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Abstract--- The expansion turbine constitutes the most 

critical component of a large number of cryogenic process 

plants – air separation units, helium and hydrogen liquefiers, 

and low temperature refrigerators. Present day cryogenic gas 

turbines are in more popular as they meet the growing need 

for low pressure cycles. The present study is aimed at the 

design of helium cryogenic turboexpander of mixed flow 

impellers with radial entry and axial discharge. To 

determine the principal dimensions of the turbine wheel, 

optimum operating speed has been taken from design charts 

based on Similarity principles. The main dimensions, 

thermodynamic properties at different states, velocity and 

angles at entry and exit of the turbine wheel were worked 

out. A modest attempt has been made  to understand, 

standardise and document the design of cryogenic 

turboexpanders.  

Keyword: Cryogenic, turboexpander, mixed flow turbine, 

flow angle, flow velocity 

I. INTRODUCTION 

The turboexpander or expansion turbine constitute the most 

critical component of large number of cryogenic process 

plants like separation unit, helium liquefiers and low 

temperature refrigerators. The primary function of this unit 

is to produce cooling by expanding a precooled high 

pressure gas stream where power is extracted from the fluid 

and enthalpy of gas decreases. Compared with other 

expansion devices the use of  turboexpander offers greater 

economy, safety and flexibity. 

 
Fig 1: Schematic of an expansion turbine assemble 

1.Turbine wheel       2.Brake compressor  

3.Shaft            4.Nozzle  5.Journal Bearings  

6.Thrust Bearings      7.Diffuser   

8.Bearing Housing     9.Cold end housing  

10.Warm end housing  11.Seals 

 
Fig. 1: NOMENCLATURE 

The turboexpander essentially consists of a turbine wheel 

and a brake compressor mounted on a single shaft, 

supported by the required number of journal and thrust 

bearings. These basic components are held in place by an 

appropriate housing, which also contains the fluid inlet and 

exit ducts.other. It consists of a shaft with the turbine wheel 

fitted at one end and the brake compressor at the other. The 

high-pressure process gas enters the turbine through piping, 

into the plenum of the cold end housing and, from there, 

radially into the nozzle ring. The fluid accelerates through 

the converging passages of the nozzles. Pressure energy is 

transformed into kinetic energy, leading to a reduction in 
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static temperature. The high velocity fluid streams impinge 

on the rotor blades, imparting force to the rotor and creating 

torque. The nozzles and the rotor blades are so aligned as to 

eliminate sudden changes in flow direction and consequent 

loss of energy. 

1) Turbine wheel:  

The turbine wheel is of radial or mixed flow geometry, i.e. 

the flow enters the wheel radially and exits axially. The 

blade passage has a profile of a three dimensional 

converging duct, changing from purely radial to an axial-

tangential direction. Work is extracted as the process gas 

undergoes expansion with corresponding drop in static 

temperature. 

2) Diffuser:  

The diffuser is a diverging passage and acts as a compressor 

that converts most of the kinetic energy of the gas leaving 

the rotor to potential energy in the form of gain in pressure. 

Thus the pressure at the outlet of the rotor is lower than the 

discharge pressure of the turbine system. The expansion 

ratio in the rotor is thereby increased with a corresponding 

gain in cold production. 

3) Brake Compressor:  

A loading device is necessary to extract the work output of 

the turbine. This device, in principle, can be an electrical 

generator or a centrifugal compressor. 

II. DESIGN OF HELIUM TURBOEXPANDER 

The basic input parameters:   

Working fluid    :  Helium 

Turbine inlet temperature    :  11 K  

Turbine inlet pressure    :  14 bar   

Turbine outlet pressure   : 2.2 bar  

Mass flow rate    : 60 g/s 

A. Turbine wheel design:  

The design of turbine wheel has been done following 

method by Balje [3] and Kun & Sentz [8]. Specific speed 

and specific diameter uniquely determine the major 

dimensions of the wheel and its exit velocity triangles. 

Specific speed (ns) and specific diameter (ds) are defined as  

Specific speed ns = 

    √  

( hi -  )
     

Specific diameter ds = 
       hi -   

   

√  

 

 
Fig 2: State point of turboexpander 

For estimating the thermodynamic properties at different 

states along the flow passage, the software package 

ALLPROPS 4.2 is used. Table 1 represents the 

thermodynamic states at the inlet of the nozzle and the exit 

of the diffuser according to input specifications 

 Inlet (State In) Exit state (ex,s) 

Pressure (bar) 14 2.2 

Temperature 

(K) 
11 5.78 

Density (kg/m
3
) 73.418 24.41 

Enthalpy 

(kJ/kg) 
53.914 37.603 

Entropy (kJ/kg-

K) 
7.8082 8.7366 

Table 1: thermodynamic states at the inlet of the nozzle and 

the exit of the diffuser according to input specifications 

Using data from above table,  

Qex   = 
   

 e 
     =   

       - 

     
     =    2.458 x 10

-3 
m

3
/s 

Kun and sentz [8], however suggest two empirical factors k1 

and k2 for evaluating these parameters. The factors k1 and k2 

accou   fo   he diffe e ce be wee   he   a e  ‘ ’ a d ‘e ’ 

caused by pressure ecovery and consequent rise in 

temperature and density in the diffuser. Following the 

suggestion of Kun and sentz [8], k1 = 1.11 & k2 = 1.03 

 3   =   
 e 

  
   =   

     

    
   =   21.99 kg/m

3 

Q3   =   k1.Qex   =  1.11 x 2.458 x 10-3 = 2.729 x 10-3 m
3
/s 

 hin-3s  =  k2 (h0,in – hex,s)   = 1.03x(53.914 – 37.603 x 10
3
) 

 =   16800.33 J/kg 

From Balje[3] the peak efficiency of a radial inflow turbine 

corresponds to the value of : ns = 0.54 and ds = 3.4 

Put this value in eq. (1) respectively 

Rotational speed      =   15,256 Rad/sec =  1,45,684 RPM 

Wheel diameter  D2   = 16 mm 

Tip speed U2   =   
    

 
  = 

           

        
   =   122 m/s 

Spouting velocity C0   =   √  hi -e     

=√            -                

   C0 = 181 m/s 

Velocity Ratio,  
  

  

  =  
    

   
   =   0.67 

According to Kun and Sentz[8], the velocity ratio U2/ C0 in 

a radial inflow turbine generally remains within 0.65 and 

0.70. The ratio of exit tip diameter to inlet diameter should 

be limited to a maximum value of 0.70. 

ξ =   
  i 

  

    ⇒   0.676   = 
  i 

  
 ⇒    Dtip =   10.8 mm 

According to Balje[3] the exit hub to tip diameter ratio  
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should maintained above a value of 0.4 to avoid excessive 

hub blade blockage and energy loss.  

Hub  a io  λ   =   
 hub

  i 

   ⇒   0.425 =   
 hub

    
 

 hub = 5 mm 
For small turbines, the hub circumference at exit and 

diameter of milling cutters available determine the number 

of blades. In this design number of blades (Ztr) are chosen 

to be 10, and the thickness of the blades to be 0.6mm. 

 

(a)Inlet velocity triangle      (b) Exit velocity triangle 

Fig. 3: Velocity triangles of turbine wheel 

From velocity triangle in fig. 3 

 a  βmean    =   
  

     ea 

 =   
   

     i   hub 
        (2) 

Comparing both equations 

  

     ea 

   =   
   

     i     hub 
    

 

     ea 

   =   
 

              
 

     ea    = 60.26 m/s 

From geometrical considerations, 

A3   = 
 

 
 (  i 

  -  hub
 ) – 

           i  -  hub 

          
    

Now, by writing equation in the form of Q3 results: 

Q3 = A3 C3 

Where Ztr = 10 and ttr = 0.6mm & Q3 = 2.729 x 10
-3

 m
3
/s 

⇒   C3 = 58.83 m/sec 

Put this value in eq.(2) 

tan βmean    =   
  

     ea 

    =   
     

     
 

βmean = 45.6° 

B. Diffuser design: 

It plays an important role in the overall process. The diffuser 

converts this imparted kinetic energy into pressure rise. For 

design purposes, the diffuser can be seen as an assembly of 

three separate sections operating in series: 

1. A converging section or shroud 

2. A short parallel section 

3. Diverging section 

The converging portion of the diffuser acts as a casing to the 

turbine. The straight portion of the diffuser helps in reducing 

the non-uniformity of flow. In the diverging portion, the 

pressure recovery takes place. 

 
Fig. 4: Diffuser nomenclatures 

The geometrical specifications of the diffuser have chosen 

somewhat arbitrarily. Diameter of diffuser inlet is equal to 

diameter of the turbine inlet. Diameter of throat of diffuser 

is depending on the shroud clearance. The recommended 

clearance is 2% of the exit radius, which is approximately 

0.2 mm for wheel. For diameter of diffuser exhaust, 

Balje[3]suggested exit velocity of the diffuser should be 

maintained near about 20 m/s with half cone angle 5.5°. 

Again by following Ino et. Al [6] the best suited diffusing 

angle (=tan
-1

 (diameter/2xlength)) is 5 to 6 degree which 

minimize the loss in pressure recovery and the aspect ratio = 

length/diameter of 1.4 to 3.3. 

With the above recommended suggestions, the dimensions 

are selected as, 

Diameter of diffuse inlet, DinD     =   16.5 mm 

Diameter of throat of diffuser, DthD     =   11.016 mm 

Diameter of diffuser exhaust, DexD     =   20 mm 

Diffusing angle     =   5.0°  

Giving: 

Cross sectional area at throat, Athd  =   95.26 mm2 

Discharge cross sectional area, Aexd  =   314  mm2 

Length of the diverging section, LdD =   50 mm 

C. Thermodynamic state at wheel discharge (state 3): 

At the exit of the diffuser, 

Qex   =   2.458 x 10-3
 
 m

3
/s   and Aex   = 0.314 x 10

-3
 m

2 

Exit velocity Cex =   
 e 

 e 

   =   
          - 

          -    =   7.83  m/s 

This velocity is below 20 m/s as suggested by Balje[3] 

Exit stagnation enthalpy 

h0ex  = hex + 
 e 

 

 
   =   37.603 + 

     

      
   =   37.63 kJ/kg 

Exit stagnation pressure 

P0ex   = P + 
 

 
  ex Cex

2
   

 
=    2.2 + 

 

 
 x 24.41 x +  

     

   
  

          =  2.22 bar 
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Neglecting losses in the diffuser, the stagnation enthalpy at 

turbine exit, 

h03   =  h0ex   =   37.63 kJ/kg  

From the stagnation enthalpy, h03 and stagnation pressure 

P0ex, the entropy s3 is estimated by [9] 

S3   =   8.7366 kJ/kg.K 

And static enthalpy 

h3   = h03 - 
  

 

 
    =   37.63 - 

      

      
   =    35.90 kJ/kg 

Tip circumferential velocity 

U3tip   = 
    i 

 
   =   

             

        
   = 82.38 m/s 

Relative velocity at eye tip 

W3tip  = √      
 
    

 
 =  √      

 
       

 
 = 101.23 m/s 

Highest Mach No 

   i 

   

 = 
      

      
    = 0.792   1 

 a  β3tip = 
  

   i 

  = 
     

     
 

Β3tip = 35.55° 
Where Cs3 is the velocity of sound for the corresponding 

state points as shown in table. 

Hub circumferential velocity 

U3hub   =   
   hub

 
    =   

          

        
   = 35.451 m/s 

Relative velocity at eye hub 

W3hub   =    √      
 
    

 
   = √       

 
       

 
 

W3hub   =   68.685 m/s 

 a  β3hub =   
  

  hub

    = 
     

      
 

β 3hub = 58.93° 

D. Thermodynamic state at wheel discharge (state 3): 

For computing the thermodynamic properties at wheel inlet 

(state 2), the efficiency of the expansion process till state 2 

is assumed. Sixsmith[24] has observed that the nozzle 

efficiency needs to be between 0.9 and 0.95. Following Kun 

a d Se  z[  ]   ozzle efficie cy η  =      i  a  u ed  

Another important parameter is the ration of inlet to exit 

meridional velocities Cm2/Cm3. Balje[87] suggests values 

between 1.0 to 1.25 for this parameter. Following Kun and 

Sentz[29], this ratio is assumed to be 1.0, leading to  

  Cm2 = Cm3 = C3 = 58.83 m/s 

The important assumption relates the gas angle at inlet of 

the rotor to the corresponding blade angle. 

  W2 = Cm2 = 58.83 m/s 

Then the absolute velocity at inlet: 

C2 = √  
 
   

 
 = √   

 
      

  
= 135.44 m/s 

The incidence angle: 

α2 =    -   

  

 =    -      

   
 = 25.76° 

The efficiency of the nozzle alongwith the vaneless space is 

defined as ηn   =   

hi -h 

hi -h  
 =  0.93 

Since h01 = h0in = hin = 53.914 kJ/kg as input parameter, 

enthalpy at the exit of turbine wheel: 

h2 = h01 - 
  

 

 
 = 53.914 - 

       

 
 =  44.74 kJ/kg 

Thus  h2s  = hin – 
hi -h 
    = 53.914 - 

       -      
    

 

  = 44.05 kJ/kg 

The input parameter for entropy is expressed as: 

  sin = s1 = s2s = 7.8082 kJ/kg.K 

Using property data [], the corresponding pressure is 

calculated from h2s and s2s as: 

  p2s = p2 = 3.3 bar 

From the values of p2 and h2, the other properties at the 

point 2 is calculated [] as: 

T2 = 7.4 K,     2 = 27.768 kg/m
3
  and   s2 = 9.0815 kJ/kg.K 

Corresponding to these thermodynamic conditions: 

Velocity of sound Cs2 = 149.18 m/s, Specific heat Cp = 

7.612 kJ/kgK  

From continuity equation, the blade height at entrance to the 

wheel is computed  as: 

b2  =  
   

(   -      )     

  

     = 
         

- 

(       -         )                 
=0.83 

mm 

E.  Nozzle design 

 
Fig. 5: Major Dimensions of nozzle and nozzle vane 

An important forcing mechanism leading to fatigue of the 

wheel is the nozzle excitation frequency. As the wheel 

blades pass under the jets emanating from the stationary 

nozzles, there is periodic excitation of the wheel. This 
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periodic excitation is proportional to the speed and the 

number of nozzle blades [8].  

The purpose of the nozzle cascade is to assure that the flow 

should be incident on the wheel at correct angle to avoid 

incidence loss. Fig. 3.7 shows a schematic of the nozzle ring 

bringing out the major dimensions of the passages and the 

vanes. The design of the blading system offered no real 

problem as long as the pressure ratio across the turbine is 

not more than critical pressure ratio and as long as the 

temperature drop efficiency demanded does not exceed 

about 80%.  

F. Thermodynamic state at throat and vaneless space 

The proposed system uses convergent types of nozzles 

giving subsonic flow at nozzle exit. Refering to fig. 5 the 

nozzle throat circle diameter is the outer boundary of the 

vaneless space while the wheel diameter is the inner circle. 

If Dt is nozzle throat circle diameter and Cmt the meridional 

component of the nozzle throat velocity, the mass balance 

equation yields, 

Cmt = 
   

   b   
 = 

         
 

                  
 

Where b1 is the height of the passage, assumed to be 0.5 

mm. The velocity at exit of the throat consists of two 

components, Cmt and Cθ . The meridional component is 

perpendicular to the nozzle throat circle diameter, which 

determines the mass flow rate whereas the Cθ  other 

component is tangential to the throat. 

Following Ref[8], Dt = 1.08*D2 = 17.28 mm, leading to  

Cmt = 
   

   b   
 = 
        

  
 

Similar to the presence of two velocity components at the 

throat circle diameter, there are two velocity components at 

the entry of the turbine wheel as shown in fig. 3. From 

conservation of angular momentum in free vortex flow over 

the vaneless space,  

Cθ  = 
    

  

 = 
        

     
 = 112.96 m/s 

Thus,  ht = h2 + 
  

 

 
 - 
  

 

 
 

Since Ct consists of two velocity components perpendicular 

to each other,  

ht = h2 + 
  

 

 
 - 
   

 

 
 - 
   

 

 
  

   = 44.74 x 10
3
 + 
       

 
 - 
         

       
 - 
       

 
 

The relation between ht a d  t given and the entropy 

conservation relation given below[9] uniquely determines 

enthalpy and density at that throat. Assuming isentropic 

expansion in the vaneless space, 

 st = s1 = s2 = 9.0815 kJ/kg.K 

From above relations, 

 h  =        KJ  g a d  t = 30.764 kg/m
3 

Using Ref.[], the other properties at that throat are found to 

be  

pt = 4 bar; Tt = 8 K; Cst = 157.74 m/s 

And the velocities are obtained from equations () and () as 

Ct = 133.9 m/s; Cmt = 71.89 m/s Cθ  = 112.96 m/s 

Mach number: Mt = Ct / Cst = 0.85 

This leads to subsonic operation with no loss energy. 

G. Sizing of the nozzle vanes 

To compute the dimensions of the throat, Kun & Sentz[8] 

used the conservation of momentum & continuity of flow to 

get the correct throat angle for finite trailing edge thickness.  

Using the continuity equation and the density at the throat, 

the throat width wt a d  he  h oa  a gle αt are calculated as 

follows: 

For mtr = m = 0.06 kg/s and b1 = bt 

wt = 
   

  b     

 = 
    

                         
= 1.94 

mm 

αt =  a -    

 θ  
 =  a - (

     

      
) = 32.49° 

It may be noted that throat inlet angle is different from the 

turbine inlet angle and the discrepancy is due to the drifting 

of fluid in the vaneless space. 

The initial guess value of Dt is checked from the 

conservation of angular momentum over the vaneless space, 

Dt = 
     

 θ 

 = 
        

      
 = 17.28 mm 

Which is matched to the initial value of 17.28 mm. 

The blade pitch length,  

pn = 
   

  

 = 
         

  
 = 3.62 mm 

αt is the angle between the perpendicular to the throat width 

wt and the tangent to the throat circle diameter. From fig. the 

diameter of the cascade discharge (the inner diameter of the 

nozzle ring) is calculated as, 

Dn = √  
    w 

  -  w     co α  

√                                  co       

    = 17.34 mm 

III. SUMMARY 

Sr.  

No. 
Parameter Values Unit 

Turbine Wheel Design 

1 Specific speed ns = 0.54 Rad/sec 

2 Wheel diameter D2 = 20  mm 

3 
Inlet & exit  change in 

Enthalpy 

 hin-3s = 

16800.33 
J/kg 

4 Tip speed U2 = 118.17 m/s 

5 Spouting velocity C0 = 181 m/s 

6 Velocity Ratio 
U2/ C0 = 

0.66 
----- 

7 Eye tip diameter Dtip = 13.5 mm 

8 Eye hub diameter Dhub = 6 mm 

9 
Average velocity of tip 

and hub 

U3,mean = 

57.61 
m/sec 

10 Number of blades Ztr = 10 ----- 

11 Thickness of blades ttr = 0.6 mm 
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12 
Turbine exit volumetric 

flow rate 

Q3 = 4.547 x 

10
-3

 
m

3
/sec 

13 
Turbine wheel exit 

velocity 
C3 = 58.83  m/sec 

14 
Mean relative velocity 

exit blade angle 
βmean = 45.6° ----- 

Diffuser design 

1 
Volumetric flow rate at 

exit of the diffuser 

Qex = 4.0966 

x 10
-3

 
m

3
/sec 

2 Diffuser inlet diameter DinD = 20.5  mm 

3 
Diffuser discharge 

diameter 
DexD = 20 mm 

4 Diffuser throat diameter DthD = 13.77 mm 

5 
Diffuser discharge cross 

sectional area 
AexD = 314 mm

2
 

6 
Diffuser throat cross 

sectional area 

AthD = 

148.85 
mm

2
 

7 
Velocity at exit of 

diffuser 
Cex = 13.05 m/s 

Thermodynamic state at wheel discharge (state 3)and 

wheel inlet (state 2) 

1 
Entropy at turbine wheel 

exit  
s3 = 8.7366  

KJ/kg-

K 

2 
Enthalpy at turbine 

wheel exit 
h3 = 35.957 KJ/kg 

3 
Tip circumferential 

velocity 
U3tip = 79.76 m/s 

4 
Relative velocity at eye 

tip 

W3tip = 

99.112 
m/s 

5 Highest Mach No. 0.775 ----- 

6 
Hub circumferential 

velocity 

U3hub = 

35.451 
m/s 

7 
Relative velocity at eye 

hub 

W3thub 

=68.685 
m/s 

8 Tip angle β3tip = 35.5° Degree 

9 Hub angle β3hub = 40.2° Degree 

10 
Absolute velocity at 

inlet 
C2 = 135.44 m/s 

11 Incident angle α2 = 25.76 Degree 

12 Nozzle efficiency ηn = 0.93 ---- 

13 Velocity of sound  Cs2 = 149.18 m/s 

14 Blade height b2 = 0.83 mm 

Table 2: SUMMARY 

A. Nozzle Design 

1 Nozzle throat circle diameter Dt = 17.28 mm 

2 Height of the passage b1 = 0.5 mm 

3 Throat velocity Ct = 133.9 m/sec 

4 
Meridional nozzle throat 

velocity 

Cmt = 

74.84 
m/sec 

5 Velocity at exit of the throat 
Cθ  = 

112.96 
m/sec 

6 Enthalpy at throat ht = 46.48 KJ/kg 

7 Density at throat  t = 30.76 Kg/m
3
 

8 Mach number Mt = 0.85 ---- 

9 Throat width wt = 1.94 mm 

10 Throat angle αt = 32.49 Degree 

11 
Inner diameter of the nozzle 

ring 
Dn = 17.34 mm 

Table 3: Nozzle Design 

IV. CONCLUSIONS 

Small turboexpanders have found extensive application 

particularly in cryogenic refrigeration and liquefaction 

systems, helium liquefiers and emergency power packs. The 

present work deals with the design of cryogenic 

turboexpander for helium refrigeration system. The paper 

presents a literature review on major aspects of cryogenic 

turboexpander. A comprehensive methodology for the 

design of a turboexpander has been presented. The design 

procedure covers the turbine wheel, diffuser and 

thermodynamic properties at the outlet of turbine wheel. 

While some of the dimensions have been calculated, others 

have been selected based on literature. 
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