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Abstract— In this paper, we have considered a classical risk
model with dividend barrier, in which claim inter-
occurrence times are exponentially distributed. Our aim is to
obtain explicit expression for the barrier probability B (u, b),
the upper barrier being assumed to be ‘b’, before ruin occurs
when the claim amount distribution is either exponential or
erlangian. It is to be noted that the premium loading factor is
taken to be 20% in both the cases. In order to ensure fair
comparison we have chosen the exponential and erlangian
parameters in such a way that their mean and hence the
expected total claims is same for both the distributions over
a given time interval. Ultimately through numerical
evaluation of the barrier probability for both the claim
amount distributions, we will investigate whether there is
any significant difference between the two.
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I. INTRODUCTION AND OVERVIEW

It is always very difficult task to quantify the financial risk
of an insurance company. In relation to the above, the
particular question of interest to a pricing actuary is “How
much money should be charged as premium rates so that we
have enough reserves to cover future claims”? So it becomes
necessary for the actuary to estimate the following two
characteristics of the expected claims. Firstly he has to find
out how large are such claims and secondly how often are
they arriving to draw relevant conclusions.

Ruin Theory or Collective Risk Theory is an area
of actuarial science dealing with questions like the aforesaid
ones. The classical collective risk model was introduced by
Filip Lundberg in 1907 and was further developed by Herald
Cramer(1930).It is a Compound Poisson Process and is
considered as one of the building blocks of the theory of
stochastic processes. In the actuarial context, this model
describes the development and evolution of the capital of an
insurance company with respect to time. It assumes that an
insurance company starts with an initial capital (termed as
“surplus” or “reserve”) and then receives premiums
continuously at a constant rate. It assumes further that
claims of random independent size are paid at random
independent times. In this model, the time in between claims
has no memory (memory less property) and the claim size is
independent. A crucial assumption, referred to as the net
profit condition is that the average outflow of money
(claims) is smaller than the average inflow of money
(premiums). This implies that there is a positive probability
that the company will not get ruined. So if ‘m’ is the mean
of the claim amount distribution and ‘c’ is the constant

continuous premium inflow per unit time, we assume that
c>Am (where ‘A’ is the Poisson parameter).lt is often
convenient to write c= (1+0) Am where ‘0’ is the premium
loading factor.

One of the important probabilities associated with
ruin is the probability that the surplus process attains the
level ‘b’ from initial surplus ‘u” (b>u) without first falling
below zero. The barrier probability is denoted by B (u, b).
The upper barrier is such that dividends can be paid
continuously whenever the level is not below ‘b’ and the
surplus with respect to the level ‘b’ is paid as dividends. In
classical risk model, this barrier probability B (u, b) has
been discussed by Dickson and Gray (1984). Gerber.et.al
(1987) considered the probability and severity of ruin in
classical risk model and obtained explicit expressions for the
severity of ruin in different individual claim amount
distributions. The relationship between ruin and reinsurance
was explored by Dickson and Waters (1996). Picard (1994)
presented a paper on some measures of the severity of ruin
in the Classical Poisson model.

The paper is organized as follows:

In Section 2, we introduce the mathematical
preliminaries and some of the basic terms used. In Section 3,
we obtain an expression for @ (u) when the inter-occurrence
time of claims follows an exponential distribution. Section 4
contains explicit expression of B (u, b) for two specific
claim amount distributions. Section 5 contains numerical
evaluation of B (u, b) for different values of ‘u’ and ‘b’
separately for both the claim amount distributions.

Il. MATHEMATICAL PRELIMINARIES

Consider a risk process in which claims occur as a Poisson

Process with Poisson parameter A.

Let Ty, T,... be a sequence of iid random variables where T; is
the time between the (i-1) ™ and ith claims and T; is the time

until the first claim.
Thus T; s an exponential distribution with distribution
function:

P(t)= 1-e™, 0, 2>0. (2.1)
With corresponding pdf :
p(ty= re™ , 0, 2>0. (2.2)

The risk reserve process U(t), t>0 with initial reserve
U(0)=u is given by the expression

U(t): u +ct - ini, (23)

where ‘i’ ranges from 1 to N(t)
with the claim surplus process {S(t), t>0} is :

S(t)= XiUj—ct (24)
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Here, ‘c’ is the constant rate at which premium is received
per unit time, {N(t), =0} is the number of claims up to time
‘L.

Define ¥(u)=P{Uo{U(t)<0}/U(0)=u}

= P{T, < «/U(0)=u}be the probability of ruin with surplus u
where

T.= inf{t; U(t)<0} is the first epoch when the risk
reserve process becomes negative. That is, when the claim
surplus process crosses the initial level “u’.

Let ®(u)=1- ¥(u) be the survival probability. (2.5)

The amount of the n claim is denoted by X, and let {X}.
be a sequence of iid random variables with distribution
function F(x) and corresponding pdf f(x). Let the mean of
{T:} and {X;} be denoted by ‘w’ and ‘m’ respectively which
we assume to be existing and finite.

We further assume that cp>m to ensure that {U(t)} has a
positive drift. (2.6)

Let p (s) be the Laplace Transform of the probability density
function p(t).We assume that the moment generating
function of Xi denoted by m (s) exists, then the Lundberg’s
inequality holds with W(u)<e™ , where ‘R’ is the unique
positive value such that

m (s).p (cs)=1 (2.7)

‘R’ is called the “adjustment coefficient”

I1l. EXPLICIT EXPRESSION OF B(u,8) WHEN THE
INTER-OCCURRENCE TIME OF CLAIMS IS AN
EXPONENTIAL DISTRIBUTION

It should be noted that if survival occurs from initial surplus
‘w’, then the surplus process must pass through the level b>u
at some point in time as cp>m, that is, c>Am implies that
U(t)— o ast — oo.

Again, as the distribution of the time to the next
claim from the time the surplus attains the level ‘b’ is
exponential, the probabilistic behavior of the surplus
process once it attains level ‘b’ is independent of its
behavior prior to attaining ‘b’. This is a direct consequence

of the “memory less property” of the exponential
distribution.

Hence, ®(u) = B(u,b).®(b)

Thus, B(u,b)=®(u)/®(b) (3.1)
This implies from (2.5),

B(u,b)= [1- ¥(Ww)/ [1- ¥(b)] (32)

IV. CLAIM AMOUNT DISTRIBUTION

A. Exponential Distribution

We consider that the individual
exponential (B) distribution with pdf
fix)= pe™ , x>0, B>0, where ‘B’ is the exponential
parameter. We assume that ®(u) =1- P(u).

claim amount has

By considering the time and amount of the first claim, we
have:

dw) = [ e [TUF(x) - d(u+ ct —x)dx dt (4.1)
Substituting s = u + ct, we get:

o) =222 [P Fo0) d(s —x)dx ds (42)
Differentiating (4.2) with respect to ‘u’, we get:
d/du[®(u)]=( A./c)~ D(u) - (A/c) [o" f(x)D(u-x)dx 4.3)

This is the integro-differential equation satisfied by the
survival probability ®(u).
Since, f(x)=pe™ , x>0, p>0, we have:
d/du[@(u)]=( A/c)« D(u)- (B.AJc e P [ e . d(x) dx (4.4)
Differentiating (4.4) with respect to “u’ again, we get:
d2/du’[D(u)]=( A./c)~ d/du[®(u)]+ (B2A./c )& P [ e™ .d(x)
dx - (BA./c )« D(u) (4.5)
Multiplying (4.4) by ‘B’, adding to (4.5) and rearranging, we
get:
d2/du’[@(u)]+( B- A./c)~ d/du[D(u)]=0.
This is a second order differential equation, whose general
solution is:
O(u)=0g+ as.6 " where ‘0o and ‘a;‘ are constants.
Since, lim u — o« ®(u)=1, we have:
Op = 1.
So ®(u)=1 + gy.e"PHom
Again ®(0)= 1+ ay,
This implies a; = ®(0) — 1, that is, a; = - ¥(0). (4.6)
We can derive from Lundberg’s inequality that:
Y(0)= (r/c) o P(u).du - (Afc)« Jo" Jo" f(x).¥(u-x).dx.du
-(MJe) [ o” [1-F(X)]du (4.7)
Now, we see that,
fo” Jo" f(x).®(u-x).dx.du
=[0" " W(u-x).du. f(x)dx
=Jo"[" (y).dy. f(x)dx. [Substituting y = (u-x)].
= 0" W(y).dy (4.8)
So using (4.8) in (4.7), we have:
W(0) = (A/c) [ ¢ [1-F(u)].du
= ( }\../C)* m
=M (Bxc) [since m=1/ f].

Thus, ®(u) = 1 — [/ (Bsc)]- e F*em (4.9
From (3.1) we get:
B(u,b) = ®(u)/®(b)
Therefore,
B(u,b) = [1 - {M (B+C)}~ e (B k./c)u] I[L— {M (B+C)} e (B k./c)b]

(4.10)
In Tablel of Section 5, B(u,b) is calculated for different
values of ‘u” and ‘b’, taking the premium loading factor to
be 20%, that is, ¢ = (1.2« A 1/ B) and the exponential
parameter ‘B’ is taken to be 3/2.

B. Erlangian Distribution

Let us assume that the individual claim amount distribution
has a Erlang(2,y) distribution.

So f(x) = y*xe™, x>0, y >0 is the pdf of the
individual claim amount distribution.

From previous discussion, we have:
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Y(0) = (A.m)/c, that is,

Y(0)= (2. A )/(c. y) [since m=2/y] (4.11)
As ©(0) =1 - ¥(0), we have:
D0)=1-2.1)/(c.v) (4.12)

Again from (4.3) we get:
d/du[®(u)]=( A./c)« D(u) - (ASc) [o" f(x)D(u-x)dx
Taking Laplace Transform on both sides of the above
integro-differential equation, we get;
S @'(S) - D(0) = (A./c)« D'(S) - (A./c) F(5)-D"(S)
Rearranging, we have:
®'(s) = [+ ©(0)]/[css — M { 1= F(5)}]
Now, f'(s) = Jo” y2xe™. e dx.
_ J'Ooo y2xe-(y+s)x dx.
Hence, f'(s) =y*/ (y+s)?

Substituting in (4.13) we get:
®"'(5) = c[1- (2. 1) / (c. P)V[ess - hw {1 - ¥2/ (y+s)* }] (4.14)

Let the premium loading factor be 20% and “y* = 3.

Soc=1.2« 22/ Y.
=1.2. M2/ 3.
=0.8:\.
Hence, we get:
®'(5) = 0.8« A+[1 = (2. &) / (0.8+A+3)]/ [0.8:Ass - Ax {1 - O/
(3+5)°}].
= 1/6. (3+5) [$*+4.75.5°+1 .5.5].
Therefore,
@'(S) = 1/6+ (3+5)? /s.(s+ a1).(s+ 0p), (4.15)
where 0,=0.34015 , a, = 4.40985.
Using partial fractions, we have:
(DA(S) = Xo/S + Xq/ (S+ (11) + Xof (S+ 0.2), (416)
where Xo, X; and X, are constants
Solving for Xo, X; and X, we get:
Xo:l, X1 = -0.85179 , Xo = 0.01846.

(4.13)

so that,
®'(s) = 1/s - 0.85179/ (s + 0.34015) + 0.01846/ (s + 4.40985)
(4.17)
We invert this Laplace Transform to get:
®(u) = 1- 0.85179.e03401% + 0,01846.¢ 409 (4.18)
So using (3.1) we get:
B(u,b) = ®(u) / d(b)
= [1- 0.85179. /%™ +0,01846.e %] /
[1- 0.85179.%340% 1 0.01846.644%%%]  (4.19)

In Table 2, of Section 5, B(u,b) is calculated for different
values of ‘u” and ‘b’ when individual claims distribution
follows Erlang(2,3) distribution.

V. NUMERICAL EVALUATION

b\u 0 1 2 3 4 5
1 0.47484 1
2 0.33701 | 0.70972 1
3 0.27487 | 0.57886 | 0.76615 1
4 0.24036 | 0.50618 | 0.71321 | 0.87444 1
5 0.21894 | 0.46108 | 0.64967 | 0.79653 | 0.91091 | 1

Table. 1: B=3/2,c=0.8+A

b\u 0 1 2 3 4 5
1 | 0423 1 - - - -
2 | 0.3377 | 0.7984 1 - - -
3 | 0.2405 | 0.5686 | 0.7122 1 - -
4 | 0.2133 | 0.4995 | 0.6315 | 0.8867 1 -
5 | 0.1974 | 0.4666 | 0.5844 | 0.8206 | 0.925 | 1

Table.2: y=3,¢c=0.8«A

VI. INTERPRETATION

1) From the above tables, we infer that as the value of the
initial surplus ‘v’ gets larger, probability of reaching
‘b’ without falling below zero increases, that is, B(u,b)
increases as “u’ increases.

2) B (u, b) reaches its peak, when the difference between
‘b’ and ‘v’ is minimal.

3) Since the barrier probabilities corresponding to different
values of ‘v’ and ‘b’ are quite close in Tables 1 and 2, it
can be shown by hypothesis testing that there is no
significant difference in the values of B(u,b) for the
two specified claim amount distributions.

VII. CONCLUSION

For a pre-estimated expected total claims, the barrier
probability is quite stable with respect to different claim
amount distributions having the same mean.
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