 160/1000 m

Height (H) 0.6/1000 m

Density (rho) 7800 kg./m3

Modulus of Elastisity (E) 207 Gpa

Modulus of Rigidity (v) 0.3 Gpa

 
Table 1: Material properties and dimensions for plate 

 
Table 2: Material Properties and dimensions of Piezo-Patch 

V. COMPARISON BETWEEN PID AND LQG CONTROLLERS 

As we are using two types of Controllers namely PID and 

LQG, so it is necessary to find out that which controller 

would give better performance in controlling the vibrations 

in the cantilever plate. For this purpose, we plot the graphs 

between the parameters showing properties of the mentioned 

controllers and hence see the comparison between the two. 

All graphs are drawn in Matlab. 

As compared to LQG controller, the PID controller 

is much simpler. LQG control approach is well suited for the 

requirements of damping out the effect of disturbances as 

quickly as possible and maintaining stability robustness, 

whereas in PID control approach it is not possible. In LQG 

controller, the design is based on the independent mode 

space control techniques to suppress the modes vibration of 

the system, but in PID controller the design is dependent 

inputs given. PID algorithm for control does not guarantee 

optimal control of the system or system stability. The main 

limitation of PID controller in that it is a feedback system, 

with constant parameters, and no direct knowledge of the 

process and thus overall performance is reactive and a 

compromise. There is also noise problem in the derivative 

term of PID controller, but due to Kalman’s filter in LQG 

controller, there is noise elimination up to a good extent. 

LQG controller concerns with uncertain linear systems 

disturbed by additive white Gaussian noise, having 

incomplete state information. Also, LQG controller applies 

to both linear time-invariant systems as well as linear time-

varying systems, whereas in the PID controller it is not 

possible. 

VI. RESULTS AND DISCUSSION 

First, taking PID controller, 

In graph 1, the plot is drawn between the Amplitude (on 

ordinate) and Time also with Impulse response (on 

abscissa). In the following graph the value for the 

proportional input is taken as 94, whereas the values for 

integrative and derivative inputs are taken as zero. The 

green lines show the system (i.e. input noise/vibrations) and 

blue lines show the model system (i.e. controllers output). 

As the blue lines are exceeding the green lines, so we can 

conclude that our vibrations are under control. 

http://en.wikipedia.org/wiki/Setpoint_(control_system)
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Graph 1: PID controller with P=94, I=0, D=0 

In graph 2, the plot is drawn between the Amplitude (on 

ordinate) and Time also with Impulse response (on 

abscissa). In the following graph the value for the 

proportional input is taken as 100, whereas the values for 

integrative and derivative inputs are taken as zero. The 

green lines show the system (i.e. input noise/vibrations) and 

blue lines show the model system (i.e. controllers output). 

As the blue lines are exceeding the green lines, so we can 

conclude that our vibrations are under control. But this one 

gives poor results then the previous one. 

 
Graph 2: PID controller with P=100, I=0, D=0 

In graph 3, the plot is drawn between the 

Amplitude (on ordinate) and Time also with Impulse 

response (on abscissa). In the following graph the value for 

the proportional input is taken as 94, whereas the values for 

integrative is -0.1 and derivative inputs is taken as zero. The 

green lines show the system (i.e. input noise/vibrations) and 

blue lines show the model system (i.e. controllers output). 

As the blue lines are exceeding the green lines, so we can 

conclude that our vibrations are under control. It gives better 

results than only proportional feedback controls as in the 

previous two graphs. 

Whereas in the graph 4, the value of derivative 

input is also taken into account. The plot can be shown as 

below, in which P=94, I= -0.1 and D=0.1. As the blue lines 

are exceeding much more than green lines, so we can 

conclude that our vibrations are under fully control. It gives 

much better results than only P & PI controls as in the 

previous graphs. 

 
Graph 3: PID controller with P=100, I= -0.1, D=0 

 
Graph 4: PID controller with P=100, I= -0.1, D=0.1 

Now, taking Linear Quadratic Gaussian (LQG) 

controller, similar to PID controller, we can plot different 

type of graphs between amplitude/tip displacement and 

time. By changing the values of different parameters, we can 

find out various results. Also, for LQG controller position of 

the piezoelectric patches matters. The value of output varies 

with the position of PZT patches. The open and control loop 

graphs can also be drawn. 

drawing a graph between the amplitude/tip 

displacement (ordinate) and time (abscissa) for LQG 

controller in closed loop condition 

 
Graph 5: LQG controller (closed loop case) 

In close loop case for LQG controller, the graph 

can be plotted as in above figure. The green sinusoidal wave 

shows the vibrations of the system, and the blue sinusoidal 

wave shows the controller’s output to control the same 

vibrations. The amplitude for the closed loop LQG 

controller varies from 3 to -2 units and decreases 

continuously. For some time say, 0.15 sec. controller’s wave 

traces the initial vibrations wave but after it, the controller 

controls the vibrations very significantly.  

We can draw the LQG controller graphs for the 

different positions of piezoelectric patches which are acting 

as the actuators/sensors.  

LQG controller graph for the PZT position 1, can 

be shown as below. In which, the amplitude varies from the 

value 3 to -2.5 units and the settling time is 0.7 sec. The 

green wave shows the initial vibrations and blue waves 

shows the controller’s output.  
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Graph 5: LQG controller at PZT position 1. 

LQG controller graph for the PZT position 2, can be shown 

as below. In which, the amplitude varies from the value 1.25 

to -1.25 units and the settling time is 2 sec. The indigo lines 

shows the 

 
Graph 6: LQG controller at PZT position 2. 

initial vibrations and red lines shows the controller’s output. 

LQG controller graph for the PZT position 16 can 

be shown as below. In which, the amplitude varies from the 

value 3 to -3 units (approx.). The green wave shows the 

initial vibrations and blue waves shows the controller’s 

output. There a much better control over the vibrations, as 

the blue line significantly traces out vibrations blue lines. 

So, we can say there is better control at the PZT position 16. 

 
Graph 7: LQG controller at PZT position 16. 

LQG controller graph for the PZT position 46 can 

be shown as below. In which, the amplitude varies from the 

value 3 to -3 units (approx.). The green wave shows the 

initial vibrations and blue waves shows the controller’s 

output. There a good control over the vibrations, as the blue 

line significantly traces out vibrations blue lines. But, as the 

settling time is exceeding, the control become hard, so it is 

not good as the control at position 16. 

 
Graph 8: LQG controller at PZT position 46. 

VII. CONCLUSION 

This work shows the basic technique of analysis of 

cantilever plate for Active Vibration Control using 

piezoelectric sensors and actuators. The optimal location 

and size of sensor actuator pair for cantilever plate and 

control effectiveness of PID and LQG controller is obtained. 

Results concluded that the sensor actuator pair is optimally 

located based on the lower settling time criteria. It is noted 

that the control effectiveness of PID controller is 

insignificant when compares to the LQG controller’s. Study 

also revealed that LQG controller offers optimal 

effectiveness with lower peaks in settling time as compared 

to other classical control like PID strategies. 
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