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Abstract— Adaptation algorithms that adjust the adaptive 

filters coefficients in order to minimized the associated error 

norm. In this paper we have discussed the two main 

adaptation algorithms least mean square (LMS) and 

recursive least square (RLS) algorithms. These two common 

algorithms that have found widespread application are least 

squares .LMS algorithm is a linear adaptive filtering 

algorithm which involves the automatic adjustment of the 

Parameter of the filter in accordance with estimation error. 

RLS algorithm is used in adaptive filters to find the filter 

coefficients that relate to recursively producing the least 

squares of the error signal and estimate the desired output 

results .These algorithms to reduce the mean square between 

the input signal and reference signal .we have also discussed 

formulation of the LMS algorithm, convergence and 

stability of the LMS algorithm and RLS algorithm. 
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I. INTRODUCTION 

Spatially propagating signals encounter the presence of 

interfering signals and noise signals. If the desired signal 

and the interferers occupy the same temporal frequency 

band, then temporal filtering cannot be used to separate the 

signal from the interferers. However the desired and the 

interfering signals generally originate from different spatial 

locations. At the same time, some detrimental effects in 

randomly varying mobile communication environment like 

multipath fading, co-channel interference and Doppler 

effects need to be addressed. Smart antenna is a recent 

design technology that known to offer the solution for the 

above mentioned problems. 

 Research on applications of adaptive antenna 

arrays have been an interesting subject over past 40 years 

[1] contributing to the invention of smart antenna design 

methods. By taking advantage of the fact that users 

collocated in frequency domain are typically separated in 

spatial domain, the smart antenna is used to direct the 

antenna beams towards the desired user while canceling 

signal from other users [2]. The smart antenna electronically 

steer a phased array by weighting the amplitude and phase 

of signal at each array element in response to changes in the 

propagation environment. Capacity improvement is 

achieved by effective co-channel interference cancellation 

and multipath fading mitigation. Figure 1 shows the concept 

of smart antenna. The beam pattern produced by a phased 

array antenna can be steered electronically to place the 

region of greatest sensitivity towards a source of interest, 

and nulls in the directions of interferers. 

 The adaptive filter controls the radiation pattern by 

applying adjustments to the signal arriving at each antenna 

element, according to the time delay (∆t) between pairs of 

elements. A reference signal is necessary in order to 

generate appropriate weight adjustments. Modern 

communication systems require adaptive filters which 

converge much more quickly than Least Mean Squares 

(LMS) algorithm. The QR algorithm is a Recursive Least 

Squares (RLS) technique which meets this need and is 

particularly suited to Field Programmable Gated Array 

(FPGA) implementation. In this paper different adaptive 

algorithms used in design of smart antennas have been 

discussed in detail. 

II. LEAST MEAN SQUARE ALGORITHM 

The Least Mean Square (LMS) algorithm, introduced by 

Widrow and Hoff in 1959 is an adaptive algorithm, which 

uses a gradient-based method of steepest decent.  This 

algorithm uses the estimates of the gradient vector from the 

available data. LMS incorporates an iterative procedure that 

makes successive corrections to the weight vector in the 

direction of the negative of the gradient vector which 

eventually leads to the minimum mean square error [12].  

Consider a Uniform Linear Array (ULA) with N isotropic 

elements, which forms the integral part of the adaptive 

beamforming system as shown in the Fig.1 below. 

 
Fig. 1: LMS Adaptive Network 

 The output of the antenna array x(t) is given by:  
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 (t) Denotes the desired signal arriving at angle 

θ0and ui (t) denotes interfering signals arriving at angle of 

incidences θi respectively. a(θ0) and a(θi) represents the 

steering vectors for the desired signal and interfering signals 

respectively. Therefore it is required to construct the desired 

signal from the received signal amid the interfering signal 

and additional noise n(t) [13]. As shown above the outputs 

of the individual sensors are linearly combined after being 

scaled using corresponding weights such that the antenna 

array pattern is optimized to have maximum possible gain in 

the direction of the desired signal and nulls in the direction 

of the interferers. The weights here will be computed using 

LMS algorithm based on Minimum Squared error (MSE) 

criteria. Therefore the special filtering problem involves 

estimation of signal s(t) from the received signal x(t), by 
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minimizing the error between the reference signal d(t) which 

closely matches or has some extent of correlation with the 

desired signal estimate and the output y(t).this is a classical 

Weiner filtering problem for which the solution can be 

iteratively found using the LMS algorithm[14-15]. From the 

method of steepest descent, the weight vector equation is 

given by: 

  )(
2

1
)()1( 2 neEnwnw           (2)  

 Where µ is the step-size 

parameter and controls the convergence characteristics of 

the LMS algorithm; and e
2
(n) is the mean square error 

between the output y(n) and the reference signal which is 

given by: 

      22 nxwndne h                      (3) 

The gradient vector in the above weight update equation can 

be computed as 

     nRwrneEw 222             
(4)

 

 In the method of steepest descent the biggest 

problem is the computation involved in finding the values r 

and R matrices in real time. The LMS algorithm on the other 

hand simplifies this by using the instantaneous values of 

covariance matrices r and R instead of their actual values i.e.                          
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 Therefore the weight update can be given by the 

following equation, 

          nwnxndnxnwnw h )1(

     nenxnw                          (6)
 

 The LMS algorithm is initiated with an arbitrary 

value w (0) for the weight vector at n=0. The successive 

corrections of the weight vector eventually leads to the 

minimum value of the mean squared error. Therefore the 

LMS algorithm can be summarized in following equations: 

Output,    nxwny h                           (7)
 

Error,      nyndne                        (8) 

Weight,        nenxnwnw  1    (9) 

 The LMS algorithm initiated with some arbitrary 

value for the weight vector is seen to converge and stay 

stable for 

max10  
                            (10) 

 Where λmax is the largest eigenvalue of the 

correlation matrix R. The convergence of the algorithm is 

inversely proportional to the Eigen value spread of the 

correlation matrix R. When the Eigen values of R are 

widespread, convergence may be slow. The Eigen value 

spread of the correlation matrix is estimated by computing 

the ratio of the largest Eigen value to the smallest Eigen 

value of the matrix. If µ is chosen to be very small then the 

algorithm converges very slowly. A large value of µ may 

lead to a faster convergence but may be less stable around 

the minimum value. The upper bound for µ based on several 

approximations as                     

 µ<=1/(3trace(R))                       (11). 

III. RECURSIVE LEAST SQUARES ALGORITHM 

RLS algorithm is used in adaptive filters to find the filter 

coefficients that relate to recursively producing the least 

squares (minimum of the sum of the absolute squared) of the 

error signal (difference between the desired and the actual 

signal) and estimate the desired output results. This is 

contrast to other algorithms that aim to reduce the mean 

square error. The difference is that RLS filters are dependent 

on the signals themselves, whereas MSE filters are 

dependent on their statistics (specifically, the autocorrelation 

of the input and the cross-correlation of the input and 

desired signals). If these statistics are known, an MSE filter 

with fixed co-efficient (i.e., independent of the incoming 

data) can be built [16]. Suppose that a signal d is transmitted 

over a noisy channel that causes it to be received as 

( ) ( ) ( ) ( )

0

q
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 Where v(n) represents white noise. We will attempt 

to recover the desired signal d by use of an FIR filter w 

ˆ( ) ( ) ( )
T

n
d n y n x nw                         (13) 

 Our goal is to estimate the parameters of the filter 

W, and at each time n we refer to the new least squares 

estimate by Wn. As time evolves, we would like to avoid 

completely redoing the least squares algorithm to find the 

new estimate forWn+1, in terms ofWn.  

 
Fig. 2: RLS Filter Block Diagram 

 The benefit of the RLS algorithm is that there is no 

need to invert matrices, thereby saving computational 

power. The error signal e(n) and desired signal d(n) are 

shown in Fig 2. The error implicitly depends on the filter 

coefficients through the estimate:  
ˆ( )d n  

ˆ( ) ( ) ( )e n d n d n                              (14) 

 The weighted least squares error function C-the 

cost function we desire to minimize being a function of e(n) 

is therefore also dependent on the filter coefficients: 
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 Where 0 1  is an exponential weighting 

factor which effectively limits the number of input samples 

based on which the cost function is minimized[17-18]. 

 The cost function is minimized by taking the partial 

derivatives for all entries k of the coefficient vector Wn and 

setting the results to zero 

  (16) 
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Next, replace e(n) with the definition of the error signal 

1
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Rearranging the equation yields 
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This form can be expressed in terms of matrices 

( ) ( )x n dxR n w r n
                

 (19) 

 Where ( )xR n  is the weighted autocorrelation 

matrix for x(n) and is the cross-correlation between 

d(n) and x(n). Based on this expression we find the 

coefficients which minimize the cost function as 
1( ) ( )n x dxw R n r n                          (20) 

 This is the main result of the discussion. The 

discussion resulted in a single equation to determine a 

coefficient vector which minimizes the cost function. In this 

section we want to derive a recursive solution of the form 

1 1n n nw w w  
      

(21) 

Where 1nw   is a correction factor at time n-1.
 

IV. CONCLUSION 

In this paper, we have discussed two basic adaptation 

algorithms. It was verified how adaptive algorithms are 

employed to adjust the coefficients of a digital filter. In 

particular the rate of convergence of RLS algorithm is faster 

than that of LMS algorithm, because the RLS algorithm 

utilizes all the information contained in the input data from 

the start of the adaptation up to the present .RLS algorithm 

is preferred for its faster convergence. The main 

disadvantage of RLS algorithm is that, the implementation 

of RLS algorithm requires large number of FPGA resources.  
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