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Abstract— Image  inpainting is  the  process  of filling of 

missing  region  so as  to  preserve  its  overall  continuity.  

Image inpainting is manipulation and modification of an 

image in a form that is not easily detected.  Digital image 

inpainting is relatively new area of research, but numerous 

and different approaches to tacked the inpainting problem 

have been proposed since the concept was first introduced.  

This  paper  compares  two  separate  techniques  viz,  

Exemplar  based  inpainting technique  and  Wavelet  based  

inpainting  technique,  each  portraying  a  different  set  of  

characteristics. This paper proposes a novel exemplar-based 

inpianting algorithm based upon the color distribution 

analysis. Color  distribution  is  proposed  to  determine  the  

confidence  of  the  target  patches situated on the boundary 

of the missing region by measuring the variation of 

variances of neighboring source patches. A review and 

analysis for different method were analysed which are 

explained below and image inpainting using TV model 

weighted method are analysed. Finally, the results of 

numerical experiments comparing this approach to 

inpainting to numerous others will be presented. 

Keywords: image inpainting, texture synthesis, completion, 

color distribution analysis, TV model 

I. INTRODUCTION 

The Image Inpainting is the art of modifying an image or 

video in a form that is not easily detectable by an ordinary 

observer. Image Inpainting is to try and fill a hole in an 

image with some meaningful data based on information in 

rest of the image. The inpainting can be described as ―the 

introduction of new paint into and limited areas of loss in 

the original paint layer in order to restore design continuity. 

Ideally we would like to create what was there originally but 

this is completely unfeasible without the prior knowledge 

about the image. In case of digital images we only have the 

image we are working on available to us and thus we are 

filling in a hole that encompasses an entire object it is 

impossible  to  replace  that  entire  item  based  on  the  

information  present.  With this in mind the aim of 

algorithms presented in this paper is not exactly reconstruct 

what used to be in that hole but instead to create a visually 

pleasing continuation of data around the hole in such a way 

that it is not detectable. Repairing holes in objects is an 

important problem in both the analog and the digital realm. 

Conservators, who mend scratches and other damage to 

paintings, call the process inpainting. This term is now also 

applied to the process of filling in missing gaps in digital 

images and even audio. A certain sparsity-driven approach 

to inpainting, which will be outlined in this paper, bridges 

the gap between the analog (continuous) and digital 

(discrete) domains. It has been theoretically shown in [A, B] 

that this approach, using shearlets in a particular way to 

inpaint a particular continuous-domain model inspired by a 

common problem in seismology, outperforms using 

wavelets. In what follows, a number of different inpainting 

methods will be applied to a selection of different types of 

holes in different types of images in the discrete domain. 

Analysis-side shearlet inpainting in general outperforms the 

other methods in these examples. The general theoretical 

inpainting method of [A,B] will be presented in Section 2. 

Both wavelets and shearlets are then used with this method 

to inpaint a particular model inspired by seismic data. 

Shearlets are shown to outperform. Other inpainting 

approaches such as non-local means are discussed in Section 

3. Finally, Section 4 contains the results of numerical 

experiments comparing various approaches. 

II. INPAINTING BY ANALYSIS-SIDE L1-

MINIMIZATION 

A. Notation for l1-Minimization 

We first introduce the notation used in the paper. A 

collection of vectors Φ = {ϕi} i∈I in a separable Hilbert 

space   forms a Parseval frame for H if for all x ∈  ,  

∑_(i∈I )▒〖l〈x,ϕi〉l〗^2   =  〖llxll〗^2. With a slight 

abuse of notation, given a Parseval frame Φ, we also use Φ 

to denote the synthesis operator Φ: l2 (I) → H, Φ({ci} i∈I ) 

=  ∑_( i∈I)▒〖ciϕi  〗. With this notation, Φ∗ is called the 

analysis operator. Given a space X and a subset A ⊆ X we 

will use the notation Ac to denote X\A. Also, the indicator 

function 1. A is defined to take the value 1 on A and 0 on 

Ac. 

B. Problem formulation 

Given a Hilbert space   =  K ⊕  M , the (noiseless) 

inpainting problem can in general be posed as wanting to 

find x0 ∈ H given knowledge of PK x0 , where PK is the 

orthogonal projection onto HK . (INP0) x* ∈   subject to PK 

x* = PK x0. 

This is clearly an underdetermined problem. Some other 

constraint must be introduced in order to solve the problem. 

For example, very natural class of images to consider is that 

of cartoon-like images. 

Definition 1 

We define the space of images C to be C = {f ∈ L2 ([0, 1]2): 

f = f1 + f2 llΩ, f1, f2 ∈ C2, ∂Ω piecewise C2 }. That it, C 

consists loosely of smooth patches separated by piecewise 

smooth boundaries. So one might reasonably assume that x0 

is cartoon-like. Then the inpainting problem can be reposed 

as finding x0 ∈ C given PK x0. (INP1)  x* ∈ C subject to  
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PK x* = PK x0. 

However, this problem is not very tractable in its current 

form. Sparsity-based approaches to problem solving have 

been shown to be very successful in a number of different 

applications, particular in signal andimage processing (see, 

for example, [SMF10]). In this case, it has been shown 

[C,D] that particular collections of vectors yield (almost) 

optimally sparse representations of cartoon-like images. 

Definition 2.  

(D) A parameterization is a mapping of a discrete index set 

Λ to R+ × T × R 2 defined as λ   (sλ, θλ, xλ). Assume Λ has 

a parameterization.  

Let Rθ =   (
     θ    θ
   θ     θ

 ) 

Denote the rotation matrix of angle θ and D a = diag(a,√a) 

the anisotropic dilation matrix with a > 0. A family (mλ ) 

λ∈Λ is called a family of parabolic molecules of order (P, 

M, N1 , N2 ) if it can be written as 

mλ (x) = 2 3s λ /4 a(λ)(D2sλ  Rθλ (x − xλ )) 

Such that   

|   ̂       |              |  |

     
 

 
 |  |   〈|  |〉   〈|  |〉      

For all |β| ≤ P. 

The implicit constants are uniform over λ ∈ Λ. With some 

light constraints on Λ, P, M, N1, and N2 and assuming that 

a family of parabolic molecules 

(m λ ) λ∈Λ is a frame, then the frame has an almost optimal 

best N-term approximation rate for cartoon images [D]. The 

concept of parabolic molecules was introduced as a means 

of explaining a number of similar results that had been 

proving concerning two classes of systems, curvelets and 

shearlets. Here we will focus on Parseval frames of 

shearlets. The canonical shearlet systems are called cone-

adapted shearlets. 

Definition 3 

The cone-adapted shearlet system  H ( ( ,  ,    ) generated 

by   ∈ L2 ( 2 ) and  , 

ψ   ∈ L2 (  2 ) is the union of  

{ (• − l) : l ∈ z2 }, {2^(3j/4 )  (Sk A2j • − l`) : j ≥ 0,  

|k| ≤ [2^(j/2)] , l ∈ z2 },  

and {2^(3j/4 )  (Sk A2j • − l`)  : j ≥ 0,  

|k| ≤ [2^(j/2)] , l ∈ z2 },  

Where, 

Aa = (
  
 √ 

)  and Sl    =  (
  
  

)   

The shearing and anisotropic dilations have the effect of 

moving the supports of the Fourier transform of the two 

generating shearlets in a way that decomposes the frequency 

domain in an almost polar manner, as illustrated in Figure 1 

It is known that, modulo some smoothness conditions, cone-

adapted shearlet systems are parabolic molecules [D]. Given 

this new machinery, we could state the inpainting problem 

as 

(INP2) x* = Φc*, c* = argminc ‖c‖1 subject to PK Φc = PK 

x0. 

However, we will instead state it as (INP) x* = argminx  

‖Φ* x ‖1 subject to Pkx = PK x0. 

There are a number of reasons why we would consider 

(INP2) [synthesis-side inpainting] instead of (INP) 

[analysis-side inpainting]. An important feature of Parseval 

frames is that for all x ∈, ΦΦ∗ x = x.  

However, for all Parseval frames which are not bases, there 

are infinitely many such c which satisfy   

Φc = x.  

So numerical instabilities could arise when attempting to 

solve (INP2). Furthermore, the analysis sequence Φ∗ x 

minimizes the l2 norm over all possible synthesis 

coefficients c. Namely,  

Φ∗x = argmin  ‖c‖2 subject to c ∈ l2, x = Φc. Thus, (INP) 

may also be regarded as a mixed l1 - l2,  problem [E]. One 

may view the optimization problem in (INP) as a relaxation 

of the cosparsity problem 

 x * = argmin x  ‖Φ*x ‖0 subject to Pkx = PK x0. 

Theoretical results concerning cosparsity may be found in 

[F,G]. Finally, (INP) is similar to the algorithmic approaches 

to inpainting found in [B] and [H]. Although we motivated 

the formulation of the statement of (INP) using cartoon-like 

images and shearlets, it works well whenever the desired 

object x0 ∈   belongs to a class which has a sparse 

representation with respect to a Parseval frame Φ. There is a 

similarly motivated formulation of the inpainting problem 

using one-step thresholding of the analysis coefficients in 

[B]. 

 
Fig. 1:  Shearlet tiling of the frequency plane 

C. Theoretical Analysis 

We now introduce two important notions, δ-clustered 

sparsity and cluster coherence, which in some sense measure 

whether or not a particular Parseval frame Φ is appropriate 

to use in (INP). 

Definition 4 

Fix δ > 0.  

Given a Hilbert space H with a Parseval frame 

Φ = {ϕi } i∈I , x ∈   is δ-clustered 

sparse in Φ (with respect to Λ ⊆ I) if 

‖ΙΙΛ c Φ * x‖1 ≤ δ. 

Definition 5 

Let Φ 1 = {ϕ1i } i∈I and Φ2 = {ϕ2j } j∈J lie in a Hilbert 

space H and let Λ ⊆ I. Then the cluster coherence  

µc (Λ, Φ1 ; Φ2 ) of Φ1 and Φ2 with respect to Λ is defined 

by  

µc (Λ, Φ1 ; Φ2) =  ∑ |〈         〉| ∈Λ  ∈  
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Cluster coherence was introduced in [I] to apply to the 

geometric separation problem and may be seen as a further 

development of mutual coherence [J] and earlier notions of 

coherence adapted to the clustering of frame vectors 

[K,L,M]. Cluster coherence and clustered sparsity were first 

used in conjunction with the inpainting problem in [B,A]. 

These notions may be used to show theoretical guarantees of 

successful inpainting. 

Proposition 6 

1) Fix δ > 0 and suppose that x 0 is δ-clustered sparse 

in Φ. Let x* solve (INP). Then  

2) ‖  ∗     ‖1 ≤     
 δ

     µ    Λ     Φ  Φ  
     

Both clustered sparsity and cluster coherence depend on the 

chosen set of indices Λ. However, Λ is merely a tool to 

determine when Φ is a good dictionary for inpainting and 

explicit knowledge of it is not necessary to recover missing 

data. In fact, one may reword Proposition 6 as 

Proposition 7 

Fix δ > 0 and suppose that x0 is δ-clustered sparse in Φ for 

at least one index set Λ. Let X* solve (INP).  

Then  ‖  ∗     ‖2 ≤ min Λ {  
 δ

     µ    Λ     Φ  Φ  
  : µc (Λ, PM 

Φ; Φ) < 1/2,   ‖ Λ   Φ ∗   ‖2  ≤ δ}. 

A heuristic explanation of the proposition is as follows: If Φ 

is a ―good‖ dictionary to use, then there 

is a small set of analysis coefficients, enumerated by a Λ, 

which contain most of the information of x0 (i.e., ‖ Λ c Φ* 

x‖1  ≤ δ) and those elements of Φ which capture that 

information do not fall too much into the hole of missing 

data (i.e., µc (Λ, P M Φ; Φ) is small). Again, there are 

similar theoretical guarantees for inpainting using one-step 

thresholding (see [B]). 2.4 A comparison of shearlets and 

wavelets It was already mentioned above that shearlets 

(nearly) optimally sparsely represent cartoon-like images. It 

is known that wavelet representations of natural images are 

compressible, but they do not approximate cartoon-like 

images as well as shearlets [C]. This would lead one to 

believe that Parseval frames of shearlets would inpaint more 

successfully than wavelets. In a particular model, this can be 

shown to be true. Certain one dimensional wavelets are 

associated with two different kinds of functions, a scaling 

function Φ and a mother wavelet  . These functions are 

commonly used to create two dimensional wavelet systems. 

Definition 8 

A 2D wavelet system is defined to be {Φ( − l ) : l ∈  2
} ∪ 

{2
j 
 
ι
 (2

j
 · − l) : j ≥ 0, l ∈  2

, ι ∈ {v, h, d}}, 

where Φ(x) =  (x1 ) (x2 ),   v (x) =  (x1 ) (x2 ),   h (x) = 

 (x1 ) (x2 ), and   d (x) =  (x1 ) (x2 ). 

Wavelet systems are formed using isotropic dilation and 

translations while shearlet systems are formed using 

anisotropic dilation, shearing, and translations. The 

anisotropy allows shearlets to better pick up curvilinear 

features. We now present a quick summary of the model that 

shearlets provably asymptotically inpaint better than 

wavelets. For the ease of exposition, many of the details 

have been omitted. They may be found in [A]. Since 

cartoon-like images are governed by edges, the image to be 

inpainted is a masked linear singularity. The distribution wL 

acting on Schwartz functions g ∈ S ( 2) is defined by by  

〈w,L,g〉 gi = ∫_(–ρ)^ρ▒〖w(x1)g(x1 ,0)dx1 〗, where w is a 

smooth weight and and ρ > 0. Essentially, the weight w sets 

up the linear singularity that is smooth in the vertical 

direction, while the value of ρ corresponds to the length of 

the singularity. We mask the linear singularity (weighted 

distribution) wL with the mask 

Mh = {(x1 , x2 ) ∈  2): |x1 | ≤ h}, h > 0. 

The observed signal is f =  2\Mh • wL, which is depicted in 

Figure 2 We decompose wL by the same subbands Fj , wL 

→ wLj = wL ∗ Fj , denote 

 
Fig. 2: wL masked by M 

h = hj ,  and set fj =  2\Mhj • wLj Let { λ}λ denote a 

particular wavelet Parseval frame (defined in [A]) and 

{ση}η a particular shearlet Parseval frame.  

Theorem 9  

For hj = o(2−j ) (this is critical in thresholding case) as j → 

∞, ‖W j - wL j  ‖2/‖ wL j  ‖2   → 0,  j → ∞. 

For hj = o(2−j/2 ) as j → ∞, ‖  j  - wL j  ‖2/‖ wL j  ‖2   → 0,  

j → ∞. 

Thus, shearlets are able to asymptotically inpaint over wider 

masks than wavelets. 

III. REVIEW OF OTHER INPAINTING METHODS 

The main inpainting methods in the literature may be 

categorized as being sparsity-based, variational, and patch-

based. Sparsity-based methods involve a combination of 

harmonic analysis with convex optimization which may be 

viewed as (INP), (INP2), or something inbetween, possibly 

using a union of Parseval frames as a sparsifying dictionary, 

which is regularized (see, for example, [N,O,P]). For 

example, the minimization task in [P] is x*= x*1+ x*2, 

(x*1, x*2) = argmin x1 ,x2 kΦ∗1 x1 k1 + kΦ∗ 2 x 2 k 1 + 

λkP M (x0 − x 1 − xn)k 22+ γTV{x2}, where Φ 1 is a 

Parseval frame consisting of parabolic molecules, Φ 2 is an 

oscillatory Parseval frame like DCT, Gabor, or wavelet 

packets, and λ, γ > 0 are parameters. The algorithm used is 

based on the block-coordinate- relaxation method. When 

numerically testing shearlet-based analysis-side inpainting 

against other methods in Section 4, we will actually employ 

something much simpler (but still get good results) – 

namely, we use basic iterative thresholding on the analysis 

coefficients generated using dual shearlet frames 

constructed by two of the authors [Q]. 

Image processing literature is filled with a multitude of 

variational methods. Any list of papers will be incredibly 

incomplete, so we only mention a few [R, S, T, U]. The 

book [V] also contains an overview of PDE-based image 

processing. The core idea of variational-based inpainting is 

that information is propagated from the boundary of the 

holes along isophotes (edges) in the image to fill them in. 

For example, a common variational approach is to  
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numerically solve the PDE ∂I/∂t = ∇⊥• ∇ΔI, 

Where I is the image intensity inside the region to be 

inpainted, ∇ is the gradient, ∇⊥ is the perpendicular gradient 

(−∂y, ∂x), and 4 is the Laplace operator. Many of the 

methods are inspired by real physical processes, like 

diffusion, osmosis, and fluid dynamics. It is interesting to 

note that there is a way to interpret a particular type of total 

variational inpainting as a limit of a certain type of analysis-

side inpainting [W]. In patch- or exemplar-based inpainting, 

information is also propagated from the edge(s) of the 

missing data inward. However, in contrast to the variational 

approaches, the hole is iteratively filled using patches or 

averages of patches from other parts of the image. 

 pecifically, in non-local means inpainting, the value of a 

reconstructed target pixel is a linear combination of values 

from patches with the co-efficients of the combination 

determined by a weighted similarity function. Some 

examples of exemplar-based inpainting are [X,Y,Z,AA]. 

IV. NUMERICAL RESULTS 

In this section, we present a number of examples comparing 

various inpainting methods. In most cases, analysis-side 

iterative thresholding with shearlets outperforms the other 

methods, even though it is a primitive algorithm. To 

promote fair comparisons, the various parameters were not 

―tweaked;‖ that is, the shearlet-based inpainting was 

implemented the same in each example. In Figure 3. This is 

surprising because as parabolic molecules, shearlets and 

curvelets share a number of performance guarantees. 

However, the results concerning parabolic molecules hold 

true asymptotically with a constant, so it is feasible that in 

practice one dictionary could outperform the other. 

Figure 3) and Figure 4) shows pictorially what one would 

expect given. We can see that Image Inpainting TV model 

using weighted method is more reliable and fast with 

comparatively good accuracy. Apparent memory leaks in 

both the implementation of exemplar inpainting and TV 

inpainting prevented a comparison of these methods on this 

image. Note that although the shearlet-based inpainting has 

a better SNR than the non-local means inpainting, it took 

about 3 times longer to run. These results, coupled with the 

theoretical work, indicate that shearlet-based inpainting 

could be a very powerful approach. 

 
Fig. 3: Image Inpainting using TV model 

 
Fig. 4: Image Inpainting using TV model 

V. CONCLUSION 

We can conclude that TV model based Image Inpainting 

method is having better quality and is more reliable than 

other methods Exemplar and wavelet based methods.  
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