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Abstract — The immune system always plays most important 

role in caring the health of the human beings. It is directly 

proportional to the human health. It also helps to fight the 

diseases and to overcome from the diseases. In this paper 

various diseases and mathematical model studied by 

observing various type of differential equations which is 

considered as mathematical models. Various mathematical 

model formed by using ordinary differential equation and 

partial differential equation. A healthy immune system 

always protects the human being from outer invaders. Good 

health is related with the good immune system, if it is weak, 

then how it can affect the health of the body is studied here. 

Lack of nutrient is proportional to the weak immunity. Weak 

immunity affects the other body parts. Working ability of 

body parts during weak immunity is studied. In this paper the 

mathematical models of strong and weak immune systems 

during various diseases are studied. Working ability of body 

parts during weak immunity is examined by observing 

another mathematical model. Can we form different 

mathematical model studied here. 

Keywords: Immune System, Nutrients, Immunity, Antigens 

I. INTRODUCTION 

To determine the nature, to calculate the performance of the 

system, the mathematical modelling is widely used in the 

field of science, medical science and engineering field, which 

cleared the concept behind it.We have studied 25 papers to 

determine the role of immune system during various diseases 

and mathematical model related to it. 

 Godina–Nava [1] studied the various cell which is 

responsible for the immune system and determined that some 

specialized functions occurred in the cell of immune system. 

Immune system protects the body from various kinds of the 

bacterial infections, fungal infections and viral infections and 

protect the body from the growth of tumour cells. The 

immune system cell kills the bacteria, parasites or tumour cells. 

The immune system is simulating through a mathematical 

model supported to the hypothesis that a low frequency 

Electromagnetic field (ELF)used as an immune activator 

which activated the T lymphocytes, provoked a systemic 

effect against infectious disease related to chronic 

inflammatory response of the immunological system. The 

responses of immune system are related with electromagnetic 

fields cybernetic modelling. Six D.E taken as humoral 

immune response model. 

[
𝑑𝑉

𝑑𝑡
]=𝑆 − 𝑘𝑣 [

𝐴𝑔

𝐾𝑉+𝐴𝑔
] 𝑉 +𝛿𝑉

𝑉 
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𝑑𝐿

𝑑𝑡
]=𝑘𝑣 [
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𝐾𝑀+𝐴𝑔
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[
𝑑𝑃
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[
𝑑𝑀

𝑑𝑡
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𝐴𝑔
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[
𝑑𝐴𝑔

𝑑𝑡
]=𝜇𝐴𝑔

𝐴𝑔 − 𝐴𝑘𝐵𝐴𝑏𝐴𝑔 

[
𝑑𝐴𝑏

𝑑𝑡
]=𝑟𝑙,𝑚𝑎𝑥 [

𝐴𝑔

𝐾𝐿+𝐴𝑔
] 𝐿 + 𝑟𝑃,𝑚𝑎𝑥 [

𝐴𝑔

𝐾𝑃+𝐴𝑔
] 𝑃 + 𝑟𝑀,𝑚𝑎𝑥 [

𝐴𝑔

𝐾𝑅𝑀+𝐴𝑔
] 𝑀−𝑘𝐻𝐴𝑏𝐴𝑔

,

− 𝛿𝐴𝑏𝐴𝑏 

where V - Virgin lymphocytes,  

            L - Large lymphocytes 

             P -Plasma cells 

            M -Memory cells,  

            Ag -replicating antigen, 

            Ab -antibody  

The magnetic field increases the population of large 

lymphocytes, L, and the plasma cells, P. Both two modified 

equations are: 

[
𝑑𝐿

𝑑𝑡
]=𝑘𝑣 [

𝐴𝑔

𝐾𝑉+𝐴𝑔
] 𝑉 + 𝑘𝑀 [

𝐴𝑔

𝐾𝑀+𝐴𝑔
] 𝑀 + 𝜎𝐿𝐴𝑔(1 − exp(−𝜂𝐵|𝐵|))𝐿+𝜇𝐿𝐿𝜇𝐿 − 𝜇𝑃𝐿𝜇𝑃 − 𝜇𝑀𝐿𝜇𝑀 − 𝛿𝐿𝐿 

[
𝑑𝑃

𝑑𝑡
]=𝜇𝑃𝐿𝜇𝑃 − 𝛿𝑃𝑃 + 𝜎𝑃𝐴𝑔(1 − exp(−𝜂𝐵|𝐵|))𝑃 

 They observed that the ELF stimulation improved 

the instant optimization for the humoral immune response by 

using numerical analysis of 4-order Runge-Kutta algorithm 

that verified the switching strategy in both primary responses 

and the secondary responses.  

 Relationship between the target population such as 

pathogens (viruses, bacteria, tumour cells) and the immune 

system is considered in [2] which was described by the 

system of two ODE. 

The change in the target population was explained by the 

differential equation 
     𝑑𝑇

      𝑑𝑡
= 𝑟𝑡 − 𝑘𝑇𝐸 

𝑑𝐸

𝑑𝑡
= 𝑓(𝑇) + 𝑔(𝐸) − 𝑑𝐸 
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TE, f (T) and g (T) are nonlinear terms in the above equations 

if the number of pathogens increases in the body rather than 

its quantity then the immune system is unable to control the 

disease, explained by the model.  

 S. Balea [3] developed the model on the study of 

Chronic Myelogenous Leukaemia i.e CML. CML is a white 

blood cells cancer. This Model used to know the cause of the 

diseases and how it can be prevented by using some possible 

treatments. They introduced system of delay D. E coupling 

the evolution of short-term hematopoietic stem cells to that of 

the leukocytes (white blood cells). Relation between the 

pathogens and the immune system is described by the two 

ODE. 

Th(t) = 2m1 fσ1 (t)−δhTh(t)−ζ1(Tht)) Th(t)+ 2𝑒−δℎρ1ζ1(Thρ1 (t)) ・ Thρ1 (t)− (1/100) ζ2(Th(t)) ・ Th(t) 

T˙K(t) = 2m2 fσ2 (t)−δKTK(t)−2𝑒−𝛿𝐾𝜌2ζ3(Th𝜌2(t)). TK(t)+ 2e−δKρ2ζ3(Thρ2 (t)). TKρ2 (t) − k0 TK(t). L(t) / ecn1L(t)  + 2n1k1

 The solutions of the model corresponded to states 

described by immunologist such as, the immune state, virgin 

state and state of tolerance. primary and secondary responses 

found by the model successfully. The model strongly 

demonstrated that how the combination of nonlinear 

interaction rules between the immune system and its targets 

able to generate the various kinds of immune responses.  

 N. Pammasur and R.Willie [4] considered the simple 

system of the equation modelling of immune system, 

AIDs/HIV, interactions of the blood cells. Paper is divided 

into two parts numerical analysis and the mathematical 

analysis. Model is formed by using nonlinear system of ODE. 
𝑑𝑉

𝑑𝑡
= 𝑎𝑌 − 𝑏𝑉 

𝑑𝑋

𝑑𝑡
= 𝑐 − 𝑑𝑋 − 𝛽𝑋𝑉 

𝑑𝑌

𝑑𝑡
= 𝛽𝑋𝑉 − 𝑓𝑌 − 𝛶𝑌𝑍 

𝑑𝑍

𝑑𝑡
= 𝑔 − ℎ𝑍 

Where in the density variables are defined as follows 

V = viruses in an organism,  

X = uninfected target cell, 

Y = infected cells, 

Z = response cells of immune system  

 The interplay between numerical modelling and 

mathematical analysis highlights important features present 

in the model and its solution. The numerical results reaffirm 

the mathematical properties on global well-posed Ness 

 Mario Castro [5] in modern immunology studied 

that the T cell is one of the most important components of 

immune system. The T cell receptor excision circles was 

studied deeply. It is the episomal DNA circles that are a by-

product of TCR re arrangement. The model equations for T 

cell receptor excision circles containing C cells and total T 

cells are given by. 
𝑑𝐶

𝑑𝑡
= 𝛼𝜎 − 𝑑𝐶 and 

𝑑𝑇

𝑑𝑡
= 𝜎 + (𝑝 − 𝑑)𝑇 

Where 

𝜎 - the fraction of cells exiting 

p - the rates of proliferation of T cells 

p- the rates of death of T cells. 

 where the thymus that contain a T cell receptor 

excision circle, 𝛼 is the output of the thymus respectively. 

The above ODE’S equations (1) and (2) are linear and which 

explained the experimental data. T cell receptor excision 

circles frequency is given by the division rule of 

differentiation with the assumptions of the dynamics of T 

cells  
𝑑𝐹

𝑑𝑡
= 𝛼

𝜎

𝑇
− (𝑝 −

𝜎

𝑡
) 𝐹 

  Above equation shown that the dynamics of T cell 

receptor excision circles frequency depends explicitly on 

thymic output and p, and it cannot simply be interpreted 

directly as thymic output. 

 David C. Wraith [6] Studied the central nervous 

system and how it is protected by the immune system were 

discussed in this paper. As CNS is hidden in blood brain 

barrier in the skull.  Pathogenesis involved the immune 

system. It always responded to the diseases by causing tissue 

damage or its repair. The tissues of the CNS are affected by a 

range of insults. The cells of the immune system always 

protect the immune system from internal infections and 

always patrol the central nervous system. In other hand in 

CNS, the damage caused by the immune system cannot be 

repaired. Brain is protected from physical insult by the skull 

and tissues. The BBB provides protection from pathogens in 

the blood and from the cells and antibodies of the immune 

system, The brain is the most highly protected organ in the 

body. 

 The immune system which is also related with the 

CNS allows a simply and nuanced manifestation of the 

normal inflammatory process found in this paper. 

 Peter S. Kim [7] formed the mathematical models 

under imatinib treatment to study the chronic myelogenous 

leukaemia. When the patients entered imatinib treatment it 

developed the anti-leukaemia immune responses. Anti 

leukaemia immune response on CML studied in this paper. A 

system of differential equations used as a model. Formed 

mathematical model suggested that when the anti-leukaemia 

cell is more effective and when the cell is able to play the 

important role while caring the disease. Imatinib therapy 

derived leukemic cell populations to fall and enter below the 

optimal load zone rapidly to sustain the anti-leukaemia T cell 

response. By using mathematical models and experimental 

data they demonstrated that persistence of anti-leukaemia T 

prevent the leukaemia from relapsing and hypothesized that 

anti-leukaemia T cell responses help to maintain remission 

under imatinib therapy. 

 The delay differential equations which have been 

used as a mathematical model are given by as follow 

𝑦̇0= [𝑟𝑦(1 − 𝑢) − 𝑑0]𝑦0 − 𝑞𝑐𝑝(𝐶, 𝑇)𝑦0 

𝑦̇1= 𝑎𝑦𝑦0 − 𝑑1𝑦1 − 𝑞𝑐𝑝(𝐶, 𝑇)𝑦1 

𝑦̇2= 𝑏𝑦𝑦1 − 𝑑2𝑦2 − 𝑞𝑐𝑝(𝐶, 𝑇)𝑦2 

𝑦̇3= 𝑐𝑦𝑦2 − 𝑑3𝑦3 − 𝑞𝑐𝑝(𝐶, 𝑇)𝑦3 

𝑧̇0= [𝑟𝑧 − 𝑑0]𝑧0 + 𝑟𝑦𝑦0𝑢 − 𝑞𝑐𝑝(𝐶, 𝑇)𝑧0 
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𝑧̇1= 𝑎𝑧𝑧0 − 𝑑1𝑧1 − 𝑞𝑐𝑝(𝐶, 𝑇)𝑧1 

𝑧̇2= 𝑏𝑧𝑧1 − 𝑑2𝑧2 − 𝑞𝑐𝑝(𝐶, 𝑇)𝑧2 

𝑧̇3= 𝑐𝑧𝑧2 − 𝑑3𝑧3 − 𝑞𝑐𝑝(𝐶, 𝑇)𝑧3 

𝑇̇ = 𝑆𝑇
̇ − 𝑑𝑇𝑇 − 𝑝(𝐶, 𝑇) + 2𝑛𝑝(𝐶𝑛𝜏, 𝑇𝑛𝜏)𝑞𝑇𝐶𝑛𝜏 

Where p(C, T)= 𝑝0𝑒−𝑐𝑛𝐶𝑘𝑇                   

C =∑ 𝑦𝑖
3
𝑖=0 + ∑ 𝑧𝑖

3
𝑖=0  

        𝐶𝑛𝜏 = 𝐶(𝑡 − 𝑛𝜏), 𝑇𝑛𝜏 = 𝑇(𝑡 − 𝑛𝜏) 

 S.Balea and A.Halanay[8] Formed a mathematical 

model by using the differential equations which paired the 

immune system with the leukocytes and stem cells. 

Interaction between the immune system and the leukaemia 

cells was studied in this paper. It was represented by the 7 

numbers of delays D.E. The equilibrium points of view the 

existence and the stability of the Hop bifurcation was 

investigated. The rate of symmetric and asymmetric division 

was discussed in the analysis of the model 

𝑥1̇(t)= −𝑎5𝑥1(𝑡) − (1 − 𝑏1 − 𝑏2)𝑎3𝛽(𝑥1(𝑡))𝑥1(𝑡) + 2𝑒−𝑏3𝜏11(1 − 𝑏1−𝑏2)𝑎3𝛽(𝑥1(𝑡 − 𝜏1))𝑥1(𝑡 − 𝜏1) − (𝑏1 +

𝑏2)𝑎4𝑘(𝑥2(𝑡))𝑥1(𝑡) + 𝑒−𝑏3𝜏1𝑏1𝑎4𝑘(𝑥2(𝑡 − 𝜏1))𝑥1(𝑡 − 𝜏1) − 𝑏4  
𝑥2(𝑡)𝑥7(𝑡)

1+𝑏5(𝑥1(𝑡)+𝑥2(𝑡))
 

𝑥2̇(t)=−𝑏6𝑥2(𝑡)𝑏7𝑎4𝑘(𝑥2(𝑡 − 𝜏2))𝑥1(𝑡 − 𝜏2) − 𝑏8  
𝑥2(𝑡)𝑥7(𝑡)

1+𝑏5(𝑥1(𝑡)+𝑥2(𝑡))
 

𝑥3̇(𝑡) = −𝑐2𝑥3(𝑡) + 𝑐1 −  
𝑐3𝑥3(𝑡)(𝑥1(𝑡) + 𝑥2(𝑡))

1 + (𝑥1(𝑡) + 𝑥2(𝑡))𝑝
 

𝑥4̇(𝑡) = −𝑑2𝑥4(𝑡) + 𝑐1 −  
𝑐3𝑥3(𝑡)(𝑥1(𝑡) + 𝑥2(𝑡))

1 + (𝑥1(𝑡) + 𝑥2(𝑡))𝑝
 

𝑥5̇(𝑡) = −𝑑4𝑥5(𝑡) + 𝑑3 − 𝑑5𝑥4(𝑡)𝑥5(𝑡) 

𝑥6̇(𝑡) = −𝑒1𝑥6(𝑡) − 𝑒2𝜁1(𝑥6(𝑡))𝑥6(𝑡) + 2𝑒−𝑏3𝜏1𝑒2𝜁1(𝑥6(𝑡 − 𝜏3))𝑥6(𝑡 − 𝜏3) − 𝑒3𝜁2(𝑥6(𝑡))𝑥6(𝑡) + 2𝑚1𝑑61𝑥4(𝑡 − 𝜏5)𝑥5(𝑡

− 𝜏5) 

𝑥7̇(𝑡) = −(1 + 𝑒4)𝑥7(𝑡) − 𝑒7𝜁3(𝑥6(𝑡))𝑥7(𝑡) + 2𝑒−𝑒4𝜏4𝑒7𝜁3(𝑥6(𝑡 − 𝜏4))𝑥7(𝑡 − 𝜏4) − 𝑏9  
𝑥7(𝑡)(𝑥1(𝑡) + 𝑥2(𝑡))

1 + 𝑒8(𝑥1(𝑡) + 𝑥2(𝑡))

+ 2𝑛1𝑒9  
𝑥7(𝑡 − 𝜏7)(𝑥1(𝑡 − 𝜏7) + 𝑥2(𝑡 − 𝜏7))

1 + 𝑒8(𝑥1(𝑡 − 𝜏7) + 𝑥2(𝑡 − 𝜏7))
+ 2𝑚2𝑑62𝑥4(𝑡 − 𝜏6)𝑥5(𝑡 − 𝜏6) 

The feedback functions of the system are 𝜁1, 𝜁2, 𝜁3, 𝛽, 𝑘 with 𝜁1(𝑢) =
1

1+𝑢𝑝2
 𝜁2(𝑢) =

𝑢2+𝑒5

𝑢2+𝑒6
 

 Various parameter related to the leukaemia and 

immune system studied in this paper. 

 Carmen Anca Safta [9] Parameter analysis was done 

in this paper with the help of the delay differential equations 

The evolution of CML Caused by the parameters was deeply 

studied. The physiological processes modelled by using 

feedback functions and the variation of their coefficients 

changes the disease’s evolution The numerical simulations 

used to observe the cause of the disease and to find the 

suitable treatment on those diseases. Leukaemia is a 

malignant, progressive, disease which is characterized by 

uncontrolled rapid growth of abnormal blood cells. This 

proliferation occurs in the blood forming organs, in bone 

marrow blood filtering organs, and, blood peripheral. Their 

aim in this paper is to analysis of the parameters of symmetric 

and asymmetric cell’s division, regarding the stability of 

some interesting equilibrium point for a mathematical model 

that describes the connection between leukaemia cells and the 

immune system. The disease arises from the stem cell in the 

untimely phase of formation. In this paper using biological 

data regarding the disease evolution and the disease control a 

methodology for the analysis of the stability of an equilibrium 

point in a model for the CML is developed. 

𝑥1̇(t)= −𝑎5𝑥1(𝑡) − (1 − 𝑏1 − 𝑏2)𝑎3𝛽(𝑥1(𝑡))𝑥1(𝑡) + 2𝑒−𝑏3𝜏11(1 − 𝑏1−𝑏2)𝑎3𝛽(𝑥1(𝑡 − 𝜏1))𝑥1(𝑡 − 𝜏1) − (𝑏1 +

𝑏2)𝑎4𝑘(𝑥2(𝑡))𝑥1(𝑡) + 𝑒−𝑏3𝜏1𝑏1𝑎4𝑘(𝑥2(𝑡 − 𝜏1))𝑥1(𝑡 − 𝜏1) − 𝑏4  
𝑥2(𝑡)𝑥7(𝑡)

1+𝑏5(𝑥1(𝑡)+𝑥2(𝑡))
 

𝑥2̇(t)=−𝑏6𝑥2(𝑡)𝑏7𝑎4𝑘(𝑥2(𝑡 − 𝜏2))𝑥1(𝑡 − 𝜏2) − 𝑏8  
𝑥2(𝑡)𝑥7(𝑡)

1+𝑏5(𝑥1(𝑡)+𝑥2(𝑡))
 

𝑥3̇(𝑡) = −𝑐2𝑥3(𝑡) + 𝑐1 −  
𝑐3𝑥3(𝑡)(𝑥1(𝑡) + 𝑥2(𝑡))

1 + (𝑥1(𝑡) + 𝑥2(𝑡))𝑝
 

𝑥4̇(𝑡) = −𝑑2𝑥4(𝑡) + 𝑐1 −  
𝑐3𝑥3(𝑡)(𝑥1(𝑡) + 𝑥2(𝑡))

1 + (𝑥1(𝑡) + 𝑥2(𝑡))𝑝
 

𝑥5̇(𝑡) = −𝑑4𝑥5(𝑡) + 𝑑3 − 𝑑5𝑥4(𝑡)𝑥5(𝑡) 

𝑥6̇(𝑡) = −𝑒1𝑥6(𝑡) − 𝑒2𝜁1(𝑥6(𝑡))𝑥6(𝑡) + 2𝑒−𝑏3𝜏1𝑒2𝜁1(𝑥6(𝑡 − 𝜏3))𝑥6(𝑡 − 𝜏3) − 𝑒3𝜁2(𝑥6(𝑡))𝑥6(𝑡) + 2𝑚1𝑑61𝑥4(𝑡 − 𝜏5)𝑥5(𝑡

− 𝜏5) 

𝑥7̇(𝑡) = −(1 + 𝑒4)𝑥7(𝑡) − 𝑒7𝜁3(𝑥6(𝑡))𝑥7(𝑡) + 2𝑒−𝑒4𝜏4𝑒7𝜁3(𝑥6(𝑡 − 𝜏4))𝑥7(𝑡 − 𝜏4) − 𝑏9  
𝑥7(𝑡)(𝑥1(𝑡) + 𝑥2(𝑡))

1 + 𝑒8(𝑥1(𝑡) + 𝑥2(𝑡))

+ 2𝑛1𝑒9  
𝑥7(𝑡 − 𝜏7)(𝑥1(𝑡 − 𝜏7) + 𝑥2(𝑡 − 𝜏7))

1 + 𝑒8(𝑥1(𝑡 − 𝜏7) + 𝑥2(𝑡 − 𝜏7))
+ 2𝑚2𝑑62𝑥4(𝑡 − 𝜏6)𝑥5(𝑡 − 𝜏6) 

The feedback functions of the system are 𝜁1, 𝜁2, 𝜁3, 𝛽, 𝑘 with 𝜁1(𝑢) =
1

1+𝑢𝑝2
 𝜁2(𝑢) =

𝑢2+𝑒5

𝑢2+𝑒6
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 Milos Jesenak[10] studied novel corona virus 2019 

infection with immune system parameters. Corona Virus is 

considered to be a more infectious and contagious disease 

now a day. Various symptoms during the infection period 

time were observed. Quarterly symptoms were changed while 

suffering from the viruses. Comparison between the effected 

and non-effected persons were observed in this paper. Some 

patients were observed most serious and critical during 

suffering from the diseases. Some patients were cured by 

using some medical treatments, it because of the immune 

system of the respective persons. Immune system played the 

most important role in novel corona virus. Lymphocytes, 

especially T cells is affected by the novel coronavirus. 

Caused of corona virus is nothing but the T-cell of the 

immune system is attacked by the corona virus. Various 

immunity parameter like lymphocyte subsets, eosinophil 

counts were discussed in this paper. Study of selected 

immune parameters helps to predict the prognosis to verify 

the patients with severe and to identify the clinical 

improvement in the health. 

 Karam Allali, Adil Meskaf [11] studied the 

responses of the adaptive immune system while suffering 

from the HBV infections which was developed earlier. The 

adaptive immune system included the antibodies and CTL 

cells. While suffering from the HBV infections it has been 

observed that the growth of infections was linear in nature 

and growth rate of the hepatocyte cell was logistic. Two types 

of the treatments i.e nucleoside analogues and nucleoside for 

the healing of the HBV infection was considered in this paper. 

They defined HBV‘s early stages by using the following 

system of the D.E  

𝑥′ = 𝑟𝑥 (𝑡 ) (1 −
𝑇( 𝑡 )

𝑇𝑚

) − 𝛽 (1 − 𝑢1(𝑡))
𝑣(𝑡) 𝑥(𝑡)

𝑇(𝑡)
 

𝑦′ = 𝛽𝑒−𝑘𝜏(1 − 𝑢1 (𝑡 ))
𝑣 (𝑡 − 𝜏) 𝑥(𝑡 − 𝜏)

𝑇(𝑡 − 𝜏)
− 𝑎 𝑦(𝑡) − 𝑝𝑦(𝑡)𝑧(𝑡) 

𝑣′ = (1 − 𝑢2(𝑡)) 𝑎 𝑁𝑦(𝑡) − 𝛿𝑣 (𝑡 ) − 𝑞 𝑣( 𝑡 )𝑤 (𝑡 ) 

𝑤′ = 𝑔𝑣( 𝑡 )𝑤 (𝑡 ) − ℎ 𝑤(𝑡) 

𝑧′ = 𝑐 𝑦 (𝑡) 𝑧 (𝑡 ) − 𝑏 𝑧( 𝑡 ) 

x, y, v, w, z all are the functions of t. 

With T(t) = x(t) + y(t) 

where x(t): concentration of the uninfected cells 

           y(t): concentration of the infected cells 

           v(t): concentration of the viruses,  

           w(t): concentration of the antibodies 

           z(t): concentration of the cytotoxic T-lymphocytes. 

 According to Gennady Bocharov, Vitaly Volpert 

[12] The immune system is the system which always protect 

the body from the host organisms antigens and tumour 

development. It plays an important role in regeneration of the 

organs and homeostasis of the tissue. Paper was focused only 

on the study of the complexity of the immune system. 

Multifactorial immune related diseases & vask organization 

of the immune system studied. Interaction of immune system 

during suffered from the diseases and during the general 

conditions were studied deeply in this paper. 

 Jaouad Danane and Karam Allali [13] studied the 

mathematical model of adaptive immune system responses 

with the HIV virus pathogenesis. Mathematical model 

included the 6 nonlinear D.E which described the interaction 

between uninfected and infected cells. The viruses and the 

adaptive immune response interaction was also modelled in 

this paper. The adaptive immune system with the antibodies 

and cytotoxic T-lymphocytes cells were considered for the 

further studies. Different related data is compared and 

analysed to determine the impact of the various parameters. 

HIV infections were modelled by the D.E. It was represented 

by the system of nonlinear D.E 

𝑥̇ = 𝜆 − 𝑑1𝑥 −
𝑘1𝑥𝑣

𝑥+𝑣′
             

𝑠̇ =
𝑘1𝑥𝑣

𝑥 + 𝑣
− 𝑑2𝑠−𝑘2𝑠 

𝑦̇ = 𝑘2𝑠 − 𝑑3𝑦 − 𝑝𝑦𝑧 

𝑣̇ = 𝑎𝑦 − 𝑑4𝑣 − 𝑞𝑣𝑤  

𝑤̇ = 𝑔𝑣𝑤 − ℎ𝑤 

𝑧̇ = 𝑐𝑦𝑧 − 𝑏𝑧 

 Raluca Eftimie, Joseph J. Gillard [14] Studied the 

various mathematical model related to the immune sytem 

during the tenure of 10 years. Immune system is of the three 

types innate, passive and adaptive respectively. Various 

molecular cells, tissues related to the immune system were 

studied in this paper. Different mathematical tools were used 

in mathematical modelling to study the related models. 

Immune system will be the most effective and prominent 

research topic in upcoming years concluded by the authors. 

 B. Sua, W. Zhoua [15] developed a mathematical 

model using a partial D.E which is related with immune 

system responses to the various antigens related with the 

particular diseases. The relationship between the deactivation 

and activation of macrophages formed by using PDE is a A 

mathematical model. In their mathematical model they have 

considered the movement of cell, intercellular 

communication and the effector function as a one of the 

fundamental elements of spatial distribution of the immune 

responses 

 M. Kolev [16] They analysed and proposed the 

model related with the immune system and cancer cells. Data 

is modelled by using the system of integral-differential 

bilinear equations. If the amount of the cancer cell was 

increased in the body, then what is the response of the 

immune system to the diseases was studied in this paper.3 

types of immune systems cells was discussed in this paper 

macrophages, natural killers and the CTL cells. All the early 

stages of the tumour cells and the leukaemia stages were 

discussed in his paper. Role of the CTL cells were very 

important as it destructed the cells of occurred diseases. It was 

happened when the CTL cell interacted with cells of the 

tumour and conjugated with the tumour cells. 

Model-𝜕𝑡𝑓1 = 𝐴1,5[[𝑓1, 𝑓5] + 𝐴1,6𝑓1 − ∑ 𝐴1,𝑖[[𝑓1, 𝑓𝑖]
4
𝑖=2  

Where 𝐴1,5[[𝑓1, 𝑓5] = Prevention of activity of the tumour 

cells. 
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𝐴1,5[[𝑓1, 𝑓5]=𝛾1,5𝑓5𝐶𝐿𝑓1 

 The model was formed to clear the knowledge of 

relationship between the cells of cancers and other leukaemia 

cells and role of immunological system on that. 

 M. Kolev [17]. The mathematical model was 

expressed by the system of integro D.E. Integro D.E was 

formed with the help of the statistical methods which was 

analogous to the theory of kinetic. Role of antibodies 

considered to be a most important in this paper. Effectors 

cells are one of type of the immune cells. To improve the 

efficacy of the effector cells the humoral immunity plays the 

most important role. The effector cells play the most 

important role in destroying the tumours cells. Humoral 

immunity studied deeply in this paper. D.E by using Euler’s 

Modified Method used to solve the Cauchy Problems and 

Runge kutta method is also used to solve D.E 

TC+AB→[TC-AB], 

[TC - AB] + EC →TC-AB-EC], 

[TC - AB - EC] → EC + [TC - AB]’ → EC + 𝑇𝐶∗ + 𝐴𝐵∗, 

 M Bodnar [18] The system of time delay ODE that 

described the immune system’s reactions is studied in this 

paper which is also called as Marchuk’s model. Periodic 

solutions are also studied in this paper. For some delays 

values periodic solution existed for that the Hopf bifurcation 

theorem was used. Periodic dynamics caused by periodic 

immune reactivity functions are compared. To check the 

periodicity or quasi periodicity of behaviour autocorrelation 

functions is used. By using some numerical simulations types 

of the periodic function was compared. Ordinary D.E was 

considered as a model in this paper to study the small damage 

of the organs.  

 Immune reactivity is of two types. Periodic and 

constant reactivity. System studied is as follows.  

1) V’ (t) = [β – γ F(t)] V (t) 

2) C’(t) = α (t) V (t − τ) F (t − τ) − µc [C(t) – C] 

3) F’(t) = 𝝈 C (t) – [µf + η γ V (t)] F(t) 

where: following are the concentration of the respective cells 

at time t. 

1) C(t) = plasma cell                             

2) V (t) = the antigen                 

3) F(t) = antibody  

 η is the rate of antibodies  

 τ is a immune reaction constant delay  

 β is coefficient of the antigen reproduction rate  

 𝜎 is the antibody production rate. 

 µc is the plasma cell coefficient. 

 γ is a coefficient of the probability of the antigen-

antibody meeting. 

 α (t) is the immune reactivity coefficient 

α is the constant term. 

 The difference between the plasma cells, antigen 

coefficients, the antibody of solutions of the autonomous and 

nonautonomous models are studied. They concluded that the 

initial functions are periodic then what are the changes in the 

nature of the solution of the mathematical model is studied 

deeply in this paper. 

 Marcello Delitala and Tommaso Lorenzi [19] 

formed the model which studied the responses of the immune 

system when one of the people is suffering from the cancer 

diseases. The formation of the cancer cells distinguished by 

heterogeneous antigenic expressions. The formed model gave 

the description of the competition between immune and 

cancer cells which was more compatible with the biological 

actuality. The tumour cell was described by the model of 

intero D.E. Various cell populations are considered for the 

deep studies. The immune system enhanced the formation 

and its progress in the growth of the tumour cells.  

The state of population (i = 2) is modelled, at time t, by 

function n2: R + → R + 

The density of the population i ≠2 at time t was calculated by 

the formula 

𝑛𝑖(𝑡) = ∫ 𝑓𝑖𝑢
( t,  u)  du 

Outputs at time t is given by the total number density of 

sample  

N(t)=∑ 𝑛𝑖𝑖≠2 (𝑡) + 𝑛2(𝑡) 

 Zulqurnain Sabir, Maham Munawar [20] studied the 

development of the breast cancer and treatment on breast 

cancer as chemotherapy, role of immune system and proper 

medication during the treatment. Fractional order DE used as 

a model. Ketogenic diet plan and anti-cancer medication 

treatments also considered as an immune booster. 

 Immune-chemotherapeutic treatment divided into 4 

parts of fractional order breast cancer manifestations that is 

tumour cells (T), immune response class (I), normal cell 

population (N), and estrogen compartment (E), also known as 

(NTIE). Numerical performances employing, state 

transitions, error histograms, correlation, regression, with 

mean square error have been further supplied to check ability, 

consistency, and competence, of LMBN.In the developed 

model during the treatment of tumour cell what is the growth 

of the tumour cell and the responses of immune system on the 

considered cell considered. Numerical performances 

employing, state transitions, error histograms, correlation, 

regression. The mean square error has been used to check the 

consistency, validity, competence of LMBN model. The 

numerical calculations of the fractional-order breast cancer-

based NTIE mathematical system given by the following 

equations by using 14 neurons. 

Model -: 

𝐷∝𝑁(𝜏) = 𝑁(𝜏)𝑝1(𝑘1 − 𝜁1𝑁(𝜏) − 𝛾1𝑇(𝜏)) − (1 − 𝑘)𝜑1𝑁(𝜏)𝐸(𝜏) 

𝐷∝𝑇(𝜏) = 𝑇(𝜏)𝑝2(𝑘2𝑑 − 𝜁2𝑇(𝜏) − 𝛾2𝐼(𝜏)) − 𝜕𝑇(𝜏) + (1 − 𝑘)𝜑1𝑁(𝜏)𝑇(𝜏)𝐸(𝜏) 

𝐷∝𝐼(𝜏) = 𝜂𝜆 + 𝐼(𝜏)𝑝1(𝑘3 − 𝜁3 − 𝛾3𝑇(𝜏)) − (1 − 𝑘)𝜑2𝐼(𝜏)𝐸(𝜏) 

𝐷∝𝐼(𝜏) = −𝛾4𝐸(𝜏) + (1 − 𝑘)𝑣 

 W. Waites, M. Cavaliere, V. Danos [21] Modular 

and compositional modelling techniques was demonstrated in 

this paper. Simple model of the immune responses was 

constructed by studying the different models.Various PCR 

testing was done during the period of the COVID19.Curve 

related to the responses of PCR testing ploted by using the 

model. The adaptive immune model responses is simplified 

and provided a vestigial model of the innate response. For 

COVID-19, the natural immune system response plays an 

important role in curing the diseases, prediction of recovery 
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or the convert into the severe symptoms was depended on the 

natural immune system.This immune response model, 

reproduces the previously reported shift in the population 

distribution of viral loads along an epidemic trajectory. when 

combined with a transmission model. With the help of the 

model of the immune response it has been observed that due 

to strong immunity some patients recovered completely and 

some other patients formed varied and persistent symptoms. 

This system effects the more on the immune system. 

 Jorge Reyes-Silveira [22] In a recent 

epidemiological model, immunity decided the individuals 

can transmit the diseases or to recover or stay infected by the 

viruses. It also decides the duration of the diseases that is how 

much time the virus will stay in the body, to spread the 

infections and the recovery rate. Study of various types of 

immune system person to person studied to observe the 

effects when one of the diseases is outbreaks. Five differential 

equations are considered as a model which represent the 

immune system of different peoples. 

𝑉̇ = kY − uV − qVW 

𝑊̇ = gVW − hW 

𝑋̇= λ – d X – β X V 

𝑌̇= β X V – a Y – p Y Z 

𝑍̇ = cYZ – B z 

 According to the different kind of age groups 

various experiments formed. Totally depending upon the 

nature of immune system Individuals with lowest immunity 

spread more infections and their rate of recovery is also very 

poor. To overcome the spread of the diseases step by step 

vaccination is preferred. 

 Mario Castro, Grant Lythe [23] studied deeply the 

role of T-cell in the immune system. They divided their 

research into the 4 parts. As statistical and Mathematical 

methods enable multidisciplinary approaches that catalyse 

discovery. with experimental methods they identified 

disparate results. T-cell receptor excision circles (TREC) 

which is the episomal DNA studied further. Various model 

related to TREC frequency studied to study the role of the t-

cell in the immune system. With the help of mathematical 

modelling and immunology TREC frequency studied. 

The model equations for TREC cells and the total T cells are 

as follows  

𝑑𝐶

𝑑𝑡
= 𝛼𝜎 − 𝑑 𝑐 

𝑑𝑇

𝑑𝑡
= 𝜎 + (𝑝 − 𝑑) 𝑇 

Where, 

C - TREC cell  

T -the total cells count. 

a- the fraction of cells 

p-Rate of proliferations 

d-death rate of the T cell. 
𝑑𝐹

𝑑𝑡
=∝

𝜎

𝑇
− (𝑝 −

𝜎

𝑇
) 𝐹 

 This model shown that frequency of the TREC 

depends on the p and thymic output s. 

 Raluca Eftimie Joseph J. Gillard [24] Studied the 

mathematical modelling related to the immune system and 

according to them various mathematical models were used 

are the ordinary differential equations. Mathematical 

modelling over the last ten years considered for the further 

studies. Innate and the immune responses modelled by 

considering the different and various mathematical models.  

They concluded that non-spatial ODE explained the different 

kinds of mathematical models which studied the molecular 

level processes. Due to the computer era it was possible to 

consider the large number of the related data and this data 

always supported by the mathematical modelling. Study of 

the immune responses of the tissues organs, also made 

possible studied in this paper. 

 Talaei K, Garan SA [25] Mathematical modelling 

related to the immune system a various cells of the pathogens 

are formed. Various paper related to the immune responses to 

the pathogens are studied and formed. While modelling 

plasma cells, active antibodies considered for the modelling. 

They formed the mathematical models which predicts the 

levels of the cytokines related to the bacteria S aureus. ODE 

and PDE were used as a model. ODE modelled the responses 

of the cytokine and PDE modelled responses of the cellular. 

The interactions made between cytokine and cellular 

responses formed the system which completely understand 

the immune activation. Formed mathematical model try to 

simply the responses of the cytokines. Model formation 

related to the growth of the bacteria cytokines; macrophages 

are as follows. 

Equation-: 

S. aureus bacterium rate of decline and growth is modelled as: 

𝑑𝐴

𝑑𝑡
= 𝛽𝐴𝐴 (1 −

𝐴

𝑘𝐴
) − 𝜇𝐴𝐴 − 𝜆𝑀𝑅𝑀𝑅𝐴 − 𝜆𝑀𝐴𝐴𝑀𝐴, A (0) =𝐴0 

First term of the above equation is bacteria’s logistic growth, 

𝛽𝐴-contant of the replication rate. 

kA - carrying capacity. 

𝜇𝐴- natural decay coefficient. 

𝜆𝑀𝐴- rate of activated macrophages. 

𝜆𝑀𝑅- rate of resting macrophages. 

Resting MR(t) macrophages are modelled as follows 
𝑑𝑀𝑅

𝑑𝑡
= 𝜇𝑀𝑅 (1 −

𝑀𝑅

𝑀𝑅_𝑀𝐴𝑋
) 𝑀𝑅 − (𝛾𝑀𝐴 + 𝑘𝑀𝑇𝑁𝐹𝐻𝑀

𝑈 (𝑇𝑁𝐹)𝐻𝑀
𝐷 (𝐼𝐿10))𝑀𝑅𝐴. 

MA (t) is modelled as         where- MA-Activated macrophages 
𝑑𝑀𝐴

𝑑𝑡
= (𝛾𝑀𝐴 + 𝑘𝑀𝑇𝑁𝐹𝐻𝑀

𝑈 (𝑇𝑁𝐹)𝐻𝑀
𝐷 (𝐼𝐿10))𝑀𝑅𝐴 − 𝜇𝑀𝐴𝑀𝐴 
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(TNF-a) modelled as 
𝑑𝑇𝑁𝐹

𝑑𝑡
= (𝑘𝑇𝑁𝐹𝑀𝐻𝑇𝑁𝐹

𝐷 (𝐼𝐿6)𝐻𝑇𝑁𝐹
𝐷 (𝐼𝐿10))𝑀𝐴 − 𝑘𝑇𝑁𝐹(𝑇𝑁𝐹 − 𝑞𝑇𝑁𝐹) 

IL-6 activation model 
𝑑𝐼𝐿6

𝑑𝑡
= (𝑘𝐼𝐿6𝑀+𝑘𝐼𝐿𝑇𝑁𝐹𝐻𝐼𝐿6

𝑈 (𝑇𝑁𝐹)𝐻𝐼𝐿6
𝐷 (𝐼𝐿6))𝐻𝐼𝐿6

𝐷 (𝐼𝐿10)𝑀𝐴 − 𝑘𝐼𝐿6(𝐼𝐿6 − 𝑞𝐼𝐿6) 

IL-8 activation model 
𝑑𝐼𝐿8

𝑑𝑡
= (𝑘𝐼𝐿8𝑀+𝑘𝐼𝐿8𝑇𝑁𝐹𝐻𝐼𝐿8

𝑈 (𝑇𝑁𝐹)𝐻𝐼𝐿8
𝐷 (𝐼𝐿10))𝑀𝐴 − 𝑘𝐼𝐿8(𝐼𝐿8 − 𝑞𝐼𝐿8) 

IL-10 activation model 
𝑑𝐼𝐿10

𝑑𝑡
= 𝑘𝐼𝐿10𝑀+𝑘𝐼𝐿10𝐼𝐿6𝐻𝐼𝐿10

𝑈 (𝐼𝐿6)𝑀𝐴 − 𝑘𝐼𝐿10(𝐼𝐿10 − 𝑞𝐼𝐿10) 

II. CONCLUSION 

Various paper related to the immune system and 

mathematical model is studied. Different mathematical 

model such as ordinary differential equation and partial 

differential equation are used as model in various paper. 

Mathematical model clears the role of immune system on 

particular type of the diseases. What is the effect of categories 

of bacteria in different age group and how the immune system 

and its related cell plays the role to cure the disease or to 

spread the diseases studied in various paper through the 

mathematical modelling. From the study of the various 

papers, we concluded that we can form the mathematical 

model by using the correlation coefficient to correlate the date 

between the diseases and one of the parameters which is 

responsible for causing the diseases.one can form the 

mathematical model by correlating the two parameters which 

is responsible for the diseases.  
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