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Abstract— The standard back-propagation algorithm is 
one of the most widely used algorithm for training feed-
forward neural networks. One major drawback of this 
algorithm is it might fall into local minima and slow 
convergence rate. Natural gradient descent is principal 
method for solving nonlinear function is presented and is 
combined with the modified back-propagation algorithm 
yielding a new fast training multilayer algorithm. This paper 
describes new approach to natural gradient learning in 
which the number of parameters necessary is much smaller 
than the natural gradient algorithm. This new method 
exploits the algebraic structure of the parameter space to 
reduce the space and time complexity of algorithm and 
improve its performance. 

I. INTRODUCTION 
The back-propagation (BP) training algorithm is a 
supervised learning method for multi-layered feed-forward 
neural networks. It is essentially a gradient descent local 
optimization technique which involves backward error 
correction of network weights. Despite the general success 
of back-propagation method in the learning process, several 
major deficiencies are still needed to be solved. The 
convergence rate of back-propagation is very low and hence 
it becomes unsuitable for large problems. Furthermore, the 
convergence behavior of the back-propagation algorithm 
depends on the choice of initial values of connection 
weights and other parameters used in the algorithm such as 
the learning rate and the momentum term. 
Amari has developed natural gradient learning for multilayer 
perceptrons [18], which uses Quasi-Newton method [6] 
instead of the steepest descent direction. The Fisher 
information matrix is a technique used to estimate hidden 
parameters in terms observed random variables. It fits very 
nicely into Quasi-Newton optimization framework. 
This paper suggests that a simple modification to the initial 
search direction, in the above algorithm i.e. changing the 
gradient of error with respect to weights, to improve the 
training efficiency. It was discovered that if the gradient 
based search direction is locally modified by a gain value 
used in the activation function of the corresponding node, 
significant improvements in the convergence rates can be 
achieved [24].  

II. BACKPROPAGATION LEARNING ALGORITHM 
An artificial neural network consist of input vector x and 
gives output y. when network has m hidden units, the output 
of hidden layer is φ( wα · x), α = 1,. . .,m where wα is an n 
dimensional connection weight vector from input to the α-th 
hidden unit, and φ is a sigmoidal output function. Let vα be a 
connection weight from the α-th hidden unit to the linear 

output unit and let ζ be a bias. Then the output of the neural 
network is written as  

  ∑    (    ) 
                (1) 

Any perceptron is specified by the parameter { w1, . . . ,wα; v}.  
We summarize them into a single m(n+1) dimensional 
vector  θ. We call the space S consisting of all multilayer 
neurons. The parameter θ plays the role of a coordinate 
system of S. 
The vector θ of dimension m(n+1) can represent a single 
neuron.  

The output of a neuron is a random variable depends on 
input x. Hence the input output relation of the neuron having 
parameter θ is described by the conditional probability of 
output y on input x,  
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Where   (   )  ∑   (    )         (3) 

is the mean value of y given input x. Its logarithm is 
      ( |   )   

 

   *   (   )+      (√   )     (4) 
This can be regarded as the negative of the square of an 
error when y is a target value and f(x,θ) is the output of the 
network. 
Hence, the maximization of the likelihood is equivalent to 
the minimization of the square error 
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The conventional on-line learning method modifies the 
current parameter θt by using the gradient ( ) of the loss 
function such that 

 θt+1 = θt - ηt   (xt ,y*t ;θt )           (6) 
here  ηt is a learning rate, and 

      (        )    {
 

   
  (      )}          (7) 

is the gradient of the loss function l* and y*t is the desired 
output signal given from teacher.  
The steepest descent direction of the loss function l*(θ) in a 
Riemannian space is given [18] by 

    ( )       ( )   ( )           (8) 
Where G-1 is the inverse of a matrix G = (gij) called the 
Riemannian metric tensor. This gradient is called natural 
gradient of the loss function l*(θ) in the Riemannian space. 

III. NATURAL GRADIENT LEARNING ALGORITHM 
In the multilayer neural network, the Riemannian metric 
tensor G(θ)= (gij(θ)) is given by the Fisher information 
matrix[18], 

   gij(θ)= E[
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] (9) 

where E denotes expectation with respect to the input output 
pair (x,y) given in Eq.(2). 
The natural gradient learning algorithm updates the current 
θt by  
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    θt+1 = θt - 𝜂t   ( )  (10) 

IV. ADAPTIVE IMPLEMENTATION OF NATURAL GRADIENT 
LEARNING 

The Fisher information G(θ) depends on the probability 
distribution of x which is usually unknown. Hence, it is 
difficult to obtain G(θ). Moreover, its inversion is costly. 
Here, we show an adaptive method of directly estimating G-

1(θ) [5]. 
Since the Fisher information of Eq. (9) can be rewritten, by 
using Eq. (4), as 
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where ‗ denotes transposition of a vector or matrix. 
We have following recursive estimation of  G-1[23] 
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Where εt is a small learning rate,      (    )  and  
ft = f(xt,θt). Together with 
 θt+1 = θt – ηt  

   l(xt ,yt ;θt )           (13) 
this gives the adaptive method of natural gradient learning. 
This is different from the Newton method, but can be 
regarded as an adaptive version of Gauss Newton method. 
Moreover, information geometry suggests the important 
geometric properties of hierarchical statistical model in 
general.  

V. EXPERIMENTAL RESULTS 
We conducted an experiment for comparing convergence 
speeds between conventional Natural Gradient Learning 
(NGL) algorithm, and the Adaptive Natural Gradient 
learning (ANGL) algorithms. 
We take XOR problem because it is not linearly separable 
problem. We use NN architecture with two hidden units and 
hyperbolic tangent transfer function between both the 
hidden units and output units.  
The inputs and outputs are: 

X0 = [  
  

]      X1 = [  
 
]      X2 = [  

  
]       X3 = [ 

 
]  

Y0 = -1         Y1 = 1           Y2 = 1           Y3 = -1 
Respectively. 
Thus the error for each pattern is  
 Єn = yn – tanh(W2tanh(W1xn+b1)+b2)

2
       (14) 

There are two hidden units and each layer has bias. Hence 
W1 is a 2-by-2 matrix and W2 is a 1-by-2 matrix. 
The performance compared with sum squared error metric. 
Neural network training algorithms are very sensitive to the 
learning rate. So we use step size η‖  ‖ for NGL algorithm. 
An interesting point of comparison is the relative step size 
of this algorithm. For ANGL, the effective learning rate is 
the product of the learning rate η and the largest eigenvalue 
of the G-1. 
Figure 1, 2 shows the sum squared error of each learning 
epoch for NGL and ANGL. Table 1 show the parameters 

used in the three learning algorithms and some of the result 
of the experiment.  

 
 

Parameter NGL ANGL 
Hidden units 
Learning rate 
Adaption rate 
Learning Epoch 
When SSE < 0.02       

Final SSE 
Final Learning Rate 

2 
0.25 
N.A. 
10000 
 
0.0817 
1e-4 

2 
0.25 
0.1 
320  
 
3.55e-4 
0.144 

Table 1: The result of XOR Experiment And Parameter 
Used 

VI. CONCLUSION 
Natural Gradient Descent learning works well for many 
problems. Amari[18] had developed an algorithm to avoid 
local minima by following the curvature of a manifold in the 
parameter space of neuron. By using recursive estimate of 
the inverse of the Fisher information matrix of the 
parameters, the algorithm is able to accelerate learning in 
the direction of descent. 
The experiment have shown that the performance of natural 
gradient algorithm improved by using adaptive gradient 
method of learning. 
There are many areas of research in which this research can 
be applied, like speech recognition etc. 
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Fig. 1: The Sum Squared Error of NGL  
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Fig. 2: The Sum Squared Error of  ANGL. 

 


